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Abstract Asymptotic analyses are one of major topics in the recent queueing theory. We focus on them
for large queues, which may be classified into two types. One is large deviations, typically for a fixed model.
Another is to study a limit of a sequence of queueing models under appropriate scaling of time, space and/or
modeling primitives. Diffusion approximation is such an example. We revisit the unified approach of [8] for
both asymptotic problems. Expanding its framework, we discuss more about the martingale which plays a
key role in it. Some new examples and conjectures are also presented.

1. Introduction

Asymptotic analyses have been actively studied in the recent queueing theory. This is because
queueing models, particularly, queueing networks, become very complicated and their exact anal-
yses are getting harder. We focus on asymptotic analyses for large queues, and aim to understand
their limiting behaviors through their modeling primitives.

There are two different types of asymptotic analyses for large queues. One is large deviations,
which is typically studied for a fixed model. Among them, we are particularly interested in the tail
asymptotic behaviors for the stationary distribution of a queueing process. Another is to study a
limit of a sequence of queueing models under appropriate scaling of time, space and/or modeling
primitives. This would give a theoretical support for approximation using the limiting model. We
call it a weak limit approximation. A diffusion approximation is such an example, which means to
approximate the queueing model by a reflecting diffusion process. If the drift and variance of this
diffusion process do not depend on their current position when it is apart from the boundary of its
state space, then it is called a reflecting Brownian motion.

Those two asymptotic problems have been studied separately in the literature. Recently, the
author [8] studied a unified approach which is applicable to both asymptotic analyses. Martingales
play a key role there. We revisit this unified approach focusing on those martingales. It is hardly
said how they are important, but it at least widens our view for studying the queueing theory.

The unified approach of [8] uses a piecewise deterministic Markov process, PDMP for short,
for describing queueing models. Its sample path is composed of two parts, deterministic contin-
uous part and discontinuous part, called jumps, by which randomness is created. This process is
widely applicable, but known to be hard to analysis. Because of those facts, PDMP is often used
for describing models, but rarely analyzed. So, other methods have been employed for analysis.
Discretizing the state space and using Markov chains either in continuous time or in discrete time
may be most popular. For the diffusion approximation, it is standard to use a continuous mapping
of the input data, which is often obtained as the solution of sample path equations, called Skorohod
problem (e.g., see [10]). However, there are some gaps from direct analysis of the PDMP.

Thus, it is interesting to directly study the PDMP. Its time evolution is easily presented by
a stochastic integral equation using a test function, which maps the states of the PDMP to real
values (see (3.2)). This stochastic equation has no martingale term because of deterministic sample
paths between jumps. However, it includes random jump terms. This causes difficulty for analysis.
Davis [2] who introduced PDMP replaces them by a martingale, imposing the so called boundary
condition on the test function. However, it is not easy to find a class of the test functions which
characterize a distribution on the state space. This is important in [2] because it aims to get the
stationary distribution of the PDMP. Thus, Davis’s approach had not been well developed.

Those situations may be overcome by choosing a smaller class of the test functions which may



not characterize a distribution on the state space. This is a basic idea in [8]. One may be afraid that
such an approach would discard important information in the stochastic integral equation. This is
true for full analysis, but we are interested in large queues under the stationary distribution, and
lost information might be not so important for them. As we will see, this is indeed the case for
both asymptotic analyses, large deviations and weak limit approximations.

Another difference in the approach of [8] from that in [2] is a role of a martingale. Davis [2] uses
it for obtaining an extended generator, which enables to use standard results on Markov processes
(see, e.g., [3]). On the other hand, the martingale itself plays important role in [8]. For this, it is
crucial to find good test functions and techniques to apply them for asymptotic analyses. Those
have been done for a single queue with multiple heterogeneous servers in [8]. A similar idea has
been used in [1] for the diffusion approximation of a generalized jackson network, GJN for short.

In this paper, we first revisit the approach of [8], extending it for a more general PDMP. We
simplify some arguments by assuming stronger conditions because of space of this paper, but detail
more about martingales as far as possible. We also consider some new examples for this unified
approach. One is the workload process of the G/G/1 queue as a toy model for the main component
of the PDMP to be continuously changed. This type of PDMP has not been considered in [1, 8].
Another is the tail asymptotics of the stationary distribution of the joint queue length in the GJN.
For this, we discuss how we can use a martingale for them, and present some conjectures.

2. Piecewise Deterministic Markov process, PDMP

We formally introduce a piecewise deterministic Markov process. Let X(t) be the state of this
process at time t, then it has two components Z(t) and C(t), namely,

X(t) = (Z(t), C(t)), t ≥ 0,

where Z(t) is a state to be interested, and C(t) is a time counter for the next jump. As always,
X(t) is assumed to be right-continuous and has the left-hand limit at each time t. Its state space
has the following structure.

(a) Z(t) takes values in a complete and separable topological space S1.

(b) For each Z(t), there is a finite set K(Z(t)), and C(t) takes values in RK(Z(t))
+ which is the set

of all vectors y whose entry yi takes values in R+ for i ∈ K(Z(t)), where R+ is the set of all
nonnegative real numbers. The entry of C(t) with index i is denoted by Ci(t).

Typical examples of S1 are a countable set with discrete topology, the d-dimensional real vector
space Rd with Euclid metric and the set of some measures on R with certain metric, where R is
the set of all real numbers.

Let S = {(z,y); z ∈ S1,y ∈ RK(z)
+ }, which is the state space of X(t). We assume the following

dynamics.

(c) X(t) is a continuous deterministic function of t except for jump instants, which are denoted
by an increasing sequence {tn;n = 1, 2, . . .}. For convenience, we let t0 = 0.

(d) There is a set M(S) of continuous functions from S to R such that

(d1) The distribution of X(t) is determined by E(f(X(t))) < ∞ for f ∈ M(S).

(d2) For t ∈ (tn−1, tn), f(X(t)) has a continuous derivative Af(X(t)) for f ∈ M(S), where
A is an operator on M(S), that is, Af ∈ M(S) for f ∈ M(S).

(d3) For t ∈ (tn−1, tn), K(Z(t)) is unchanged, and Ci(t) is non-increasing in t for each i ∈
K(Z(t)).

(e) For s > 0 and n ≥ 1, tn > tn−1 + s if and only if Ci((tn−1 + u)−) > 0 for all u ∈ [0, s] and all
i ∈ K(Z(tn−1)), where Ci(t−) = limϵ↓0Ci(t− ϵ).

(f) The conditional distribution of X(tn) given {X(u);u < tn} is a function of X(tn−) for n ≥ 1,
which is characterized by the transition kernel Q given below.

Qf
(
X(t−)

)
= E

(
f(X(t))|X(t−)

)
, X(t−) ∈ Γ, f ∈ M(S), (2.1)



where Γ is the subset of S such that the some entry of y vanishes for (z,y) ∈ S. This Γ is
referred to as a terminal set, while Q is referred to as a jump kernel.

Obviously, {X(t); t ≥ 0} satisfying the conditions (a)–(f) is a Markov process, whose dynamics
is specified by A and Q. It extends the framework of the PDMP in [8]. This process is essentially
the same as a piecewise deterministic Markov process, PDMP for short, introduced by Davis [2].
We refer to it as the same name. It is noticed that we exclude jumps generated by the main
component Z(t), but they may be included in C(t).

The PDMP covers a wide range of queues and their networks. Here are some examples.

Example 2.1 (GI/G/1 queue). Consider a FCFS single server queue in which customers arrive
subject to a renewal process and their service times are independent and identically distributed,
where FCFS means first-come first served. This queueing model is named as the GI/G/1 queue in
the literature. Let L(t) be the number of customers in system at time t. Let Re(t) and Rs(t) be the
residual arrival and service times at time t, where we let Rs(t) = 0 for L(t) = 0. Then,

X(t) = (L(t), Re(t), Rs(t)), t ≥ 0,

is a PDMP, for which Z(t) = L(t) and C(t) = (Re(t), Rs(t)), and therefore S1 = Z+ and K(z) =
{e, s} for z > 0 and K(z) = {e} for z = 0, where Z+ is the set of all nonnegative integers. By the
assumptions, for f ∈ M(S), we have

Af(z,y) = − ∂

∂ye
f(z,y)− ∂

∂ys
f(z,y)1(z > 0), (2.2)

Qf(z,y) =


E(f(z + 1, (Te, ys)), ye = 0, ys > 0
E(f(z − 1, (ye, Ts)), z ≥ 1, ye > 0, ys = 0,
E(f(z, (Te, Ts)), z ≥ 1, ye = 0, ys = 0,
0, otherwise,

(2.3)

where Te and Ts are random variables subject to the inter-arrival and service times, respectively,
which are independent of everything else. Thus, X(t) is a PDMP.

Similarly, let V (t) be the total unfinished work at time t, then it is easy to see that (V (t), Re(t))
is a PDMP. In this case, S = R2

+, and, for (z, y) ∈ S,

Af(z, y) = − ∂

∂v
f(z, y)1(z > 0)− ∂

∂y
f(z, y), (2.4)

Qf(z, y) =

{
E(f(z + Ts, Te)), y = 0,
0, otherwise.

(2.5)

Example 2.2 (Generalized Jackson network). Consider a d-node queueing network with single
servers at nodes in which exogenous customers arrive at each node subject to a renewal process
and service times at each node are independent and identically distributed which are independent of
everything else. Each node has an infinite buffer, customers are served in the FCFS manner, and
they are routed to the next nodes or leave the network according to a given probability which only
depends on the current node when their service completed.

Let J = {1, 2, . . . , d}, and let E be the set of nodes which have exogenous arrivals. For time t
and node i ∈ J , let Li(t) be the number of customers, and let Rs,i(t) be the residual service times,
respectively, where we set Rs,i(t) = 0 when Li(t) = 0. For i ∈ E, let Re,i(t) be the residual time
for an exogenous arrival. Let pij be the probability that a customer completing service at node i is
routed to node j for i, j ∈ J , where those customer leave the outside of the network with probability:

pi0 ≡ 1−
∑
i∈J

pij .



For each node i, let Fe,i be the interarrival time distribution of exogenous customers, and let Fs,i

be the service time distribution. Denote the vectors whose i-th entries are Li(t), Re,i(t) for i ∈ E,
Rs,i(t) by L(t),Re(t),Rs(t), respectively, and define X(t) as

X(t) = (L(t),Re(t),Rs(t)), t ≥ 0.

Then, {pij ; i, j ∈ J }, {Fe,i; i ∈ E} and {Fs,i; i ∈ J } are the modeling primitives, and it is not hard
to see that X(t) is a PDMP.

For some models, we need C(t) to be measure valued. For example, it is required for the
network in which customers are classified into multiple classes, each class has their own routing
probabilities, and they are served in the FCFS manner irrespective to their classes.

3. Martingale decomposition for PDMP

Let X(·) be a PDMP satisfying the conditions (a)–(f). We consider its evolution in time by a
stochastic integral equation. Let Ft = σ(X(u);u ≤ t), where σ(·) stands for the minimal σ-field.
{Ft; t ≥ 0} is called a filtration. Then, X(·) is a strong Markov process with respect to {Ft; t ≥ 0}.
Define the counting process N(·) ≡ {N(t); t ≥ 0} for the jump instants of this PDMP as

N(t) =

∞∑
n=1

1(ti ≤ t), t ≥ 0. (3.1)

Since X(t) is absolutely continuous in t ∈ R+ with respect to the sum of the Lebesque measure
and the counting process N(·), we obviously have a stochastic integral equation.

f(X(t)) = f(X(0)) +

∫ t

0
Af(X(u))du+

∫ t

0
∆f(X(u))dN(u), f ∈ M(S), (3.2)

where ∆f(X(u)) = f(X(u))− f(X(u−)). Note that ∆N(u) > 0 if and only if X(u−) ∈ Γ, which
causes a jump, that is, X(u−) ̸= X(u).

Our arguments will be based on the following fact due to Davis [2].

Lemma 3.1 (A version of Proposition 4.3 of Davis [2]). If a Borel-measurable function f from S
to R satisfies that

E
(∫ t

0

∣∣f(X(u))−Qf(X(u−))
∣∣dN(u)

)
< ∞, for each t > 0, (3.3)

then

MQ(·) ≡
{∫ t

0

(
f(X(u))−Qf(X(u−))

)
dN(u); t ≥ 0

}
(3.4)

is an Ft-martingale, that is, E(|MQ(t)|) < ∞ and E(MQ(t)|Fs) = MQ(s) for 0 ≤ s < t.

A simple proof of this lemma can be found in [8]. The following fact is immediate from (3.2)
and Lemma 3.1.

Lemma 3.2 (A special case of Theorem 5.5 of [2]). For f ∈ M(S), if (3.3) holds and if

M(t) ≡ f(X(t))− f(X(0))−
(∫ t

0
Af(X(u))du+

∫ t

0
(Qf(X(u−))− f(X(u−)))dN(u)

)
(3.5)

satisfies that E(|M(t)|) < ∞, then M(·) ≡ {M(t); t ≥ 0} is an Ft-martingale. In particular, if f
satisfies that

Qf(x) = f(x), ∀x ∈ Γ, (3.6)

then the Ft-martingale M(t) is simplified to

M(t) = f(X(t))− f(X(0))−
∫ t

0
Af(X(u))du, t ≥ 0. (3.7)



Although Davis [2] refers to (3.6) as a boundary condition, we refer to (3.6) as a terminal
condition following the terminology of [8]. Note that (3.7) can be written as

f(X(t)) = f(X(0)) +

∫ t

0
Af(X(u))du+M(t), t ≥ 0. (3.8)

Apart from the terminal condition (3.6), this representation is standard for a Markov process which
has A as an extended generator (e.g., see [3]). In the present case, we have a simpler A, but the
terminal condition causes difficulty as we discussed in Section 1. So far, we attack this problem by
finding a class of test functions satisfying (3.6) which may not characterize the distribution of X(t)
but is still useful for asymptotic analysis. We call (3.8) a martingale decomposition.

One might wonder why this martingale decomposition is useful for studying large queues. There
are two reasons for this.

1) The martingale term disappears after taking the expectation. This is convenient to derive a
stationary equation from (3.8).

2) It enables us to change measures. This is useful to study the asymptotic problems.

These two facts are demonstrated for the queue length of a many server queue in [8]. Although
no martingale is used, the fact 1) is essentially used in [1] for the queue length vector of the
generalized Jackson network of Example 2.2. In this paper, we consider workload in the GI/G/1
queue of Example 2.1, while we derive the martingale of Lemma 3.3 for the generalized Jackson
network for discussing the tail asymptotics of the stationary joint queue length distribution.

3.1. Martingales for the workload

Let us consider the workload in the GI/G/1 queue. As in Example 2.1, we set X(t) = (V (t), Re(t)),
for the workload V (t) and residual arrival time Re(t) at time t. Thus, the state space S of X(t)
is R2

+. For simplicity, we assume that the distributions of Te and Ts have light tails. If this is not
the case, we need truncation arguments, which works well as shown in [8]. Let λ = 1/E(Te) and
µ = 1/E(Ts), and assume that they are positive. In this subsection, we do not need the stability
condition that ρ ≡ λ/µ < 1, so X(t) could be unstable.

Using parameters θ, η ∈ R and v ∈ R+, we choose the following test function,

f(z, y) = eθz+ηy, (z, y) ∈ S. (3.9)

Let us consider η for this function f to satisfy (3.6). From (2.5), we choose η as the solution of
the following equation:

F̂s(θ)F̂e(η) = 1, (3.10)

where F̂e(η) = E(eηTe) and F̂s(θ) = E(eθTs), then the terminal condition (3.6) is satisfied . By the
light tail assumptions, the moment generating functions F̂e(η) and F̂s(θ) are finite in neighborhoods
of the origin for η and θ. F̂e(η) is increasing in η as long as it is finite. For simplicity, we assume
its range is (0,∞). Then, letting θ∗ = sup{θ ∈ R; F̂s(θ) < ∞}. we have

η = F̂−1
e

(
(F̂s(θ))

−1
)
, θ ∈ (−∞, θ∗).

We denote this η by η(θ), and denote the f of (3.9) with this η(θ) for η by fθ, respectively.
As remarked in [8], the inverse function F̂−1

e has nice properties. For example, by Theorem 1
of Glynn and Whitt [4] (see also (2.20) of [8]), we have

F̂−1
e (e−θ) = − lim

t→∞

1

t
logE

(
eθNe(t)

)
,

and therefore, using the notation U(t) ≡
∑Ne(t)

n=1 Ts(n), which is an accumulated work brought by
customer arriving in the time interval [0, t],

η(θ) = − lim
t→∞

1

t
logE

(
eθU(t)

)
, θ ∈ (−∞, θ∗). (3.11)



Thus, it is not hard to see the following facts similar to Lemmas 2.4 and 2.5 of [8] and using Taylor
expansion.

Lemma 3.3. The terminal condition (3.6) holds for f = fθ and θ < θ∗.

Lemma 3.4. (a) η(θ) is decreasing and concave for θ < θ∗. (b) For each δ > 0, we have

|η(θ)| ≤ max
(
ρ,

1

δ
|η(δ)|

)
|θ|, ∀θ ∈ [−δ, δ], (3.12)

η(θ) = −ρθ − 1

2
λ(σ2

s + ρ2σ2
e)θ

2 + o(θ2), as θ → 0. (3.13)

A figure for η(θ) is given below.

θ
0

η(θ)

θ
∗

η′(0) = −ρ

Figure 1: A typical shape for η(θ)

Applying the test function fθ to (3.7), we have the martingale Mθ(t):

Mθ(t) =fθ(V (t), Re(t))− fθ(V (0), Re(0))

+

∫ t

0
(θ + η(θ))fθ(V (u), Re(u))du−

∫ t

0
θfθ(V (u), Re(u))1(V (u) = 0)du. (3.14)

This martingale will be useful to study a diffusion approximation for the workload process V (t).
Let Y (t) be a left-continuous process, which is called predictable because Y (t−) is Ft−-measurable.
Assume that Y (t) has bounded in each finite interval, then the integral of Y (t) with respect to
Mθ(t), which is denoted by

Y ·Mθ(t) ≡ 1 +

∫ t

0
Y (s)Mθ(ds)

can be well defined as a natural extension of a Riemann-Stieltjes integral for taking step functions
for Y (t), and it is a Ft-martingale again (see Section 4d of Chapter I of [5]). Choose Y (t) as

Y (t) =
1

fθ(X(0))
exp

(
−

∫ t

0

Afθ(X(u))

fθ(X(u))
du

)
,

which is obviously continuous in t, so Y ·Mθ(t) is martingale. We denote it by Efθ . Thus, we have

Efθ(t) = 1 +

∫ t

0

1

fθ(X(0))
exp

(
−

∫ s

0

Afθ(X(u))

fθ(X(u))
du

)(
dfθ(X(s))−Afθ(X(s))ds

)
=

fθ(X(t))

fθ(X(0))
exp

(
−

∫ t

0

Afθ(X(u))

fθ(X(u))
du

)
= exp

(
θ(V (t)− V (0)) + η(θ)(Re(t)−Re(0))

+ (θ + η(θ))t− θ

∫ t

0
1(V (u) = 0)du

)
. (3.15)



Let ν be the distribution of X(0), and denote the probability measure under this initial dis-
tribution by Pν . Since the martingale Efθ(t) is positive, we can be used to change Pν to a new

probability measure P̃(θ)
ν by

dP̃(θ)
ν

dPν

∣∣∣
Ft

= Efθ(t), t ≥ 0.

This is called exponential change of measures (see [9]). This implies that

dPν = (Efθ(t))−1dP̃(θ)
ν on Ft, (3.16)

which is useful for studying the tail asymptotic of the stationary distribution of V (t).

3.2. Martingales for the generalized Jackson network

We consider the GJN of Example 2.2. In this case, the state space S is given by

S = {(z,ye,ys); z ∈ Zd
+,ye ∈ RE

+,ys ∈ RK(z)
+ },

where K(z) = {i ∈ J ; zi ≥ 1}. Similar to the GI/G/1 case, we assume that Fe,i and Fs,i have light
tails for simplicity. Let

ti(θ) = e−θi
(∑

j∈J
pije

θj + pi0

)
, θ ∈ Rd, i ∈ J .

Using parameters θ, ζ ∈ Rd and η ∈ RE , we choose the following test function,

fθ(z,ye,ys) = w(z,θ)e⟨θ,z⟩+⟨η(θ),ye⟩+⟨ζ(θ),ys⟩,

where w is given by

w(z,θ) = e
∑

i∈J θi1(zi=0),

and η(θ) and ζ(θ) are the solutions of η ≡ {ηi; i ∈ E} and ζ ≡ {ζi; i ∈ J }, respectively, of the
following equations.

eθiF̂e,i(ηi) = 1, i ∈ E , ti(θ)F̂s,i(ζi) = 1, i ∈ J .

Because the light tail assumption, η(θ) and ζ(θ) are well defined at least in some neighborhood of
the origin of their vector spaces. Then, the terminal condition (3.6) is satisfied, and similar results
in Lemma 3.4 hold (see Section 4 of [1] for details). For convenience, we define γ(θ) as

γ(θ) = −
∑
i∈E

ηi(θi)−
∑
i∈J

ζi(θ), θ ∈ Rd.

Thus, similar to the GI/G/1 case in Section 3.1 work, we have the following martingales,

Mθ(t) ≡ fθ(L(t),Re(t),Rs(t))− fθ(L(0),Re(0),Rs(0))

−
∫ t

0

(
γ(θ) +

∑
i∈J

ζi(θ)1(Li(u) = 0)
)
fθ(L(u),Re(u),Rs(u))du, (3.17)

Efθ(t) ≡ fθ(X(0))−1 exp
[
⟨θ,L(t)⟩+ ⟨η(θ),Re(t)⟩+ ⟨ζ(θ),Rs(t)⟩

− γ(θ)t−
∫ t

0

∑
i∈J

ζi(θ)1(Li(u) = 0)du
]
. (3.18)



4. Applications

In this section, we apply martingales obtained in Section 3 to the two asymptotic problems. We
first consider two weak limit approximations for the stationary workload distribution of the the
GI/G/1 queue. Arguments are quite similar to those in [8], but we require a Taylor expansion of
η(θ), which is different from the one considered in [8]. We next consider the generalized Jackson
network. The heavy traffic approximation has been fully studied for the stationary joint queue
length distribution in [1], so we here only consider its tail asymptotics.

4.1. Weak limit approximations for the GI/G/1 queue

Consider the GI/G/1 of Example 2.1, and assume now the stability condition that ρ < 1. Then,
X(t) ≡ (V (t), Re(t)) has the stationary distribution, denoted by π, as is well known. Let X(0) have
this π, then {X(t)} is a stationary process. For this stationary process, we take the expectation of
(3.14) for θ ≤ 0, then we have

(θ + η(θ))E(eθV (0)+η(θ)Re(0))− θE(eη(θ)Re(0)1(V (0) = 0)) = 0. (4.1)

This can be used to derive a heavy traffic approximation for the stationary workload distribution.

For this, we consider a sequence of the GI/G/1 queues, indexed by n = 1, 2, . . .. Let T
(n)
e , T

(n)
s

be random variables subjects to the inter-arrival and service times of the n-th system respectively.

Their distributions are denoted by F
(n)
e , F

(n)
s , respectively. Similarly, the function η(θ) of the n-th

system is denoted by η(n)(θ). Let

λ(n) = 1/E(T (n)
e ), µ(n) = 1/E(T (n)

s ),

(σ(n)
e )2 = E((T (n)

e − E(T (n)
e ))2), (σ(n)

s )2 = E((T (s)
e − E(T (n)

s ))2),

We assume that λ(n), µ(n), σ
(n)
e , σ

(n)
s converge to constants λ, µ, σe, σs as n → ∞, and the heavy

traffic condition that, for a sequence rn > 0 vanishing as n → ∞,

1− ρ(n) = rn, where ρ(n) = λ(n)/µ(n). (4.2)

Obviously, we must have λ = µ, and the V (n) has the stationary distribution for each n ≥ 1.

Let V (n), R
(n)
e be random variables subject to the stationary distributions of the workload and

residual arrival time, respectively, of the n-th system. Then, substituting rnθ into the θ’s of (4.1)
and using (4.2), we have

(rnθ + η(n)(rnθ))E(eθrnV
(n)+η(n)(rnθ)R

(n)
e )− r2nθE(eη

(n)(rnθ)R
(n)
e |V (n) = 0)) = 0. (4.3)

Then, letting n → ∞ and applying the n-system version of Lemma 3.4 and using the fact that
ρ(n) = 1− rn, we have

lim
n→∞

E(eθ(1−ρ(n))V (n)
) =

2

2− λ(σ2
s + σ2

e)θ
. (4.4)

Thus, we have proved that the distribution of (1 − ρ(n))V (n) weakly converges to the exponential
distribution with mean λ(σ2

s + σ2
e)/2, which is the well known heavy traffic approximation.

What is interesting in this approach, we can consider another approximation increasing the
variances in such a way that

lim
n→∞

sn(σ
(n)
e )2 = b2e, lim

n→∞
sn(σ

(n)
s )2 = b2s, (4.5)

for a sequence sn vanishing as n → ∞ and constants be, bs ≥ 0 satisfying be + bs > 0. However, we
still require the heavy traffic condition (4.2). Then, similar to the heavy traffic case, (4.1) yields

lim
n→∞

E(eθ(1−ρ(n))snV (n)
) =

2

2− λ(b2s + ρ2b2e)θ
. (4.6)

Thus, the limiting distribution is still exponential.



4.2. Tail asymptotics for the generalized Jackson network

Consider the GJN of Example 2.2. Denote the means of Te,i, Ts,i by me,i and ms,i, respectively.
Let λe,i = 1/me,i for i ∈ E . Let αi for i ∈ J be the solutions of the following traffic equation.

αi = λi1(i ∈ E) +
∑
j∈J

αjpji, i ∈ J .

It is easy to see that the solutions uniquely exist if the d× d matrix P ≡ {pij ; i, j ∈ J } is strictly
substochastic and if P ≡ {pij ; i, j ∈ {0} ∪ J } is irreducible, where p00 = 0, and p0i = λi1(i ∈
E)/

∑
j∈E λj for i ∈ J . We assume these conditions without loss of generality. Let ρi = αimi, and

assume the stability condition that ρi < 1 for all i ∈ J .
Braverman et al. [1] study a similar approach to this GJN, not using martingales. They de-

rive the limiting distribution of the stationary joint queue length distribution under the stability
condition in addition to the standard heavy traffic conditions, which corresponds to the diffusion
approximation for the joint queue length process (see, e.g., [10]).

We here consider the light tail asymptotic of that stationary distribution, using martingale. For
this, we assume that Fe,i and Fs,i have light tails for all possible i. This tail asymptotic problem
is known to be hard. Except for a tandem or out-tree network, which is essentially reduced to a
single queue, the problem is solved only for the two node GJN under the phase-type setting in [7].

We change measures from Pν to P̃(θ)
ν similarly to (3.16) by using Efθ of (3.18). For this,

let τ+A , τ−A be the first exit and return times of L(t) to A ⊂ S1 such that τ+A < τ−A . Let ν+A the
distribution of X(t) at time τ+A given that X(0) is subject to the normalized stationary distribution
νA limited on {(z,y) ∈ S; z ∈ A}. Denote a random vector subject to the stationary distribution
of X(t) by X ≡ (L,Re,Rs). Then, the cycle formula yields, for measurable B ⊂ S1 \A,

P(L ∈ B) = c(A)Eν+A

(∫ τ−A

0
1(L(u) ∈ B)du

)
, (4.7)

where c(A) = P(L ∈ A)/Eν+A
(τ−A − τ+A ). Let

BK(c, n) = {z ∈ S1; ⟨c, z⟩ ≥ n, zi = 0, ∀i ∈ K,nj ≥ 1, ∀j ∈ J \K}, c ∈ S1, n ≥ 1,

τ+c,n = inf{t > 0;L(t) ∈ BK(c, n)},

Yτ+c,n(B) = Eν+A

(∫ τ−A

τ+c,n

1(L(u) ∈ BK(c, n))du
∣∣Fτ+c,n−

)
1(τ+c,n < τ−A ),

and applying (3.16) with Efθ of (3.18) with A ≡ {z ∈ S; zj = 0, j ∈ J \K}, we have

P(L ∈ B) = c(A)Ẽ(θ)

ν+A

(
fθ(X(0))Yτ+c,n−(B) exp

[
− ⟨θ,L(τ+c,n−)⟩ − ⟨η(θ),Re(τ

+
c,n−)⟩

− ⟨ζ(θ),Rs(τ
−
c,n−)⟩+ γ(θ)τ+c,n +

∑
i∈K

ζi(θ)

∫ τ+c,n

0
1(Li(u) = 0)du

])
. (4.8)

This formula suggests the following conjectures. For K ⊂ J , let

Γ+
K = {θ ∈ Rd; γ(θ) ≤ 0, ζj(θ) ≤ 0,∀j ∈ K},

Γ−
K = {θ ∈ Rd; γ(θ) ≥ 0, ζj(θ) ≥ 0,∀j ∈ K},

φK(θ) = E(e
∑

i∈J\K θiLi1(Lj = 0, ∀j ∈ K)), (moment generating function),

∇γ(θ) =
( ∂

∂θ1
γ(θ),

∂

∂θ2
γ(θ), . . . ,

∂

∂θd
γ(θ)

)
, (gradient vector),



then, choosing A = {z ∈ S1; ∃i ∈ J , zi = 0} and B = BK(cJ\K , n) for (4.8), where xD is |D|-
dimensional vector whose i-entry is xi for i ∈ D ⊂ J , we conjecture that, letting Kc = J \K,

lim sup
n→∞

1

n
logP(BK(cKc , n)) ≤ − sup{⟨cKc ,θ⟩;θ ∈ Γ+

K , φKc(θ) < ∞}, (4.9)

lim inf
n→∞

1

n
logP(BK(cKc , n)) ≥ − inf{⟨cKc ,θ⟩;θ ∈ Γ−

K ,∇γ(θ)K ≤ 0,∇γ(θ)Kc ∝ cKc}, (4.10)

where x ∝ y stands for the vectors x and y to be parallel.
We now explain the reason why (4.9) and (4.10) are expected. We first note that

|⟨θ,L(τ+c,n−)⟩ − ⟨θ, c⟩n| ≤ |θ| ≡
∑
i∈J

|θi|, Yτ+c,n(BK(c, n)) is uniformly bounded in n.

Hence, from (4.8), e⟨θ,c⟩nP(L ∈ B) should be finite for θ ∈ Γ+
K and if φKc(θ) < ∞, where the

latter is needed for Ẽθ
νA
(fθ(X(0))) < ∞ for the martingale Mθ to be well defined. Thus, the upper

bound would not be hard to prove. A difficult part is the lower bound (4.10). The extra condition
in (4.9) is not needed because we can start X(0) on a compact set A. However, we require that,

for some δ > 0, P̃(θ)

ν+A
(τ+c,n < τ+A ) > δ for all n ≥ 1. This must be related to the drift condition of

L(t) inside of Rd
+, which is the reason why the gradient conditions are added in (4.10).

Note that the upper bound (4.9) is similar to those for the d-dimensional reflecting random
walk (see Theorem 6.1 and (6.9) of [6]), while the lower bound (4.10) for K = ∅ correspond to (6.6)
in Lemma 6.2 of the same paper. Once (4.9) and (4.10) are obtained, the algorithm in Theorem
6.1 of [6] would give the decay rate in an arbitrary direction. However, at the present, we have not
yet proved it, so this is also a conjecture.
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