Existence of solutions for quasilinear elliptic equations with
jumping nonlinearities under the Neumann boundary condition
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0000 D. Motreanu O (Perpignan 00 ) 000000000 . 0000000
000000oooooD (p)ODDoOOC0OOOO0O00D0DO0DODOOOOO0

{ —div A(z, Vu) = f(z,u) in Q,

%:O on 012,

(P)

000,Q000000,00000 C?°000,y00000000000000
00.00,000 A0D00D0O0ODO0ODOODOODOOODOO:

(A) A(z,y) = a(x,|y|)y, where a(z,t) > 0 for all (z,t) € Q x (0,+00), p €
(1,00) and

(1) Ae CY(Q xRN, RY)NCYQ x (RN {0}),RM);

loc

(ii) 3Cy > 0 such that |D, A(z,y)| < Cy|y[P~2
(iii) 3Cy > 0 such that D, A(z,y)§ - € > Coly|P2|¢[?

(iv) 3C5 > 0 such that |D, A(x,y)| < Co(1 + |y[P~)
for Vo € Q,Vy e RN\ {0}, V¢ e RY. 00 O0O00O0ODO

div A(z, Vu) = div <|Vu|q_2(1 + | Vu|) T Vu) forl<g<p<oo
O00o0dbooOodno,d0bood p=¢qO000000 p-Laplace operator O [
0.000,G(xy) = [a(z,t)tdt 0000 V,G(z,y) = A(z,y), G(z,0) = 0
0000,0000 (1), (), (i) 0000000000000:

C _ C
Ayl < 50 Ay =
Cy

Ch

p(p—1) o

[y and G(z,y) <

for every (x,y) € Q x RY.
O0000,0000 fO0 QxROO Carathéodory OO O f(x,0) =0 a.e.
x€eQ0000, ag fo,a, FEROIDODOM

= {0 g
auh " — Bul” + h(z,u),

ho(x,u) = o(julP™) as |u| — 0, uniformly in a.e. z € Q,
h(z,u) = o(julP™!) as |u| — oo, uniformly in a.e. x € €,
|f(z,t)| < C|t|P~ for every t € R, ae. x € (,

O000000000000,000 ug =max{+u,0} 000.



1. Fucik spectrum of the p-Laplacian under the Neumann B.C.

00|oooooo

~Apu=aul = b’ in Q,
9u — on 0f),

0000000000, (a,b) € R? 0 p-Laplacian O Fuetk 000000000
0,0000 FwikOOODODOOOOD ©,000.

e (a,a) € ©, <= a0 p-Laplacian 0 00O
e JOUOUOMO p-Laplacian OO UODODOO iy =00000000
{0} xR, Rx {0} C O,
goooooooo.

Dirichlet 0000000 3000000000, 000000 first nontrivial
curve ¥ DOO00: 00000 s>00000

:/ ]Vu]pdx—s/uﬁdx for u e WWP(Q), J,:=J,
Q 0

S::{UGW”’( ); /|u|pdx—1}

Y:={y€C([0,1],5); v(0) = ¥1, v(1) = =91 },

c(s) := inf max J( (1)) (2)

S

00000,000, ¢ :=1/|9"" (so ¢, = 1).
e 0 c¢(s)d J,0000000.000 (c(s)+s,c(s)) € O,

c:[0,00) = Ry O Lipschitz 000 ¢(s) DO0O00OO, ¢(s)+s 00000,
00 ¢(0)=p, 0000,000 e 0O0DOOOODODO.

nooo,
C={(s+c(s),c(s): s>0}U{(c(s),s+c(s): s>0}

Oobodd e, 00000000 first nontrivial curve O OO .



|00 3.|Dirichlet 000000000, 90000000000000000
O0.000,N>p00000 ¢(s) —0(s—o00) 000 trivial lines 0 ¢ O
0000000, N<pOOODOe(s) > A>0ass—oo0000000000
0000, trivial lines 0000000000 (cf. [1]), 000 AODODOOO
Ooo0o000000:

= iréf/ |VulP dz, where B := {u € S; u(xo) = 0 for some zo € Q } .
Q
2. Elementary resuts to the eqaution having Fucik type nonlinearities

() C00o0oDo0oU0U0DCoOO0U00, 0000000000 ODoOoDOoOooOod
gg,bogggoobooogooooo.

{ —div A(z, Vu) = au? " — gu”"! in Q,

F)
( >( ) gz =0 on 0f).

00 1.(p)000oooon:

(i) af <0000 max{a, 3} <0000, (Flap 0000000000;
(i) min{a, 8} >0000, (F)e 000000000000

(i) 0 =0000, (F)ap 000000000000000;
)

(iv) 0 <a<a’and 0 < 3 < ' for some (o/, ) € € 000, (F)aps 0000
0Do0o0o0o;

(v) @, $>0000. 00 (F)ap 00000000000, (o,8) 0% 00
0000,00 (of,3)e¥0000a>a/' 00 >4 0000.

0oo,
Pyp— CO Pp— CO CO .
z'p—l(g'{<p—1a’p—1b) ,(a,b)e%}

U000 fOresonant OO0 OOOD0OO, 00000000000 0O000O00O0O0O
gogbobo.goo,boggoobobuoooobobbooooob.bog,

H(z,u) = /Ouh(a;,s)ds, Ho(, u) = /Ouho(x,s)ds

goooo

goo.
(h4++) There exists a measurable subset ' of {2 satisfying |€'| > 0,

liminf A(x,t) > 0, uniformly in a.e. x € Q,

t—o00

and liminf h(z,t) > 0, uniformly in a.e. x € Q',

t—o00

where || denotes the Lebesgue measure of €.
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(h—+) There exists a measurable subset ' of {2 satisfying |Q'| > 0,

limsup h(x,t) <0, uniformly in a.e. x € ),

t—o00

and limsup h(z,t) <0, uniformly in a.e. z € Q.

t—o00

(h4+—) There exists a measurable subset ' of {2 satisfying |Q'| > 0,

liminf A(x,t) > 0, uniformly in a.e. z € Q,

t——o0

and liminf A(z,¢) >0, uniformly in a.e. x € ",

t——00
(h——) There exists a measurable subset ' of € satisfying |Q2'| > 0,
litm sup h(z,t) <0, uniformly in a.e. x € Q

and litm sup h(z,t) <0, uniformly in a.e. z € 0.

(Ho++) There exists a ty > 0 such that Hy(z,ty) > 0 for a.e. x € Q.
(Ho+—) There exists a ty < 0 such that Hy(x,ty) > 0 for a.e. z € €.

(Ho—+) There exist positive constants ¢, ¢ > 0 and ¢ € (p,p*) such that
Ho(x,t) < —c|t|? for 0 < t < §, a.e. x € Q, where p* = pN/(N — p) if
N >pand p* =00 if N <p.

(Hy——) There exist positive constants 6, ¢ > 0 and ¢ € (p,p*) such that
Ho(x,t) < —c|t]? for —0 <t <0, a.e. x €.

(Hyp—+) There exists a positive constant d such that Hy(z,t) <0 for 0 <t <9,
a.e. x € (.

(Hyp——) There exists a positive constant § such that Hy(z,t) <0 for —6 <t <0,
a.e. x € (.

(H++) There exists a T > 0 such that H(z,T) > 0 for a.e. x € Q.
(H+—) There exists a T' < 0 such that H(z,T) > 0 for a.e. z € Q.

(Hp) There exists a positive constant § such that Hy(z,t) > 0 for 0 < |t| < §,
a.e. x € ().



3. The existence of constant sign solutions for (P)

ggbbobuooogbbboooobboboooobn.

00 2.|([5, Theorem 5)) 00000, 00000000000,000 (P)OC
00000.000,(x)0 (x)00000000,(P)00000000000

gooo:

(i) a < 0 < ap; (i) « =0 < ap and (h—+);

(ili) @ < 0 = o and (Hyp++); (iv) @« =0 = ap, (h—+) and (Ho++);

(v) a> 0> ap; (vi) « =0 > ag and (h++);

(vil) @ > 0 = ap and (Hy—+); (viii) @ = 0 = g, (Hy—+) and (h++);

(ix) a=0>ag, (H++) and (h—+); (x) a=0=ay, (Hy—+), (H++) and (h—+).

00 3./([5, Theorem 6]) 00000, 00000000000,000 (P)0O0
00000.000,(x)0 (x 00000000, ((P)00000000000

gooo:

(i) B <0< Bo; (i) =0 < By and (h+—);

(iii) B < 0 = By and (Hy+—); (iv) B=0= By, (h+—) and (Hy+—);

(v) B> 0> fo; (vi) B =0> Fp and (h——);

(vii) B> 0 = fy and (Ho——); (vil)) 8 =0 = fo, (Hy——) and (h——);

(ix) B8=0> By, (H+—) and (h+—-); (x) B=0= 5, (Hy——), (H+—) and (h+—).

00 4|N<pDOOODOO,0000000 (Ho—-+)00000 (Hy—+) O
0OoooOooooooo.

4. Main results

0000000000000000000000000000000:%:=-%
oooo,

© ={(aCi/(p—1),bC1/(p—1)) ; (a,b) €E}. (3)
|00 4./ (|5, Theorem 8)) 00 () 000 (i) 0000000000:
(i) 3, 0) € % such that ag > o and 5y > 3,
(ii) (Ho) and (ag, o) € €.

o00,000000000000O0,(Pp)0D0O00,000000D000000
gogbobobodaod:

(iii) @ < 0 and 3 < 0; (iv) a = 0> 3 and (h—+);
(v) a<0=pand (h+—); (vi)ja=p=0,(h—+) and (h+-).
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‘00 5./ (5, Theorem 9]) 00 400000 () 000 (i) 000000000
0. 00, (i)~ (vi)00000000000000,(P) 000000000

o0oooooooooooo. oo, (vi) ~ (x) DO0O00D0O0OODOOODOOOOd,
(P)OODOOOO00O00OODOOOOOOOOOOOO:

(i) a < 0 < f; (iv) « < 0= and (h——);
(v)a=0<pfand (h—+); (vi)a=0=0, (h—+) and (h——);
(vil) @ > 0 > g; (vili) « =0 > 8 and (h++);

(ix) a>0=pFand (h+—). (x) a=0=0, (h++) and (h+—).

|00 6. ([5, Theorem 10)) 00 400000 () 000 (i) 000000000
0.000 (i)~ (vi000OO00000000000,(P)000000000
0o0ooooo:

(iii) there exists (o, ") € € such that 0 < a <o/ and 0 < 5 < 7
(iv) a=0< g and (h++);
(v) a>0=(and (h——);

(vi) a =0=p4, (h++) and (h——).

s

(h—+

R X K

(Ho —+)

5. Variational setting

wlr(Q)O0O c'0ooo [,1,[.00000000000:

I(u) ::/QG(x,Vu) dx—/QF(x,u)dx



with
<I’(u),v>:/QA(x,Vu)Vvdx—/Qf(sc,u)vda:,
I (u) ::/QG(CU,VU) dx—/QFi(x,u) dx,

Lp(u) =T (u) + fluc B, To(u) = I (u) + [Juy |}
for u, v € WP(Q), 000, fr O

0 if +¢<0,

felot) = {f(:c,t) if +¢>0.

ggbooboooooo.

) uy e WP(Q)D I00000000,ueCQ) (0<~y<1)0D0O0O
v
(P)00000. 000000000 [2)000 Gren 000000000

RN

_ Ou B ou “1gq
0= o A(,Vu)v = a(-, |Vu|)ay in W (082)

forevery l <¢g<ooOOOO0OOO,a(x,t)#0foralltA0000000

du(z)=0forevery z€0Q 00000000000,

(i) wo € W'(Q) O I (u)#00000 I, 00000000 uO (P)O0
0oooo:;

(iii) wo e W(Q) 0 [, 000000000000 w0 (P)000O0OOO;

(iv) up e W(Q) O I_(u) 00000 I_ 00000000 w0 (P) 00
0ooo0;

(V) uoe W(Q)D I_ 000000000000 w0 (P)00000OO.

goooon

gogooobbbooooooooooboobbuo,odbobobbbbouoooo
0000 Palais-Smale OO0 OO0O0OO00O0OOO0ODOO0ODO. O0O0OO Palais-
Smale 00 LP(Q) 0000000000000 O0OOO,0000000 AO
00000000 (p—1) homogeneous 000 O (p-Laplacian 00000000
0)000, Palais-Smale 0000000000, 000000 (P)ODOOOO
0000000000000000000000000000. (cf. [5, Lemma
2))
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(A) DO0OO0OD00O operator ADDOO0O Fuék spectrum 00000
looooooo. [6]DDDDDDDDDDD,(€ZD 000000

(Flap 00 00O00O00D0O0DO0OO0O0ODO (o) 00000,000000
O00.00,00 4560000000000 4 0000000000000OO
O000000000000000.00,00 45600000 (Hy)OOoooOo
ggbobooodgbobobod.

goon
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