Recent applications of order preserving operator inequalities
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Theorem L-H (Léwner-Heinz inequality 1934).
A > B >0 ensures A* > B for any o € [0, 1].
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Theorem F (Furuta 1987 [8].) p (1+r)g=p+r
If A> B >0, then for each r > 0,

(i) (BEAPB%)i1 > (B5BPB%)s

and

(i)  (AZAPAS)T > (AEBPA%).

hold for p >0 and ¢ > 1 with (14+1r)qg > p+r. (0, —r)
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1 On powers of class A (k) operators including p-hyponormal and

log-hyponormal operators and related classes

Normal operator (T*7T =T7T*) 0000000000000 00O0O00O0OOOOO

Definition.
T : hyponormal & per >TT™.
: p-hyponormal for p > 0 &4 (T*T)? > (TT*)P.

: log-hyponormal &L T is invertible and logT*T > logTT™.
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: paranormal PN |T2z|| > ||Tz|?* for ||z| = 1.
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Theorem 1.A ([1, 15]). Let T be a p-hyponormal operator for p > 0. Then T™ is a min{l, Z}-

hyponormal operator for all positive integer n.

Theorem 1.B ([16]). Let T be a log-hyponormal operator. Then T™ is also a log-hyponormal operator

for all positive integer n.
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Definition ([10]). For each k >0,

(1) T: class A < |12 > |T)2.
(i) T: class A(k) €% (T*|T|2T)%7 > [T
(iii) T': absolute-k-paranormal PN H IT*Tx ||> || Tz||* for every unit vector x € H.
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Theorem 1.D ([14]). Let T be an invertible class A operator, then T™ is also a class A operator for all
positive integer n.
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Theorem 1.1 ([17]). Let T be an invertible class A(k) operator for k € (0,1]. Then T™ is a class A(%)

operator for all positive integer n.
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Definition ([6]). For each s,t >0,

t

(i) T: class A(s,t) L& (|7 |1|T|%|T*|t) 7 > [T+ 2.
(i) T: class Al(s,t) &L T is an invertible and class A(s,t) operator.
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Theorem 1.F ([6]). T: class Al(s,t) = T: class Al(p,r) forp > s and r > t.

O000OTheorem 1.1 O0000000000DOOOOOclass Al(s,t) operator 000 OO Aluthge-
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Theorem 1.4 ([17]). Let T be a class Al(s,t) operator for s,t € (0,1]. Then T™ is a class AI(£, L)

operator for all positive integer n.

Corollary 1.5 ([17]). Let T be an invertible w-hyponormal operator. Then T™ is a class Al(3-, 5=

operator for all positive integer n.
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Definition ([20]). For each s,t >0,
T: absolute-(s,t)-paranormal PN T |T*Ex||t > ||| T*|P2|| 5T for all unit vector x € H.
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2 Further extensions of characterizations of chaotic order asso-
ciated with Kantorovich type inequalities
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Theorem G (Furuta 1995 [9]). If A > B > 0 with A > 0, Then for each t € [0,1] andp > 1,

AITHT > [AF (AT BPAT )P ARy B0

holds for any s > 1 and r > t.
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Theorem 2.C ([18]). Let A and B be positive invertible operators satisfying MI > A > mlI > 0. Then

the following assertions are mutually equivalent:
(i) log A > log B.

(ii) %Ap > BP for allp > 0.

Theorem 2.D ([4, 18]). Let A and B be positive invertible operators satisfying MI > A > mI > 0.

Then the following assertions are mutually equivalent:

(i) log A > log B.
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(ii) My (p)AP > BP for all p > 0, where h = % >1 and My(p) = ———.
elog(h®-T)

Theorem 2D 00000 My(p) DOOOODO0D0O00 p=1000 Specht’sratio 00000000
[(l000000D000

00 Theorem 2.C 0000000 Furuta-Seo [11] 0000 Theorem GOOODOOOOOOOOOODO
oooo

Theorem 2.G ([11]). Let A and B be positive invertible operators satisfying M1 > A > mI > 0. Then
the following assertions are mutually equivalent:

(i) log A > log B.

(ii) For each a € [0,1], p > 0 and u > 0,

(praw)s | (p+au)s)?
(M +m ) A(erau)s > (A%BpA%)s

AM (pFau)sm (ptau)s

holds for s > 1 such that (p + au)s > (1 — a)u.
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AP > BP holds for p > 0.

Theorem 2.3 ([13]). Let A and B be positive invertible operators satisfying MI > A > mI > 0, and

-7t (e

l{+(n1;A47p) = PP (A47—-Tn)(ﬂlﬂ4p —-A47np)P*1'

Then the following assertions are mutually equivalent:
(i) log A > log B.
(ii) For each natural number n, o € [0,1], p > 0 and u > 0,

(ptau)stru (ptau)stru
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holds for all s > 1 and r > 1 — « such that {nr + (n+ 1)a}tu > (p + au)s.

(iii) For each natural number n and p > nu > 0,

ptru

A;(mw+gﬂ4%%,n+1)Apzzﬁ

holds for real numbers r such that nru > p.
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