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Abstract. A graph G with p vertices and ¢ edges is said to have an even
vertex odd mean labeling if there exists an injective function f : V(G) —
{0,2,4,...,2g—2,2q} such that the induced map f*E(G) — {1,3,5,...,2¢—1}
defined by f*(uv) = w is a bijection. A graph that admits an even vertex
odd mean labeling is called an even vertex odd mean graph. In this paper, we
prove that every Tp-tree T, TQP,, TQ2P,,T ® K,,TQC,, and TSC,, are even
vertex odd mean graphs.
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8§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V, E) be a graph with p vertices and ¢ edges. For notations and
terminology we follow [4].

Path on n vertices is denoted by F,, and a cycle on n vertices is denoted by
C.,. The corona GGy ® G of the graphs G and G5 is obtained by taking one
copy of Gy with p vertices and p copies of G5 and joining the i*" vertex of G4
to every vertex of the i*" copy of Ga.

Let T be a tree and ug and v be two adjacent vertices in V(T'). Let there be
two pendant vertices v and v in T such that the length of ug—u path is equal to
the length of vy — v path. If the edge ugvg is deleted from T and wu, v are joined
by an edge uwv, then such a transformation of 7" is called an elementary parallel
transformation (or an EPT) and the edge ugvy is called a transformable edge.
If by a sequence of EPT’s T can be reduced to a path, then 7' is called a T)-
tree (transformed tree) and any such sequence regarded as a composition of
mappings (EPT’s) denoted by P, is called a parallel transformation of 7. The
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path, the image of T" under P is denoted as P(T"). A T)-tree and a sequence
of two EPT’s reducing it to a path are shown in Figure 1.

Figure 1. A T)-tree and a sequence of two EPT’s reducing it to a path.

Let T be a T)-tree with m vertices. Let T@QP, be the graph obtained from
T and m copies of P, by identifying a pendant vertex of i** copy of P, with
it" vertex of T. Let T@2P, be the graph obtained from T by identifying the
pendant vertices of two vertex disjoint paths of equal lengths n — 1 at each
vertex of the T)-tree T. Let TQC), be a graph obtained from 7" and m copies
of C,, by identifying a vertex of i*" copy of C,, with i*" vertex of T. Let ToC,,
be a graph obtained from T and m copies of C,, by joining a vertex of i*" copy
of C,, with i*" vertex of T by an edge.

The graceful labelings of graphs was first introduced by Rosa, in 1967 [1]
and R.B. Gnanajothi introduced odd graceful graphs [3]. The concept of mean
labeling was introduced and meanness of some standard graphs was studied
by S. Somasundaram and R. Ponraj [7]. Further some more results on mean
graphs are discussed in [6, 8, 9]. A graph G is said to be a mean graph if
there exists an injective function f from V(G) to {0,1,2,...,q} such that the
induced map f* from E(G) to {1,2,3,...,q} defined by f*(uv) = {M—‘
is a bijection.

In [5], K. Manickam and M. Marudai introduced odd mean labeling of a

graph. A graph G is said to be odd mean if there exists an injective function f
from V(G) to {0,1,2,3,...,2¢ — 1} such that the induced map f* from F(QG)

to {1,3,5,...,2¢ — 1} defined by f*(uv) = {w—‘ is a bijection. Further
some new families of odd mean graphs are discussed in [11, 12]. The concept
of even mean labeling was introduced and studied by B. Gayathri and R. Gopi
[2]. A function f is called an even mean labeling of a graph G with p vertices
and ¢ edges, if f is an injection from the vertices of G to the set {2,4,...,2q}
such that when each edge uv is assigned the label w, then the resulting
edge labels are distinct. A graph which admits an even mean labeling is said
to be even mean graph.

Motivated by these, R. Vasuki et al. introduced the concept of even vertex

odd mean labeling [10] and discussed the even vertex odd mean behaviour



EVEN VERTEX ODD MEAN LABELING OF TRANSFORMED TREES 119

of some standard graphs. A graph G with p vertices and ¢ edges is said to
have an even vertex odd mean labeling if there exists an injective function
f:V(G) — {0,2,4,...,2¢ — 2,2q} such that the induced map f*E(G) —
{1,3,5,...,2q — 1} defined by f*(uv) = M is a bijection. A graph that
admits an even vertex odd mean labeling is called an even vertex odd mean
graph.

An even vertex odd mean labeling of Ps ® K is shown in Figure 2.

2 4 10 12 18 20

0 6 8 14 16 22

Figure 2. An even vertex odd mean labeling of P5; ® Kj.

In this paper, we prove that every T)-tree T, TQP,, TQ2F,,T o K,,TQC,
and ToC,, are even vertex odd mean graphs.

§2. Even vertex odd mean graphs

Theorem 2.1. Every T),-tree T is an even vertex odd mean graph.

Proof. Let T be a T)-tree with m-vertices. By the definition of a T},-tree there
exists a parallel transformation P of T such that for the path P(T'), we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T) — Eq) U E,, where Ey is the
set of edges deleted from 7" and F), is the set of edges newly added through
the sequence P = (P1, Pa, ..., P;) of the EPT’s P used to arrive at the path
P(T). Clearly E; and E, have the same number of edges. Now, denote the
vertices of P(T) successively as v1,va,vs,..., U, starting from one pendant
vertex of P(T') right upto the other.

Define f: V(T) — {0,2,...,2¢ — 2,2q = 2(m — 1)} as follows:
flu)=2i—-2, 1<i<m.

Let v;v; be an edge of T for some indices ¢ and j,1 <1¢ < j < m and let
Py be the EPT that deletes this edge and adds the edge v;4v;_; where ¢ is
the distance from v; to v;41 and also the distance from v; to v;_s. Let P be a
parallel transformation of 1" that contains P; as one of the constituent EPT’s.
Since v;41vj—¢ is an edge of the path P(T), it follows that i +¢+1 = j — ¢,
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which implies j = i 4 2t 4 1. The induced label of the edge v;v; is given by

[ (vivg) = f*(vivigari1)
_ (i) + f(vitars1)
2
=2(i+t)—1and
[ Wigevj—t) = fH(Vigtviges1)
_ S @ire) + f(0ige41)
2
—2(i+1)—1
Therefore, f*(viv;) = f*(vigrvj—t).

For each vertex label f, the induced edge label f* is defined as follows:
f*(vi’UiJrl):Zi—l, 1§7J§m—1

It can be verified that f is an even vertex odd mean labeling. Hence, every
Tp-tree T is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of a T}-tree with 18 vertices
is given in Figure 3.

8 P10
68 » 12 » o6 ® 28
4 14 30
24
16
2e 22 ¢ 32
0e ¢ 18 * 20 34

Figure 3. An even vertex odd mean labeling of a T),-tree.

O]

Theorem 2.2. Let T' be a T),-tree on m-vertices. Then the graph TQP, is an
even vertex odd mean graph.

Proof. Let T be a T)-tree with m-vertices. By the definition of a T},-tree there
exists a parallel transformation P of T such that for the path P(T") we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T) — Eq) U E,, where Ey is the
set of edges deleted from 7" and FE), is the set of edges newly added through
the sequence P = (Py, Ps, ..., P;) of the EPT’s P used to arrive at the path
P(T).

Clearly E; and E, have the same number of edges. Now denote the vertices
of P(T) successively as v1,v2,v3, ..., U, starting from one pendant vertex of
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P(T) right upto other. Let u{, ué, uh, ... ,ul(1 < j < m) be the vertices of j
copy of P,. Then V(TQP,) = {u] : 1 <i<n,1<j<m with u}, = v;}
The graph T@QP,, has mn vertices and mn—1 edges. Define f : V(TQP,) —
{0,2,4,...,2¢ — 2,29 = 2(mn — 1)} as follows:
For 1 <5 <m,
f(uj):{zn(,j_l.)+2i_2’ 1§z:§nandj:%sodd
v 2njg — 21, 1 <i<nand j is even.

Let v;v; be a transformed edge in T" for some indices i and j,1 <7 < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;4v;_;
where t is the distance of v; from v;4; and also the distance of v; from v;_;.

Let P be a parallel transformation of T that contains P; as one as the
constituent EPT’s. Since v;44vj_¢ is an edge in the path P(T),i+t+1 = j—t,
which implies j = ¢ + 2¢ + 1. The induced label of the edge v;v; is given by

[ (vivg) = f*(vivitar+1)
_ f (i) + f(vitars1)
2
=2n(i+t)—1 and
f (igvj—t) = fH(Vigtviter1)
_ S Wige) + f(0ige1)
2
= on(i+1)—1
Therefore, f*(viv;) = f*(vigrvj—t).

For each vertex label f, the induced edge label f* is obtained as follows:
For1 <j<m,
f*(ujj ) = 2n(j — 1) +2i — 1, 1<i<n-—1andjisodd
AU T 2ng — (204 1), 1<¢<n-—1andjiseven

f*(vjvj+1) =2nj—1forl <j<m-—1.

It can be verified that f is an even vertex odd mean labeling of TQPF,.
Hence, TQP, is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of T@QP;5, where T is a
T),-tree with 14-vertices is given in Figure 4.
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Figure 4. An even vertex odd mean labeling of T@QPs.
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Theorem 2.3. Let T' be a T),-tree on m-vertices. Then the graph TQ2P, is
an even vertex odd mean graph.

Proof. Let T be a T)-tree with m-vertices. By the definition of a T),-tree there
exists a parallel transformation P of T" such that for the path P(T") we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T) — Eq) U Ep, where Ej is the
set of edges deleted from 7" and F), is the set of edges newly added through
the sequence P = (Py, Pa, ..., P;) of the EPT’s P used to arrive at the path
P(T). Clearly E; and E, have the same number of edges.

Now denote the vertices of P(T") successively as v, vs,v3, ..., vy, starting
from one pendant vertex of P(T) right upto other. Let uf ,u] 5,4 3, .-, ],

and u%jl,ugz,ug’?),...,u%jn(l < j < m) be the vertices of the two vertex

J

disjoint paths joined with j** vertex of T such that vj = Uy,

|
1 = u2n Then

V(TQ2P,) = {vj,u{ Zuéz 11 <di<n,1<j<mwithv; =uj, =up,}
Define f : V(T@2P,) — {0,2,4,...,2¢—2,2¢ = 2m(2n—1) — 2} as follows:

flug;) = (4n—=2)(j —1) +2i -2,

1
flud,)=(An—2)j—2i, 1<i<n-land1<j<m.

1<i<nand1<j<m

Let v;v; be a transformed edge in T" for some indices i and j,1 <i < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;14v;_¢
where ¢ is the distance of v; from v; 1 and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P; as one as the constituent
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EPT’s. Since v;4vj—¢ is an edge in the path P(T),i +t+ 1 = j —t, which
implies j = i + 2t + 1. The induced label of the edge v;v; is given by

[H(vivg) = f*(vivitart1)
_ fi) + f(virare)
2
=4n—2)(i+t)—1and
f*(vi+t0j—t) = f*(ViptViges1)
_ f(itt) + f(Vite11)
2
=Mdn—-2)(i+t)—1
Therefore, f*(viv;) = f*(vigrvj—¢)-

For each vertex label f, the induced edge label f* is obtained as follows:

frojvjp) =(@n—-2)j -1, 1<j<m-1

) =@n-2)(G-1)+2i-1, 1<i<n-landl<j<m

frudad, ) =0@n—2)j—(2i+1), 1<i<n-land1l<j<m.

It can be verified that f is an even vertex odd mean labeling of TQ2PF,.
Hence, T@Q2P, is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of T@2P, where T is a
T),-tree with 10-vertices is given in Figure 5.

66 68
54 52 g, "
48 62
60 56
4 1 46 58
40 82
38 It 78 80
34 76
28 32 74 4 70
30
2% 96 138
2 9 20 90 2 94
18 88 84
14 16 86 o
12
108
10 g 6 104 106
102
0 2 4 100 98

Figure 5. An even vertex odd mean labeling of T@Q2P;.
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Theorem 2.4. Let T be a Ty-tree on m-vertices. Then the graph T ® K,, is
an even vertex odd mean graph if m is even.

Proof. Let T be a Tp-tree with m-vertices with the vertex set V(T') = {v1, ve,

..., U }. Let u{, ud, ... ,u% be the pendant vertices joined with v;(1 < j < m)

by an edge. Then V(T © K,,) = {vj,u} : 1 <i<n,1<j<m}.

By the definition of a T),-tree there exists a parallel transformation P of T’
such that for the path P(T") we have (i) V(P(T)) = V(T) and (ii) E(P(T)) =
(E(T)— Eq)UE,, where Ej is the set of edges deleted from T" and E, is the set
of edges newly added through the sequence P = (Py, Pa, ..., Py) of the EPT’s
P used to arrive at the path P(T). Clearly E4 and E, have the same number
of edges.

Now denote the vertices of P(T) successively as v1,ve,vs, ..., Uy, starting
from one pendant vertex of P(T') right upto the other.

We define f : V(T © K,) = {0,2,4,...,2¢ — 2,2¢ = 2m(n + 1) — 2} as
follows:

F(y) :{ 2n(j—1)+2j for 1 <j<mand jisodd
J 2j(n+1)—4 for 1 < j < m and j is even

i [ 2n+1)(j—-1)+4i—4 forjisodd,1<j<mand1<i<n

ut 1)_{ 2(n+1)(j—2)+4i+2 forjiseven,1<j<mand1<i<n

Let v;v; be an edge of T' for some indices 7 and j,1 <7 < j < n and let
Py be the EPT that deletes this edge and adds the edge v;4v;_¢ where ¢ is
the distance from v; to v;1+ and also the distance from v; to v;_;. Let P be a
parallel transformation of T" that contains P; as one of the constituent EPT’s.
Since v;44vj—¢ is an edge in the path P(T), it follows that ¢ + ¢+ 1 = j — ¢,
which implies j = i 4 2¢ 4 1. The induced label of the edge v;v; is given by

[H(vivg) = f*(vivitart1)
_ f(vi) + f(vitars1)
2
=2n+2)(i+t)—1and
[ (irvj—t) = fF(Vigtviges1)
_ five) + f(viges1)
2
= (2n+2)(i+t)—1
Therefore, f*(viv;) = f*(vigrvj—¢)-

For each vertex label f, the induced edge labeling f* is obtained as follows:

Froul)=20+1)(i-1)+2i—-1, 1<j<mand1<i<n
f*(’UjUj+1) :2j(n+1)—1, 1<5<m-1.
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It can be verified that f is an even vertex odd mean labeling. Hence, T® K,,
is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of T ® K5, where T is a
T),-tree with 12-vertices is given in Figure 6.

64

50 68 1
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)

Figure 6. An even vertex odd mean labeling of T ® K.
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16 126
118 136
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114 132
8 b 2 116 ¢ 110 122 ¢ 128
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106 124
0 102 120
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Theorem 2.5. Let T' be a T),-tree on m-vertices. Then the graph TQC,, is an
even vertex odd mean graph if n = 0(mod 4).

Proof. Let T be a T)-tree with m-vertices. By the definition of a transformed
tree there exists a parallel transformation P of T" such that for the path P(T)
we have (i) V(P(T)) = V(T') and (ii) E(P(T)) = (E(T) — E4) U Ep, where
E, is the set of edges deleted from 7" and E), is the set of edges newly added
through the sequence P = (Py, Ps, ..., Py) of the EPT’s P used to arrive at
the path P(T). Clearly, E; and E, have the same number of edges.

Now denote the vertices of P(T') successively by v1,va,vs, ..., vy, starting
from one pendant vertex of P(T") right upto the other one.

Let u{,ué,u% ...,u%(l < j < m) be the vertices of j'" copy of P,. Then

V(TQc,) :{uf :1<i<n,1<j<mwithu] =v,}.
Define f : V(TQC,) — {0,2,4,...,2¢ — 2,2qg = 2m(n + 1) — 2} as follows:
Case (i). j is odd.

f(uZ): 2+ 1) -1)+2i+2, 1<j<m,5+1<i<nandiisodd

2n+1)(j—-1)+2-2 1<j<mandl<i<?2
2ln4+1)(j—1)+2i—-2, 1<j<m,5+2<4i<nandiiseven

Case (ii). j is even.

2(n+1)j — 21, l1<j<mand1<i< 7§

4 2(n+1)j — 2(i + 2), 1<j<m,g+1<i<n
flul) = and 7 is odd

2(n+1)j — 21, 1<j<m,g+2<i<n

and 7 is even.

Let v;v; be a transformed edge in 7" for some indices ¢ and j,1 < < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;4v;_;
where t is the distance of v; from v;1; and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P; as one of the constituent
EPT’s. Since v;j;+vj— is an edge in the path P(T), it follows that, i +¢t+1 =
j — t, which implies j = ¢ + 2t + 1. Therefore ¢ and j are of opposite parity,
that is ¢ is odd and j is even or vice-versa.

The induced label of the edge v;v; is given by

[ (wiv) = f*(vivitart1)
_ f(vi) + f(vitars1)
2
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o4 1)+t —1
and f*(vipevj—t) = f*(VigeVige1)
_ S ie) + f(0ige41)
2
—on+1)(i+t)—1
Therefore, f*(vivj) = f*(vigrvj—t).

For each vertex label f, the induced edge label f* is defined as follows:

[fvjvjr1) =2(n+1)j -1, 1<j<m-1

For 1 < j < m and j is odd,

2(n+1)(j—1)+2i—1, 1<i<%—1
2+ 1) — 1) +2i+1, 5<i<n-—1
f(u, ):2n+1)]—(n+3)
For 1 < j < m and j is even,
N [ 2n+1)j—2i—-1, 1<i<5-1
fr(uhuy) =2(n+1)j — (n+1)

127

It can be verified that f is an even vertex odd mean labeling of TQC,, if
n = 0(mod 4). Hence, TQC,, is an even vertex odd mean graph if n = 0(mod 4).

For example, an even vertex odd mean labeling of T@QCg, where T is a

T),-tree with 13 vertices is shown in Figure 7.
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Figure 7. An even vertex odd mean labeling of TQCsg.

O]

Theorem 2.6. Let T be a T),-tree on m-vertices. Then the graph TSC,, is an
even vertex odd mean graph if n = 0(mod 4).

Proof. Let T be a T)-tree with m-vertices. By the definition of a T},-tree there
exists a parallel transformation P of T such that for the path P(T) we have
(i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T) — Eq) U E,, where Ey is the
set of edges deleted from 7" and F), is the set of edges newly added through
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the sequence P = (P1, Pa, ..., P;) of the EPT’s P used to arrive at the path
P(T). Clearly E; and E, have the same number of edges.

Now denote the vertices of P(T) successively as v1,ve,vs, ..., vy, starting
from one pendant vertex of P(T') right upto other. Let ui,ué, ..., ul be the
vertices of the i** copy of C,, for 1 < i < n. Then

V(TaC,,) = {vj,ug :1<i<n,1<j<m}

and E(T3C,) = E(T) U E(Cy,) U {vju{ 11 <5 <m}.

Define f : V(T3Cy,) — {0,2,4,...,2q9 — 2,2q = 2m(n + 2) — 2} as follows:
flog) = { 2(n+2)(j —1), 1<j<mandjisodd
i) =

2(n+2)j — 2, 1 <j<mand jis even.
For j is odd,
2n+2)(j — 1)+ 2i, 1<j<mand1<i<2
' 2(n+2)(j —1)+2i+ 4, 1<j<m,5+1<i<n
flul) = and 4 is odd
2(n+2)(5 — 1) + 24, 1<j<m,5+2<i<n

and 7 is even.
For j is even,
{2(n+2)j—2(z'+1), 1<j<mand1<i<¥%

flwl) =4 2(n+2)j—23i+3), 1<j<m, 5+1<i<nandiisodd

2(n+2)j —2(i + 1), 1<j<m, 5 +2<i<nandiiseven.

Let v;v; be a transformed edge in 1" for some indices ¢ and j,1 < < j <m
and let P; be the EPT that deletes the edge v;v; and adds the edge v;14vj—¢
where t is the distance of v; from v;1+ and also the distance of v; from v;_;. Let
P be a parallel transformation of T' that contains P, as one of the constituent
EPT’s. Since vj44vj—; is an edge in the path P(T), i +t+ 1 = j —t, which
implies j = i + 2t + 1. The induced label of the edge v;v; is given by

[ (wivg) = f*(vivitae1)
_ f(i) + f(vigarsr)
2
=2(n+2)(i+t)—1and
[ (ipevj—t) = fF(Vipvizer1)
_ f(itt) + f(Vit1)
2
—2n+2)(i+t) -1
Therefore, f*(vivj) = f*(Vigtvj—t)-

The induced edge label f* is defined as follows:

f*(vjvj+1):2j(n—|—2)—1, 1<j<m—-1.
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For j is odd,

_{ n+2)(j—1)+2i+1, 1<j<mand1<i<%—1
21+1

S 2(n+2)(G—1)+2i+ 3, l1<j<mand § <i<n-1
Frdul) =2n+2)(—1)+n+1, 1<j<m
Flou]) =20+2)G-1)+1, 1<j<m.

For j is even,

» _{ (n+2)j—(20+3), 1<j<mandl<i<Z-1
7,Z

2(n+2)j — (21 +5), I1<j<mand 5 <i<n-1
f*(ud ):2n+2)j—n—3, 1<j<m
Fsd) =2n+2)j-3, 1<j<m.
It can be verified that f is an even vertex odd mean labeling of T'6C, if
n = 0(mod 4). Hence, T'5C), is an even vertex odd mean graph if n = 0(mod 4).

For example, an even vertex odd mean labeling of T'6Cs where T'is a T)-tree
with 8-vertices is given in Figure 8.

40 78 ]

118 |

Figure 8. An even vertex odd mean labeling of T5Cj.
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