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We consider the operator

AΦ,G,V u := ∆u −∇Φ · ∇u + G · ∇u − V u

on the weighted space Lp(RN , µ), 1 < p < ∞, where µ(dx) = e−Φdx. Under the following assumption
on Φ : RN → [0,∞), G : RN → RN and V : RN → [0,∞) we show that AΦ,G,V with domain
W 2,p

V (RN , µ) (for the definition see below) generates an analytic semigroup on Lp(RN , µ).

(A1) Φ ∈ C2(RN , R), G ∈ C1(RN , RN ), V ∈ C1(RN , R) and
∫

RN e−Φ(x) dx < ∞.
(A2) For each ε > 0 there exists a constant Cε > 0 such that

|div G| + |D2Φ| ≤ ε(|∇Φ|2 + V ) + Cε.

(A3) There exists a constant β ∈ R such that G · ∇Φ − div G − V ≤ β.
(A3)′ div G = G · ∇Φ − V .
(A4) There exists a constant γ > 0 such that |G| ≤ γ(|∇Φ| + V 1/2 + 1).
(A5) For each λ > 0 there exists a constant Kλ > 0 such that |∇V | ≤ λV 3/2 + Kλ.

Definition. Define the space W k,p
V (RN , µ) as

W k,p
V (RN , µ) :=

{
u ∈ W k,p

loc (RN ) ; Dαu ∈ Lp(RN , µ) if |α| ≤ k, V u ∈ Lp(RN , µ)
}

,

∥u∥W k,p
V (RN ,µ) := ∥u∥W k,p(RN ,µ) + ∥V u∥Lp(RN ,µ).

Note that C∞
0 (RN ) is dense in W k,p

V (RN , µ).

Theorem. Assume that conditions (A1), (A2), (A3), (A4) and (A5) are satisfied. Then the operator

AΦ,G,V = ∆ −∇Φ · ∇ + G · ∇ − V

with domain D(AΦ,G,V ) = W 2,p
V (RN , µ) generates an analytic semigroup T (·) on Lp(RN , µ), 1 <

p < ∞, such that ∥T (t)∥Lp(RN ,µ) ≤ etβ/p, where µ(dx) = e−Φ(x)dx. Furthermore, µ is an invariant
measure of T (·), that is,∫

RN

T (t)fµ(dx) =
∫

RN

fµ(dx) for f ∈ Cb(RN ), t ≥ 0,

if and only if (A3)′ holds in addition, where Cb(RN ) is the space of bounded continuous functions.
Moreover, T (t) is symmetric if p = 2 and G = 0.

This theorem generalizes the result for the case where V ≡ 0 obtained by [1].
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