
Asymptotic Estimates for the Spectral Gaps of the

Schrödinger Operators with Periodic δ′-Interactions

Tokyo Metropolitan University

Tomohiro Ichimura

In this talk we discuss the spectrum of the Schrödinger operator which is formally
expressed as

H = − d2

dx2
+

∞∑
l=−∞

(
β1δ

′(x− 2πl) + β2δ
′(x− κ− 2πl)

)
in L2(R),

where κ ∈ (0, 2π) and β1, β2 ∈ R \ {0} are parameters, the symbol ′ stands for the
derivative with respect to x, and δ(x) is the Dirac δ-function at the origin. The
precise definition of this operator is given through boundary conditions as follows.
Let

Z1 = 2πZ, Z2 = {κ}+ 2πZ, Z = Z1 ∪ Z2,

and

Al =

(
1 βl

0 1

)
for l = 1, 2.

We define

(Hy)(x) = −y′′(x), x ∈ R \ Z,

Dom(H) =

{
y ∈H2(R \ Z) ;(

y(x + 0)
y′(x + 0)

)
= Al

(
y(x− 0)
y′(x− 0)

)
for x ∈ Zl, l = 1, 2

}
.

In order to formulate our main result, we recall basic spectral properties of H
from [10]. The operator H is self-adjoint. Let us consider the equations

−y′′(x) = λy(x), x ∈ R \ Z,

(
y(x + 0)

y′(x + 0)

)
=

(
1 βl

0 1

)(
y(x− 0)

y′(x− 0)

)
for x ∈ Zl, l = 1, 2,

(1)
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where λ is a complex parameter. By y1(x, λ) and y2(x, λ) we denote the solutions
of (1) subject to the initial conditions

(y1(+0, λ), y′1(+0, λ)) = (1, 0)

and
(y2(+0, λ), y′2(+0, λ)) = (0, 1),

respectively. We introduce the discriminant of the equations (1):

D(λ) = y1(2π + 0, λ) + y′2(2π + 0, λ),

which is an entire function. All the zeros of D(·) ∓ 2 are real, and they form an
increasing sequence which diverges to +∞. For j ∈ N = {1, 2, 3, · · · }, we denote by
λ±j the j-th zero of D(·)∓ 2 counted with multiplicity. Then we have

λ∓1 < λ±1 ≤ λ±2 < λ∓2 ≤ λ∓3 < · · · < λ±2k−1 ≤ λ±2k < λ∓2k ≤ λ∓2k+1 < · · ·

for ±β1β2 < 0 (see Proposition 1(d), (e) of [10]). For ±β1β2 < 0, we define

Bj =

{
[λ∓j , λ±j ] if j is odd,

[λ±j , λ∓j ] if j is even,

Gj =

{
(λ±j , λ±j+1) if j is odd,

(λ∓j , λ∓j+1) if j is even.

The spectrum of H is then given by

σ(H) =
∞⋃

j=1

Bj.

The closed interval Bj is called the j-th band of σ(H), the open interval Gj the j-th
gap.

The aim of this talk is to analyze the asymptotic behavior of |Gj|, the length of
the j-th gap of the spectrum of H, as j →∞. We impose the following assumption
on κ.

(A.1)
κ

2π
=

m

n
, (m, n) ∈ N2 and gcd(m, n) = 1.

We further assume that the prime period of the interactions is 2π, i.e.,

(A.2) either (m, n) 6= (1, 2) or β1 6= β2 holds.
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Let

ak =
n

2m
k for k = 1, 2, . . . ,m− 1,

bl =
n

2(n−m)
l for l = 1, 2, . . . , n−m− 1.

Let
c1 < c2 < · · · < cn−2

be the rearrangement of the elements of {ak}m−1
k=1 ∪ {bl}n−m−1

l=1 . We set c0 = 0,
cn−1 = n/2, and

dk = ck − ck−1 for k = 1, 2, . . . , n− 1.

Our main result is stated as follows.

Theorem 1. Adopt the assumptions (A.1) and (A.2).
(i) For each k ∈ {1, 2, . . . , n− 1}, we have

|Gnj+1+k| = ndkj + O(1) as j →∞.

(ii) If β1β2 < 0, then

|Gnj+1| =
∣∣∣∣ 4(β1 + β2)π

β1β2κ(2π − κ)

∣∣∣∣+ O(j−1) as j →∞.

(iii) If β1β2 > 0, then

|Gnj+1| =
4
√

(β1 + β2)2π2 − 4β1β2κ(2π − κ)

β1β2κ(2π − κ)
+ O(j−1) as j →∞.
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