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Let Q be a bounded domain in RY (N € N). In this talk we consider the existence of solutions
to the following initial-boundary value problem for a degenerate parabolic equation:

%(x,t) — Apu(z,t) — |[u|?u(z, t) = f(x,t), (z,t) € Qx(0,T),

(P) u(z,t) =0, (x,t) € 02 x (0,T),
u(-,0) = uo(-) € L™(),
where T > 0, 2 < p,q,7 < 400, p<q, f: Q2 x (0,T) = R, Ayu := div(|]Vu[f"2Vu) and

(1) r=N(qg—p)/p.

When p = 2 and f = 0, Weissler [3] and Brézis-Cazenave [2] obtained the following results:
if r > N(q — 2)/2, then (P) admits a unique local (in time) solution for any w, € L"(Q);
otherwise, (P) has no local solution in any usual sense for some initial data.

On the other hand, when p > 2, Akagi [1] established the following existence result: if
r > N(q—p)/p, then (P) admits a local (in time) solution without any smallness on uy and f.
However, no one has given an answer to the following natural question:

Open problem. Does (P) admit a solution even in the critical case r = N(q — p)/p?

Namely, the local (in time) existence in the critical case (1) is still left as an open problem.
The purpose of this talk is to solve this open problem under a certain restriction on uy.
To state our main result, we denote by p’ := p/(p — 1) the Holder conjugate of p.

s Main Theorem.

Let p,q,r € [2,+00) satisfy p < ¢ and (1). Suppose the following conditions are fulfilled:
(A1) wp € L"(Q) and ||ug||z- is sufficiently small;

(A2) feWW'(0,T; W= (Q)+ L™ (Q)) N LY(0,T; L"(Q)).

Then there exists a time Ty = To(||ug||r, f) > 0 such that (P) admits at least one function
u € Cyu([0,To); L(2)) N C([0, Tp); L2(Q)) N LP(0, Ty; Wy P () N L9(0, Tp; L)) satisfying
du/dt € L7 (0, Ty; W=7 (Q) + L (Q2)),

/Q %(t)vdm+ /Q V()| >Vult) - Vods - /Q ()| 2u(t)o da = /Q F(t)vda

for a.a. t € (0,T,) and for all v € W, ?(Q) N L"(Q), and u(t) — uo in L"(Q) as t — +0.
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