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Improved transformation of ¢-divergence
goodness-of-fit test statistics based on minimum
¢*-divergence estimator for GLIM of binary data
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Abstract. Generalized linear models of binary data including a logistic regres-
sion model and a probit model are considered. For testing the null hypothesis
that the considered model is correct, the ¢-divergence family of goodness-of-
fit test statistics Cgg= that is based on a minimum ¢*-divergence estimator is
considered. The family of statistics Cgg+ includes a power divergence family of
statistics R*" that is based on a minimum power divergence estimator. The
derivation of an expression of a continuous term of asymptotic expansion for
the distribution of C4¢+ under the null hypothesis is shown. Using the expres-
sion, a transformed Cyq+ statistic that improves the speed of convergence to
the chi-square limiting distribution of C44+ is obtained. In the case of R*? it is
numerically shown that the transformed statistics usually perform better than
the original statistics with respect to speed of convergence to the chi-square
limiting distribution and it is also numerically shown that the power of the
transformed statistics is almost the same as that of the original statistics.

AMS 2010 Mathematics Subject Classification. 62E20, 62H10.

Key words and phrases. Asymptotic expansion, binary data, ¢-divergence
statistics, generalized linear model, improved transformation, minimum ¢*-
divergence estimator.

8§1. Introduction

We discuss generalized linear models (Nelder and Wedderburn [10]) in which
the response variables are measured on a binary scale. Let N independent
random variables Y,, a =1,..., N corresponding to the number of successes
in N different subgroups be distributed according to binomial distributions
B(ng,ma), a = 1,...,N. If we use a monotone and differentiable function g
as a link function, we obtain a generalized linear model for binary data as
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follows.

(1.1) g(ma) =2, B8 (a=1,...,N),

where o, = (Za1,...,%ap) (@ = 1,...,N) are covariate vectors and 3 =
(B1,--.,Bp) is an unknown parameter vector and p < N. We consider a mini-

mum ¢*-divergence estimator of model (1.1) and also consider a ¢-divergence
goodness-of-fit test statistic based on the estimator. Let y, (a = 1,...,N)
be an observed value of Y, (a« = 1,..., N), then the minimum ¢*-divergence
estimator of model (1.1) is given by

*

9o .
= arg min D g+,
p gﬁe@) ¢

where
Dy = — Na § Ta(B)d" lla + (1 =7 (B))e" —fla_ )
PP K E ) R Fe

where ¢* is a real convex function in (0,00) satisfying ¢*(1) = ¢* (1) =

0, ¢*"(1) = 1, 0¢*(0/0) = 0, 0¢*(2/0) = limy o0 ¢*(u)/u, and © is an
open subset of RP (Pardo [11]). When we choose a convex function

fala+ D)} e —t+a(l— 1)} (a#0,-1)
(1.2) ¢a(t) =14 tlogt+1—t (a=0)
—logt—1+t (a=-1),

as ¢*(t), Dy, becomes a Kullback divergence measure (Kullback [7]). Then, in

this case, estimator ﬁg% becomes the maximum likelihood estimator. There-
fore, the maximum likelihood estimator is a special case of the minimum ¢*-
divergence estimator.

In order to test the null hypothesis

(1.3) Hf 7o = 7a(B) = g_l(a:;ﬁ) (a=1,...,N),

we consider the family of ¢-divergence statistics based on the minimum ¢*-
divergence estimator

N Yo 1 Yo
A gd* n ~ gd* n
(14)  Copr =2 na a8 ¢ | 2o | + (1 - 7)o e |
a=1 o 1 = 7a

where 77 = WQ(BW ) (a =1,...,N), ngﬁ = (qus*,..., quj*)’ is the mini-

mum ¢*-divergence estimator of 3 under Hj given by (1.3) and ¢ satisfies the
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same conditions of ¢* (Pardo [11], Pardo and Pardo [12]). The test statistic
Cy given by (7) in Taneichi et al. [21] is written as Cy = Cpg,, and therefore
the family of statistics given by (1.4) includes that of C.

When we choose convex functions ¢, and ¢ given by (1.2) as ¢ and ¢*,
respectively, in (1.4), Cy, 4, becomes a power divergence statistic

N
Y, Y,
(15) R =23"n, {Ia <naa ﬁ?fb) +1° (1 —22 —ﬁzd’*’)}’
a=1 @

where
{a(a+ 1)}_16{ (%)a - 1} (a#0,-1)
19, f) = { elog (%) (a=0)
f10g (1) (a=-1),

which is based on the minimum power divergence estimator (Cressie and Read
[4], Read and Cressie [14]). Under Hj, all members of the class of statistics
Cye have a X?V—p limiting distribution, assuming the condition that

(1.6) Na/n = o (@ =1,...,N) as n — oo,

where n = Zgzlna, 0<pa<l («=1,...,N) and fovzlua = 1. Using
the results, we can use Cyg+ as a goodness-of-fit test statistic for model (1.1).

With regard to the goodness-of-fit test for a multinomial distribution,
Yarnold [23] obtained an approximation based on asymptotic expansion for
the null distribution of Pearson’s X? statistic. The expansion consists of a
term of multivariate Edgeworth expansion for a continuous distribution and
a discontinuous term. In a fashion similar to that for Pearson’s X? statis-
tic, approximations based on asymptotic expansions for null distributions of
some kinds of multinomial goodness-of-fit statistics have been investigated by
Siotani and Fujikoshi [16], Read [13] and Menéndez et al. [9]. Edgeworth
approximations of the distributions of some kinds of multinomial goodness-
of-fit statistics under alternative hypotheses have also been investigated by
Taneichi et al. [17, 18], and Sekiya and Taneichi [15]. Taneichi and Sekiya
[19] discussed approximations for the distribution of ¢-divergence statistics for
the test of independence in r x s contingency tables. By using the above the-
ory of approximation, Taneichi et al. [21] considered a family of ¢-divergence
statistics using the maximum likelihood estimator Cy = Cy4, and investigated
asymptotic approximation of the distribution of statistics for testing the null
hypothesis H{ given by (1.3). They proposed transformed C,, statistics that
improve the speed of convergence to a chi-square limiting distribution.

In this paper, we generalize the family of statistics Cy = Cyg, based on
¢-divergence to Cyg+ and investigate an asymptotic approximation of the dis-
tribution of Cyy« under HY. Also, we propose transformed Cjyy+ statistics.
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In Section 2, we first describe a local Edgeworth approximation for the prob-
ability of Y, (o = 1,..., N) under H§. Next, we consider an expression of
asymptotic expansion for the distribution of Cyy+ under Hj. Evaluation for
the continuous term of the expression is considered. In Section 3, using the
term of multivariate Edgeworth expansion assuming a continuous distribution
in the expression in Section 2, we construct transformations for improving
small-sample accuracy of the x? approximation of the distribution of Cigs
under Hf. In Section 4, in the case of R%® performance of the transformed
statistic and that of the original statistic are compared numerically.

§2. Asymptotic approximation for the distribution of Cjyg-
under Hf

First, we consider a local Edgeworth approximation for the probability of
Y, (o = 1,...,N) under null hypothesis H§ given by (1.3). Let Y,, «a =

1,..., N be distributed according to a binomial distribution B(ng,7a) a =
1,...,N, where each 7% (o = 1,..., N) is represented as 73 = ¢~ (z/,83) (a =
1,...,N) by using covariate vectors o = (Za1, ..., ZTap) and an unknown

parameter vector 3. Let

Yo — nam?
Vo

Then, W = (W1, ..., Wx)' is a lattice random vector that takes values in the
set

(2.1) W, = (@=1,...,N).

Ya — naﬂ'g

L = {w:(wl,...,wN)’:wa:T (a=1,...,N),
(0%
y:(yla"'ayN)leM})

M = {y = (y1,---,yn) : y1,--.,YyN are non-negative integers that
satisfy yo < ng (o= 1,...,N)}.

If we consider only for a limiting distribution of Cyg+, we can discuss under
the assumption given by (1.6). In this section, since we consider asymptotic
expansion of the distribution of Cy¢+, we need an assumption that states the
way of converging n,/n to u, more strictly than the assumption given by
(1.6). Therefore, we consider the following Assumption 2.1 instead of the
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assumption given by (1.6).

Assumption 2.1. n, -+ © (a« =1,...,N), asn — oo, with n, depending on
n in such a way that ng/n = pe (o =1,...,N), where 0 < po <1
(a=1,...,N) and Zgzl,ua =1

With regard to a local Edgeworth approximation for the probability of
Y, (@ =1,...,N) under Hf, the following lemma is shown in Taneichi et al.
[21].

Lemma 2.1. For each y = (y1,...,yn) € M, let w = (w1,...,wy)’, where
Wa = (Ya — NaTa)//Na (¢ =1,...,N). Then, under Assumption 2.1,

N
Pr{W = w|H} = (H ﬁ) { JH(w) + - hg(w)

a=1
+ﬁh§(w) + O(nQ)},

where
1
(2.2) W9 (w) = (2m) N2 |Q| 72 exp <_2w/9_1w> ’
, B 3
hl(w) = Z o 7'['g 1 —7Tg Z\//Toz ﬂ-g g)wa
N 2
1 1~ 1179+ (n9)
hd = —{n? Py e
2(’w) 2{ 1(’11))} 1202“& ﬂg(l —Wg)
101 1— zwg+2(7rg)2w2
1gpe (rPA -2
111 —37rg+3(7r§)2w4
2 e () (1=ng)®
. 1L 1 1—2r
g . Lg 3 g g — - =
hg('w) = _3{h‘1(w)} + hl(w)h2(w) + 12;/1!04\//704 (ﬂ'g)Q(l - ﬂ'gé)Qwa

1 Y1 a-2e)(1 -+ (vrg)"’)wg
2 (r9)°(1 — 74)? *
1en 1 (1-2m9)(1— 279 +2(n9)?) .

Ozlum//Ta (rg)* (1 — =§)* o
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and
(2.3) Q = diag(m{(1 —n}),..., 7% (1 —7%)).

For the statistics Cy = Cyg,, Taneichi et al. [21] considered the following
approximation for the distribution of C\, under H.

Pr{Cy < z|HJ} ~ JP%(2) + J§*(2),

where the Jf’¢(:c) term is multivariate Edgeworth expansion assuming a con-
tinuous distribution and the Jg’¢($) term, which corresponds to the Ks term
of Taneichi et al. [17] in the case of a multinomial goodness-of-fit test, is a
discontinuous term to account for the discontinuity. By using the continuous
term JY ’¢(33), a transformation for Cy4 that improves the speed of convergence
to a x? limiting distribution is constructed. Let J{ s (x) be a continuous
term of the approximation of Pr{Cys < x|HJ}. Similarly, in this paper, we
construct the transformation for Cyg« by using Jf’d)‘b* (z). With regard to
evaluation of the JY b () term, we obtain the following theorem.

Theorem 2.1. When g~ and ¢* are fourth time continuously differentiable
functions and ¢ is a fifth time continuously differentiable function, under As-
sumption 2.1, the Jf’d)d) (z) term is evaluated as

3

* 1 * _

(24) PP (@) = Pr{nkp <o} D ol " Pr{xR_pi; <7} +O0(n7?),
j=0
where X?c denotes a chi-square random variable with degrees of freedom f,
* 1
o = 55 (T,
* 1 n "
o = D W (1) +Tofe” (1) + 117 + (201 + Ta)e” (1)
+(T3 +Ta) + Al

0§ = [T (1)~ 205 (¢7(1) + 112 - (2T + )" (1) T - A

* 1
o = pla{e" () + 1,

where
A=Ts{¢" (1) +1He¢" (1) —2¢"(1) — 1},
'y = —3(A1 —2A3+ A6), I'o =5Ay—12A4,+9A7 —3B1+ 6By —2B4 — 3B7,
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I's =2(34; —2A3 —6A3+6A, +3A5 + 346 —6A7; —3As —3B3+ 2B, + 3Bg),
'y =641 —4Ay — 6Ag + 12A5 — 349 + 48B4 — 12B5 + 6 Bg — 3By,
I's = —3(2A4 —4A7+ By — 2By + 2By + B7),
N N
1 — 374 + 3(nd)? 1 —27)?
foy L C. )

pamd (1 —78)’

a=1

g

2 X (1-2mg)? )
Gl(a) Oaa, Ag= ZmGl(Q) Oaas

N
1-3 3
1= Y Lo

a=1 a=1

N N
1 — 2mj pa(1 = 3w + 3(nd)?) A
As = Z WGZ(O‘)Uaav Ag = Z (71'(%)3(1 — ﬂ_g{)g G1(a) O'ia,

Aq = al ol — 275) 2 2 _ al Ho 2 2
8 = Z !J—Gl(a) GQ(a)Uaou Ag = Z WigGQ(OA) o

2 )P — ) 2700 - )
N N
1—2nd 1—-2m
B = a Y .
V2D ey g A G )
N N

pa(l —278) 1—2x9 N
By = Z 1 (71'2)2(1 . ,ﬂ.g)Q 9(1 Q)Gl(a) Gl(r)/)o'aao'a'y,

L — Ty

N N g
B3 = Z Z Wg( fo 9) !}(IET(’YQ)Gl(a)GQ(a)Gl(V)Jaach'ya

Al ol — 27y ~(1— 27§
Bi= 2 T R OG0

SN Mo p(1—2m) s s
@ Y
B5 - Z Z 71'(%(1 _ 7.[.9 ;)2<1 _ 71'9 Gl(a>G2(a)G1(7> Uom/a

N N
Bo=3 3 i w1 G GG (),

g

N N — o9 _ ﬂ_g
By = Z Z (::g)(Ql(l _27rg))2 (:gj)(Ql(l _27%]))2611 (O‘)?)Gl ('7)30'aa0'a'yo"y'ya
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S fe pa(1-279)
— o 2l 2 3
BS - Z Z Wg(l _ Wg) (71.’%)2(1 — 7Tg/)2 Gl(Q)G2(Oé)G1(’7) Oaa0ay0~y,
a=1~vy=1

N N
Ha Y
Bo= 2 2 0 -y 0t = ) ORI ) G0 7

P D
Ua'y:ZZKl’mLEall/‘»ym (,y=1,...,N),

=1 m=1

N
Rim = ZH’)\{WK(]' - 7Ti)}_IC¥1()\)2'1">\lx)\'m (lam = ]-a v ap)a
A=1

where v is the i-th deriative of u and k"™ is the (I,m)-element of the
inverse matriz K1 of K = (k).

Proof of Theorem 2.1 is shown in Appendix. From Theorem 2.1, we can
verify the following. The coefficients vf’¢¢ (j = 0,1,2,3) satisfy the relation

Z?:o v? %" — 0. The coefficients vg"b‘b* and v§’¢¢* are not dependent on ¢*.
When ¢* = ¢g, coefficients coincide with those for the family of statistics Cy
shown in Theorem 1 of Taneichi et al. [21].

If we apply ¢, as ¢ and ¢ as ¢* in Theorem 2.1, we obtain the following

corollary for the statistic R»® based on power divergence.

Corollary 2.1. When the statistic is R*" given by (1.5) and g~' is a fourth

time continuously differentiable function, under Assumption 2.1, the Jf’¢¢* ()
term is evaluated as

3
* 1 ) 7b -
Ji;,¢>¢> (z) = Pr{X?\f—p <z}+ ” E vf (a )Pr{x?\,_ij <z}+0(n 2)a
=0

where v?’(a’b) (j =0,1,2,3) are defined as ng7¢¢* (j =0,1,2,3) in the case of

") =a—-1,¢" (1) =b—1 and p¥(1) = (a — 1)(a — 2), respectively.
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§3. Transformed statistics based on the Jf’¢¢* (x) term

In this section, we first describe the idea of transformation for improving
small-sample accuracy of y? approximation of the distribution of a random
variable.

Suppose that a nonnegative random variable T has an asymptotic expansion
such that

1 m
Pr{T <z} = Pr{X? <z}+ - E aj Pr{x?ch <z} +0(n?),
=0

where m is a positive integer. Also suppose that the coefficients a; (j =
0,1,...,m) do not depend on the parameter n(> 0) and must satisfy the
relation > a; = 0.

For m = 1, in order to increase the accuracy of x? approximation of a
random variable T'; we consider transformed random variable Tp defined by

(3.1) Ty = <1 + ?C;f;) T

Then, it holds that
Pr{Tp <z} = Pr{x? <z} +0(mn2).

This result is known as a Bartlett adjustment. Lawley [8], Barndorff-Nielsen
and Cox [2], and Barndorff-Nielsen and Hall [3] discussed Bartlett adjustment
for the log-likelihood ratio statistic.

For m = 3, in order to increase the accuracy of x? approximation of a
random variable T', we consider transformed random variable T7 defined by

(3.2) T = (na+B)2log

1+ 1{T+ (T2 4 4T3)

(na)?
1 (Ls 3vu N0
=T —T —T
+(na)2 <3 R ’

where a = —f(f + 2){2(az + a3)}™ ', B = —(f + 2)ao{2(az + a3)} ! and
v = as{(f +4)(az + az)}~!. Then, it holds that

Pr{T; <z} = Pr{X?c <z} +0(n?).

The proof of the results for transformation of 77 is given by Yanagihara [22].
The proof is derived by applying the idea of Kakizawa [6] to the theory of
improved transformation given by Fujikoshi [5].
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Applying the evaluation (2.4) given by Theorem 2.1 to the above trans-
formed statistics Ts given by (3.1) and T given by (3.2), we construct trans-
formations for improving small-sample accuracy of the x? approximation of
the distribution of Cy under Hg .

When ¢ and ¢* satisfy

(3.3) ¢"(1)=-1, ¢W(1)=2 and ¢ (1)=-1,

equations vﬁ”w* = —vg’d)d’* and vg’d’d’* = vg’w* = 0 hold in Theorem 2.1.
Then, we can consider Bartlett-type adjustment

oo 2099%" .
=10 ..
60 TN —p) [ C

On the other hand, when ¢ does not satisfy (3.3), we can consider the
transformed statistic

Clye = (na+ B)*log (1+¢),

where
1
¢ = 7(%)2 C¢¢*+%{(C¢¢*)2+7(C¢¢*)3}
1 1 3 3y 4 972 5
+7(na)2{§(0¢¢*) + 4 (Cope)” + 55 (Copr) } :

a=—(N=p)(N—p+2){2(§*" +0§)} ", B = ~(N —p+2)uf*" {2(05™
+v§’¢¢ )}—1 and v = ,Ug,qﬁdﬁ {(N —p+ 4)@%,@1) + v?g’,qﬁqﬁ )}—1.
Practically, we may use estimate @Jg,w (j = 0,2,3) obtained by substi-

tuting minimum ¢*-divergence estimate ,Bg¢ for true value 3 in U]g,aﬁaﬁ*

(=
0,2,3). Therefore, when ¢ and ¢* satisfy (3.3), we propose the statistic C’fd)*

that is obtained by substituting @g’mﬁ* for vg’(w* in C’f «, that is,

(3.4) ch 1 20" C
. =14+ —" -
¢ (N —p) [ %

Similarly, when ¢ and ¢* do not satisfy (3.3), we also propose the statistic
C~’¢{¢* that is obtained by substituting @]g-’w* (1 =0,2,3) for ng’¢¢* (1 =0,2,3)
in qu5¢*-

In the case of power divergence statistic R% = C4,¢, using the minimum
power divergence estimator, condition (3.3) is satisfied if and only if a = 0
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and b = 0 (log likelihood ratio statistic). Then, we consider the transformed
statistic given by (3.4) when a = 0 and b = 0 and put R%’O = Cfo%. When the

link function g is a logit link function, statistic R%O coincides with the statistic
D proposed by (3.4) of Taneichi et al. [20]. On the other hand, we consider
statistic C’émb when a # 0 or b # 0 and put R?’b = C’Q{a% (a#0o0rb+#0).
We summarize the difference and relation between Tg and Ty. Transformed
statistic T’z is a simple monotone transformation of Cy constructed by a linear
function whose intercept is zero. On the other hand, transformed statistic 17 is
a monotone transformation of Cy constructed by logarithm of quintic function.
It is much more complicated than T5. Then, from point of view of stability, 17
seems to be inferior to T's. However, for Cressie and Read family of statistics
R*" Tp increases the speed of convergence to chi-square distribution only for
the statistic in the case of a = b = 0, that is, the log-likelihood ratio statistic.
Therefore, for improving the other statistics, statistic 17 is developed.

84. Performance of transformed statistics

In this section, we compare the performance of transformed statistics R?’b (a #
0 or b # 0) with that of the original power divergence statistics R using the
minimum power divergence estimator by the Monte Carlo procedure. The
performance of transformed statistic }?%0 for complementary log-log link gg
and probit link gp is shown in Fig.1, Fig.2 and Fig.3 of Taneichi et al. [21].
We consider a generalized linear model given by (1.1) with p = 2 and x4 =1
and xa2 = x4 (@ =1,...,N).

Let the true values of parameters 5; and (B2 be 7 and 33, respectively.
Then, the true value of 74 (o =1,...,N) is

(4.1) 70 = g B+ Biwa) (a=1,...,N).
As a link function g, we consider the family of link functions given by Aranda-

Ordaz [1],
(1—t) -1 }

9(t) = go(t) = log {

that depend on parameter c. g. include the logit link g; and complementary
log-log link go as a limit. We also consider the probit link gp(t) = ®71(¢),
where @ is the cumulative distribution function of a standard normal distri-
bution.

We give a design matrix

/
X:( 1 - 1 )
:L‘l .. J:N
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and execute the following procedure.

For each a, we generate n, (« = 1,...,N) binomial random numbers
that are distributed according to B(1,75) (o = 1,...,N). From them, we
calculate the number of successes Y, (o = 1,...,N) and the minimum ¢-

divergence estimates Bi’% and B§¢b for the parameters 51 and P3. Using the

estimates, we calculate the values Wa(Bgd)b) (o =1,...,N), where ,Bg% =
(,@f%, Ag(pb)', and observed values of the statistics R?, R?’b (a#0orb#0).
This process is repeated D times.

Among D times, let V' be the number of times that the observed values of
the statistic exceed the upper € point of the y? distribution with degrees of
freedom N — p, that is, X%V_p(s). The performance of x? approximation for
the distribution of each statistic can be evaluated on the basis of the index

I:%—a.

We consider the following two true parameters
(i) g7 =-0.1,85 = 0.1,
(ii) gy =0.1,85 = —0.1,

and investigate the performance of the following four cases of design matrix
when N = 8.

W ,
X — 1 1 1 1 1 1 1 1
-\ 27 3.0 33 36 39 42 45 48 )~
(IT)
x_( !t t 1 1 1 1 1 1}
285 3.05 3.25 3.45 3.65 3.85 4.05 4.25 ) °
(I11)
X 1 1 1 1
—\ log(2.7) log(3.0) log(3.3) log(3.6)
1 1 1 AN
log(3.9) log(4.2) log(4.5) log(4.8) ) °
(IV)

X 1 1 1 1
~\ log(2.85) log(3.05) log(3.25) log(3.45)

1 1 1 1 '
log(3.65) log(3.85) log(4.05) log(4.25) ) °
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For each case, we consider a sample design n; = -+ = ng = n..

We investigate the performance for all combinations of the two true param-
eters (i) and (ii), four design matrices (I), (II), (III) and (IV), and the sample
design with n, = 20. Some of the results of the investigations are shown in
figures as follows.

Fig.1 shows the absolute values of index I when the test statistic is
and models are given by link functions gy (complementary log-log model),
g1/2, 91 (logistic regression model) and gp (probit model) in the case of true
parameters (i) and (ii), design matrices (I)—(IV), and significance level ¢ =
0.01, 0.05 and 0.10. Fig.2 and Fig.3 show the absolute values of index I when
the test statistics are R*%19 and R'%10 in the same models and situations
as those in the explanation of Fig.1, respectively.

From Fig.1 and Fig.2, we find that the performance of transformed statis-
tics R?'Z’O'Q and R?'O’l'o is better than that of original statistics R*?%? and
RY0:10 respectively, when the models are given by the link functions gg (com-
plementary log-log model), g /5, g1 (logistic regression model) and gp (probit
model) for the two true parameters, all design matrix cases, and sample design
ns = 20. From Fig.3, we find that the performance of transformed statistic
R}'O’l'o is better than that of original statistic R0 when the true parameter
is type (i). However, when the true parameter is type (ii), the performance of
the transformed statistic is not better than that of the original statistic.

Consequently, from Figs.1-3 and other simulation results, we conclude as
follows. The performance of R?’b (0 <a<1,0<b<1)is usually better
than that of original statistic Ro? (0 <a<1,0<b<1) when the models
are given by the link functions gp (complementary log-log model), ¢, /25 91
(logistic regression model) and gp (probit model) under the conditions of the
simulation. However, as shown in Fig.3, when the chi-square approximation
of the original statistic performs very well, approximation of the transformed
statistic sometimes does not perform better than the original statistic. That
is, when the chi-square approximation of the original statistic already performs
very well, the transformed statistic sometimes cannot improve the performance
of chi-square approximation.

Next, we compare the power of transformed statistics R?’b (a#0o0rb=#0)
with that of the original statistics R%*. The power of transformed statistic
R%O’O'O for complementary log-log link gg and probit link gp is shown in Fig.6
and Fig.7 of Taneichi et al. [21]. Against the null model given by (4.1), we
consider an alternative model:

R0.2,0.2

(4.2) HY 79 = g (B + B5za) + 60 (a=1,...,8),
where

(81,62, 83,04, 85,06, 07,08) = (—0.1, 0.1, —0.1, 0.1, —0.1, 0.1, —0.1, 0.1).
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We calculate the simulated average power P against the alternative model
(4.2) by using simulated exact critical values of statistics. We investigate the
average power for all combinations of the two true parameters (i) and (ii), four
design matrices (I)~(IV), and sample design n, = 20. In the investigation, the
number of repetitions is D = 10°. Some of the results of the investigations
are shown in figures as follows. Figs.4, 5 and 6 show the power of statistics
corresponding to the cases in Figs.1, 2 and 3, respectively.

From Figs.4-6 and other simulation results, we conclude that the power
against H{ given by (16) of the transformed statistics f%?’b 0<a<1,0<
b < 1) is not so different from that of the original power divergence statistic
R®? in the models based on link functions g. (¢ = 0,1/2,1) and gp.

0.018
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0.016 - Value for R “%0-2(c=005) & 7]
A A A VaIueforRIOZOZ(s =0.05) ¢
0014 F & A A VaIueforRozoz(s =0.100 & |
VaIueforRI (s 0.10) a
A
— 0012 | a A 4
A A
E A a a A
E A
G 001 Aaa pA E
3 L
o &> A > (4
> -3 A A
L A L4 (4 A A A .
E 0.008 B R ° aa A A a
]
a8 4 > 3
] a a 4
< L ® i
0.006 ° Lo . ® 3 ¢
° a PPN > 3
> N4 <-><->°° 4 >
0.004 R . g
o : : * A ¢ * ¢ ‘ . ‘
. N A N
0002 o000 &« 0%0® 0%0e o é; ) 000° 5000 7
o e ° [0} o0 . * . - 20 s A 00 a : : ‘
0 “ap S et e | g *8is o2° o3¢
9o 9172 9, 9p 9o 9172 9,4 9p

Figure 1: Absolute value of index I when the original test statistic is R°*%2 and models are
given by link functions go, g1/2, g1 and gp for true parameters (i) and (ii) and sample design
1« =20: o, ¢ and A are the values for R>-%%? when & =0.01, 0.05 and 0.10, respectively,
and ¢, 4 and A are the values for R?‘Q’O'z when ¢ =0.01, 0.05 and 0.10, respectively. The 1st
column is for design matrix (I), the 2nd column is for design matrix (II), the 3rd column is
for design matrix (III), and the 4th column is for design matrix (IV).
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Figure 2: Absolute value of index I when the original test statistic is R%-%1:°.
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Figure 3: Absolute value of index I when the original test statistic is R*%*:°.
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Figure 4: Simulated average power P against an alternative model (4.2) when the original

RO-2,0.2

test statistic is and models are given by link functions go, g1/2, g1 and gp for true

parameters (i) and (ii) and sample design n. = 20: o, ¢ and A are the values for R%*0-2

750.2,0.2
R;=7% when

when ¢ =0.01, 0.05 and 0.10, respectively, and e, 4 and A are the values for
€ =0.01, 0.05 and 0.10, respectively. The 1st column is for design matrix (I), the 2nd column
is for design matrix (II), the 3rd column is for design matrix (III), and the 4th column is for

design matrix (IV).
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Figure 5: Simulated average power P against an alternative model (4.2) when the original

test statistic is R%-%10.
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Figure 6: Simulated average power P against an alternative model (4.2) when the original

test statistic is R*%10.

§5. Appendix: Proof of Theorem 2.1

By transformation (2.1), statistic Cye+ can be rewitten as

N . w9 o (V)
Cow (W) = 23 nad a2 (W) QZZZ*((WV)) )
a=1 a

# (1 o) (TR

If we regard

B (w) {1 +—hi(w) + hj(w) + n}/ﬁhg(w)}

as the continuous density function of W, then we can regard

1999 (1) = //Ug

Ppo*

w1 T () + h(w)
—i—n\l/ﬁhg('w)}dw

(z
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as the distribution function of Cyy- (W), where

Ulge () = {w = (w1,...,wn)" : Cppe(w) < z}.

So, the characteristic function of Cyg+ (W) is calculated as

(A1) 99, (u) / / exp{zuc¢¢< )} A9 aw

x{1+hg( )+ hg( )+

= hg<w)} dw,

1
ny/n
We can expand Cyg+ (w) as

(42) Co (1) = rh(a0) () (w) e () +0(n ),

where

E = (&p) is a N x N matrix,

_ ViaGi(a) visGi(B) o

S8 = a1 = ) w1 — 19

2 /N
A Z <ZBa+1 z(a) (w)**Cy(q) ('w)2a>

+ZB§(a)Cl(a>(w>wi - ZBS(a)w“
a=1 a=1

Bi(a) = :“04_ . {37L(1 — 74)G1(a)Ga(w)
—(3+¢"(1)(1 - 27d)G1(a)*},

BY(0) = gl {-m(1 - )Ga(a)
H2 4 ¢(1))(1 - 27 ()2},
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(1+¢"(1) (1 -279)G1(a) " (1)(1 — 279)

B = B T e e
Bl = Lo g = sml(a)
BY@) = oty (R0 - m)?(36a(a)? + 461 (0)Gal)

—6(3 + ¢"'(1)md (1 — 7d)(1 — 2md)G1(a)*Ga(a)
+(12+ 8¢ (1) + ¢ (1))(1 — 378 + 3(78)*)G1(a)*},

B}(a) = 2B}(a),
BY0) = s sy (0 - m)Gs(a)
G+ 6 AL r)(1 - 278)G (0)Galo)
—(6+69"(1) + ¢ (1))(1 — 374 + 3(n)*) G ()},
B3 (a) = B} (a),
STy (L 9" ()AL = 7 (1 = 278) Gale)
(2 46/ (1) + 6D (1)(1 — 374 + 3(xd)2)C1 (0)2),
(26"(1) + 6 (W) (1~ 37 + 3(x2)°)G1 ()
3iia () (1 = 78)° |
_ 6 - 37+ 3(4)?)
T 2ua(rd)(1 - g

Bi(a) =

Bi(a) = -

m=1 k=1
. p p P
Choy(®@) = Zwam{ZMm”%w)Mk(w)+Zwks§f (w)
m=1 k=1 k=1
1 - ¢ k3 ki,ka ko ks . ¢F
+§Z Z Em 3 R o R2, 5"£k3 ka, k5Mkl( )Mk2(w)
ki1=1 ks=1
(a = 17 "N)?
N
My(w) =Y ViraanGi(M) {1 — )} wy (k=1,...,p)
A=1
g 2
¢ 9 W/ 1 (]. — 27T/\)G1()\)
Qlj erA1$AJ{ ( +¢ ()) (ﬂg)Q(l—ﬂi)Q
A .
+ QGQ( ) W) (17] = 17"'>p)7

(1 — Wi)
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N

Kok = Zﬂwwka{(i%+¢*'"(1))

A=1

(1 —27)G1(N)?

(m)*(1 = m3)?

(iujvk: 17"')p)7

* 1 /! 1-— 27Tg Gi(A
S () = o1+ 6 (0} D an WA 2 1),
Gi(a) =uD(xl,B) (e=1,...,N,i=1,23),
QY (w) = (Qf’; (w)) is a p x p matrix, M*J (w) is the (i, j)-element of matrix
K1Q% (w)K~1, Q is defined by (2.3), 04 and K~ = (k%) are defined in

Theorem 2.1, and T§’¢¢* (w) is a homogeneous polynomial of degree 5 with

respect to variables wi,...,wy. Then, from (2.2), (A1) and (A2), we obtain
(A3) ¢f(w) = (1—2iu)~(N-p)/2

x/ / (27T)N/2|A\1/2{exp(—;'w/A1w>}

1 1 1

1+-—=D =D ——=D d

NPt m L(w) + Q(w)+n\/ﬁ 3("”)} w
+0(n™?),

where A = (1 — 2iu)~1(Q — 2iuN=Q),

Di(w) = hf(w) + (iu)r{"* (w),

Da(w) = W) + (i) (w0) ] (w) + ()8 () + (i) {2 ()}

and degrees of all terms of polynomial D3(w) are odd. Therefore, by carrying
out the integration of (A3), the characteristic function ng 4+ (1) is expanded as

1 3

(Ad) ¢ (w) = (1= 200)” VP2 14 =371 2iu) Tv??”" + O0(n?)
§=0

By inverting (A4), we obtain (2.4). We have completed the proof of Theorem
2.1.
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