A note on special values of the gamma function
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The gamma function

Definition (Euler's I'-function)

o I'(1/2) = 1.772453850. . ..

o I'(1/3) =2.678938534 ..., I'(2/3) = 1.354117939.. . ..
o I'(1/4) = 3.625609908.. . ., F(3/4) = 1.225416702. . ..
e I'(1/2)2 = 3.141592653 -

o I'(1/4)I'(3/4)/m = 1. 414213562 =2.

o I'(1/3)I'(2/3)/7 = 1.154700538 - - - = 21/3/3.
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The gamma function

Theorem (Euler’s reflection formula)

Theorem (Multiplication formula)

T(2)T(z + 1) = 2272277 (22).

d—1
[] T+ %) = d3=%v/279-'T(dz).
k=0
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The gamma function

Theorem (Euler’s reflection formula)

I'(z)T(1-2) 1 { zcQ —
= - — - = 4/cyclotomic unit.
e’LTI'Z — e—’Lﬂ'Z

V2T 27 "~ 2sinmz

Theorem (Multiplication formula)

PETGE+Y) _10l(2)
V2T 27 v 2T '
d—1
I Dz +3) _ j2a:L(d2)
o V 2 V2T
I
=T1(z) = \/(% seems to be more important.

In fact, T'y(z2) Hurwitz:Lerch exp (£ 370 o (2 + k) "*[s=0) (2 > 0).
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A Toy Problem

Problem

“How many” monomial relations of I'y (&) := I'(§)/v/27 are there?

e.g.,

H I'1 (%) = v/N(“cyclotomic unit”) =1 (N # p").

(a,N)=1
I (75)% T ()T ()3 T (%) T ()12 _
T1(35) 1801 (35)%2 1 (f5)%

~> seems to be irregular.
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A Toy Problem

Problem

“How many" relations of the form Hivz_ll [y(&)he e Q™ are there?

In other words,
o Consider the group (under the multiplication)

gy = Ti(y) [1<a<N)g

N-—1 o
= { [T &) | rae @} c Cc*/Q".
a=1

@ Then
N — 1 — (# of relations) = dimg Gy = 7 = ¢(N)/2.
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A Toy Problem

Gy = (T1(&) |1 <a< N)gCC*/Q". Then dimgGy < (N)/2.

v

Example (N = 6)

Write a ~ B if o = B mod Q.
duplication: T';(a/6)T'1(a/6 + 1/2) ~ T'1(2a/6) (a = 1,2,3)

triplication: T'1(a/6)T"1(a/6 + 1/3)'1(a/6 +2/3) ~ T'y( 3a/6 =1,2)

1 -1 0 1 0] [ri(1/6) ['1(1/6)T1(2/6)~ 1T ( 4/ 1

0 1 0 -1 1| [I1(2/6) ['1(2/6)T1(4/6)71T1(5/6) 1

0 0 1 0 O0f|[(3/6)]= I'1(3/6) 1

1 0 0 0 1| [Ty(4/6) ['1(1/6)T'1(5/6) 1

0 1 0 1 0] |I(5/6) I'1(2/6)I'1(4/6) 1
rank=4

= dimGs <5—-4=1.
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CM-periods (Shimura's period symbol)

CM-field K, complex embeddings o, 7 € Hom(K, C)
~» Shimura's period symbol px (o, 7) € (CX/@X is characterized by

P o) = W_lfvwg (o €
pK( 7_‘)' EPK( ) )_{fvwa (0_¢

[

mod @X

for abelian variety A of CM-type (K, =), “K-eigen” differential form w,:

e A/Q: abelian variety with K = End(A) ®z Q.
@ = =X, is a half of Hom(K, C) defined by

K ~ HC]l.R(A7 (C) = C[K:Q via @JGHOI’H(K,C) o

U U
K ~ HOAQL) =ClEKC?2 i h

e K~C-w, C Hip(A,C) via 0 € Hom(K,C): k*(ws) = o(k)ws.
@ ~: arbitrary closed path with fv wy # 0.
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CM-periods (Shimura's period symbol)

1fwg (o0 €

) —x
pk(0,E) = 7 mod Q
{f Wo (O’ ¢ =
Example
K =Q(v/=1), Hom(K,C) = {id, p}, E: y> = 23 — x, -
El’ld(E) = Z[“\/—ln], “\/—]_” : (1; y) — (_-'L',Zy) y
Wwid=df,wp:xdx E = {id}: O
w n*dm_—dm_ d_x “ /—_*M—M—_M
_1 7 - iy v y’ 1 y - iy — 1 M .
dx O dx
id,id) =x" [ & :gﬂ—l/
P! ) v Y 1vVad—x
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CM-periods (Shimura's period symbol)

Shimura’s period symbol px (o, 7) (= CM-periods) provides the
transcendental pars of

@ critical values of L-functions of algebraic Hecke characters.
@ special values of Hilbert modular forms at CM-points.

@ the exponentials of the derivative values of partial zeta functions of
totally real fields at s =0

(Yoshida's conjecture on “absolute CM-periods”).
Enjoys some “nice” properties:
e Forv: K' 2 K, px(o,7) =pgr(cot,Tou).
@ For K C L, 6 € Hom(L,C), 7 € Hom(K, C),
Pk (6|K,7) = pr(d,Inf(7)) := H%GHom(L,C),ﬂK:T pr(a,7).
@ For the complex conjugation p, px (o, T)pk (o, poT) = 1.
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CM-periods (Shimura's period symbol)

Theorem (Rohrlich, Bannai-Otsubo, Yoshida)

1_/a . 1_yab
Li(f) ~ 72 () H PQ(cy)(id, 03) 2 (W),
(b,N)=1

where [o: (v = (%] € Gal(Q(¢n)/Q), (a) € (0,1] denotes the fraction
part of o € Q.

sketch of proof.

Explicit computation of fv 2" 15 Ndx on the Nth Fermat curve
Fy:zN +¢V =1:

1 . I'(#)'(%
/w“lys—Ndx'z./ tN(1-t)Ndt = B(f, ) = (N)()N)
y 0

& linear algebra using “nice” properties. Ol
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CM-periods (Shimura's period symbol)

proof of dimg Gy < G(NV)/2.

Gy = (T1(&)[1<a<N-1)

9
= (17 Po(eyy(id, o) | (b, N) = 1) (& := 1, 1,0 if b= 1, —1,otherwise)
POTPETID (1 pg(e id,0v) | (B N) =1, LSS Nf2). O
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CM-periods (Shimura's period symbol)

1 a 1 ab
Fl(%) ~ T2 <ﬁ> H pQ(CN)(ld’ O'b)§_<ﬁ>
(b,N)=1
“Multiplication formula”
d—1
H L%+ 5 ~Tu(%)
k=0

also follows: may assume that d | N (due to px(G|x,7) = pr(7,Inf(7))).

d—1
— a : d—1 ab | kb
H Fl(% + %) ~ WZZ:tIJ %7<ﬁ+§>pQ(CN)(id’ O-b)z(b,N):l im0z~ (R +T)

by multiplication formula Zﬁ;é Bi(x + %) = Bi(dz) for By(z) =z — 3.
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CM-periods (Shimura's period symbol)

“Reflection formula”
L)1 - 5) €Q

follows from pg (o, T)px (o, po 1) = 1.

Moreover the “reciprocity law"”
& (T ((£)T1(1 = (£))) = T1 (LN (1 = () mod jiog

for any lift &, € Gal(Q/Q) of oy,: (v +— (¥, follows from Coleman's
formula on the absolute Frobenius action on Fiy: 2V 4+ ¢V = 1.

FURHERLRY: BT HEF On special values of I'-function 2 A 27 H 15:20-16:20 14 /



Coleman'’s formula in terms of p-adic periods

For simplicity, assume that p{ 2N. Let Be.is C B4r be Fontaine's period
rings, ®.ris ™ Beris the absolute Frobenius action. Similarly to

/ H{"™ (Fn(C)) x Hip(Fn,Q) = C ~ pgey)(0,7) € C*/Q,
we can define the p-adic period symbol
[5 HE () x Hip(F, @) = Bor
P

~ PQ(CN),p(Ua 7) € (Beris {O})Q/(Q N QW)

(Note that F'y has good reduction at p{ N.) By Complex Multiplication,

. ] =g A
the ratio [[ wo : [, wo] depends only on Z,0, i.e., IW o= fp W/w €Q.

pyy

~ [P (0, 7) 1 Poey)p(os T)] € (C* B2.)/ (110 X Moo)(@m@zr)x@
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Coleman'’s formula in terms of p-adic periods

Theorem (Coleman, p)(‘)N for simplicity)

(b,N)=1
6(l) = a a CTlS//"L
Y (2mi)z= (& H Po(e)(id, o)~ (W) -
(b,N)=1
1ay  GU5))
~ T ba Ep% <N> Na moduoo
p({x)) Boria (B((2))
with Morita's T,z Z, — Z, Ty(n) := (-1)" ] &
1<k<n—1 ptk

Explicit computation of ®..;s on H. . (Fy) by the following lemma

& linear algebra using “nice” properties. [

On special values of I'-function 2 H 27 H 15:20-16:20 16 / 39



Coleman'’s formula in terms of p-adic periods

Let C/Q, be a projective smooth connected algebraic curve having good
(or arboreal) reduction,

o0 o0
w = Z ant”%, n= Z bnt”% sit. Depis(w) = am.
n=1 n=1

Then
a = lim ZM when  lim M 0.
k—o0 P, k—oo G,
Note that
o s—N
r—1 s—N r Ny3=N dx n N 7"+nNdx
dr = 1-— N — = -1 —
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Coleman'’s formula in terms of p-adic periods

Coleman’s formula

a Sa=(2) . L w
() o ) CrE Y Ty Patenolid o) T8
N) = T | 2] |
(271‘2); <N>H(b,N):po(CN)(ld,O'b)% (2D
1_/a @((p_a»
() = ph =0 g=llss mod o
Ccris N

implies the “reciprocity law on cyclotomic units”

Gp (T1((#NTL(L = (£)) =T1((SNT1(1 = (%) mod fise
since
S((§)8(1 = (§) =T1({(FHT1(1 = (F)) mod pco,
Lp(2)lp(1 = 2) € pico,
cI)cm's = &p on Q;r N @
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Coleman'’s formula in terms of p-adic periods

Coleman’s formula

o R . 1_(ab

B(%) = Pi(f) - @mi)g ™ Tls,ny=1Po(cn) p(id; 06) 2~ (F

N/ N . 1_gab )
(2mi) 2= [T, vy=1 Parew) (id, 00) 2= (F)

1y B((5))

(% Ep; (%) N mod p

p(<N>) q)crzs(qs((N))) 0 |

also implies the “Anderson-Gross-Koblitz formula”
k l L l —1
HFP(<%>) = “Gauss sum” := H wfg (%72 g oo

(b,N

for d := order of p € (Z/NZ)*, the maximal subfield H C Q((n) where p
splits completely, the prime ideal 3 corresponding to id: H — Q,,
‘Bh (ﬂ'qg) with h := hg.
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Coleman'’s formula in terms of p-adic periods

ab>

a 53— () . 1_gab
T1(f) - rD)3 ™ [l ny=1 Pacn) p(ids 05)2 (¥

6(%) = ab ’
)2 N)=1 pQ(CN)(id’O-b)%_ N

(%)

: 1
sketch of proof of HZ;(I] Fp(<PkTﬂ>> = H(b,N):1 7Tq"3(<j

Note that d = degPq(cy)- Hence, for an algebraic Hecke character x of
Q(¢n) whose infinity type is the “reflex of the CM-type”,

d—1

[T Tr(B2) = @i, ~ Horis (M) = X (Baew)-
k=0 ]
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A characterization of I', (on-going)

Morita's I',: Z, — Z,; is the unique continuous function satisfying

{—z (z € 2Y),
-1 (2 €pZp).

Proposition (for the proof, see Koblitz, Robert, Schikhof, etc.)

I',(2) mod s satisfies “multiplication formula”:

d—1
1Tz + %) = d' %I Ty (d2) mod poe (ptd€N),
k=0

where 2z € Z, is defined by z = 2y + pz; with zp € {1,2,...,p}.

Note that z + % ¢ Z, when z € Z,.
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A characterization of I', (on-going)

i —{%)

@ N —(2) 1
(%) = Li(f) - @mi)g ™ TLis,ny=1P0(cn) p(id, 06)2 ¢
N/ T Nl _(a 1_(ab 9
(2m8)2 =% [T, wy=1 Paicw) (id, 05)2 )
oy B((5))
Cperio )= p%_<ﬁ>—Na on Zy N(0,1).
P d(<N>) (Dcrls(qi((N))) (p) ( ) |

We can derive “multiplication formula”:

d—1
[ Toerioa(z+ &) = d 4+ T i0q(d2) mod e (p1d €N),

k=0
from properties of classical I'-function or period symbols, independently of

Coleman’s formula I'p(2) = I'perioa(2).
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A characterization of I', (on-going)

D) <2m‘>5‘<ﬁ> )=

1P@«N>pﬁd 0p)3 (%)

—(%) ’

Po(cy)(id; 0v) 2

on Z(p) N (0,1).

Proof of “multiplication formula” for period symbols

v

=(pz) (1 €ZpRN(0,1)=2z=pr—n(0<n<p-1)
Z';":>n:p—zo (z=20+pz1, 1 <zp<p)=>z=2+1

i.e., Tperiod(2) = pr—(ath) 8k (2 € ZyyN(0,1))

:>Z(p)9x:

26(0,%1):>

“p-power”

Note {(z+%)1 +1| k=0,

since both set

<I)m‘is (6(21 +1))

[13c6 Cperioalet5)  TIicoTu(z45)  Tu((dz)i+1)

1—‘perlod(d'z) - I (dz)

“period symbols = d2-% .

s are contained in d~'Z N [Z,

s T2 (A5t D)
=g dl—d=+(dz)1

cd—1y={{EM L kg _o,... d—1}

1
zy1- L.
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A characterization of I', (on-going)

Definition

3 —{F ) 1_sab
p(ay .= )y T em-r Paiey)plid ob)2 it
W T o 2 — (& ab )
(2mi) 2% T, nyr Paen) (id, 06)3 )
1_(, &(z
Lperiod(2) == p2 Gy @cm's(@gzi +1)) on #€ZgN01)

p-adic continuity of T'perioa ((57)) follows from the facts that

@ We can take 7 so that fv 2" 1ys~Ndy = B(%, %) (Bannai-Otsubo).

o Coefficients of 2"ty Ndx = Zzo:o(_l)n( ?X )$r+nNd?x slie
“continuous” on -, % € Zp.

Then we can define I'period(2) on Zy,.

A,
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A characterization of I', (on-going)

Problem
Is I, (2) mod pio characterized by “multiplication formula”

d—1
[ITr(z+ %) = d'==t#hT(dz) mod pos (ptdeN)?
k=0

~> 7 ~~ an alternative proof for Coleman’s formula without explicit
calculation.
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A characterization of I', (on-going)

Problem

= g(2) =L = g(dz) (ptd € N)

= ¢(z) = ¢, (3e, depends only on n := ord, 2)
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A characterization of I', (on-going)

Problem

d—1
[[fG+%) = fdz) (ptd)
k=0

= 9(2) = L[5l = n (= ordy )

=7= f(z)=1

Write z — 1 =zg+aip+ -+ a,p"+---€Zy (0< 2, <p—1)
= f(2) =limye0 f(1)9(1)g(2) -+~ g(xo + 21p + - + T1p")

= limy oo f(Dagoat - afr (=) 00 gy
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A characterization of I', (on-going)

Problem

d—1

[I7Gz+%) = fdz) (ptd)
k=0

= fO+ > ap®) = ) [ ot
k=0 k=0

K k=1 (p_ _
(cr = fgfp(p:)l), o = ch (=1 -ci_ick —1)

=7= f(z)=1

Consider the case d = 2,z = 3: f(3)f(1) = f(1)
= FB) = FO ) = FO S ) = S Ty =1

= f)=[Zea, >

= fO+ S mpt) = [Ty, *
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A characterization of I', (on-going)

Proposition
d—1
A continuous function f(z) on Z, satisfies H flz+ 5) = f(dz) (p1d)
k=0
o0 o0 ;l
& oy, satisfying f(1+ 3 ep®) = [[of T (0 <ax<p—1).
k=0 k=0

In particular, there exist infinitely many parameters.

sketch of proof.

) d—1
z+2 =1=z+a), =p—1= f(2)f() = Ha% =1 = the case z = 0: H f(%) =1.
k=0 k=1
d—1 d—1
Then “mathematical induction” by H flz+1+ %) = H fz+ g)g(z + %)

k=0 k=0
fldz+d) = f(dz)g(dz)---g(dz +d — 1) and g(dz + k) = g(z + %) (k=0,...,d—1). L]
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A characterization of I', (on-going)

Proposition

Assume a continuous function f(z) on Z,, satisfies

Hf z+ %)= f(dz) (ptd) and put ¢, := %. Then
o1
Qcu=ca= & f(z)=¢ °.
Q==& f(2) Ecz_f(cl/co)'z”ﬁ (z=20+pz1, 1 < 29 <p)

Proof
Qak:cgk_l(p_l)...cz 1 Cg
= F+ o mrt) = 11 o
Q ap = o, Otk:Cp (C1/Co)k (k>1)

x 771 k o _ B B
= SO+ Y o )_%k 0 P (ereo)Briaeept =Bttt

1 —1 1
—P5=  YRomet-BrpF _ 23
CO = CO .

v
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A characterization of I', (on-going)

Compare “n_ of Fperiod(z)vrp(z)'

Cn+1

Idea:

° 1—‘period(pz)l—‘period(Z"!‘l) — 7 = Fp(pZ)Fp(Z+1) _ 1 (p ’ Z)
chriod(pz"’_l)rpcriod(z) T Fp(pz+1)rp(z) -

Tperiod (2)Tperiod (24 5)+ Tperioa (++271) _
Tperiod (p2) o
1 Theriod(2) = p%#l% (2 € Z,) N (0,1), 2 = 20 + pz1)
D @mi P Tl pggenslid o)
(2mi)z =) L6, 5)=1 Paen) (id, o) 3~ (F)

277 [}
Seems to be natural to put I'herioa(2) :=p**" m even for

z € p_IZ(Xp) N (0,1).

&(

2=
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Coleman'’s formula in the case p | N

@ When p | N, J(Fn) has potentially good reduction

~ [Po(ew) (0, T)  Poien) p(0: )] € (CF X (BerisQp) @)/ (ftos X 1100)Q

for the composite ring B.isQ, of Beris and Q, in Byg.
@ The action of the Weil group:

Wa, = {7 € Gal(Q,/Q,) | Tlgur = FrobgegT with degT € Z},
d, = (I)degT QT N ch’s@p = Beris ®Qgr @pa

cris

rele, - {T ~QN(0,1) by 7(CR) = G = T(H) = %

o Define p-adic gamma function on 2 € (Q — Z,)) N (0, 0) by

I'p(2) = exp, (& p-adic interpolation of >3 (= + k) ~*|s=0) -
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Coleman’s formula in the case p | N

® [Pa(cn) (0, 7) P p(0: 7] € (€ X (Beris@p)®)/ (oo X 100) Q"
°eTC W@p ~ Pr (Bcrist)Q/Noo, QN (0, 1).
o I'y(2) := exp, (4 p-adic interpolation of $°7° (= + k) ™*[s=0).

Theorem (Coleman, p # 2, £ € (Q — Z,)) N (0,1))

1
B() o DEICDS N np@(gmp(ldm% ()
N (27”')% <N>HPQ(CN)(1d,0b) (%)
5(2) _ B(r(2))
= % _ i .= ord, N). A It,
i (rpm)pe(%—f@) ro i@yt gy (&= ordpl). As a resu

-1 B(z
Liaiadr(2) = p D2 (2.€ (@ - Zy) N (0,1)

is “continuous” at (z,771(2)).

We need only the continuity!
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A characterization of I', (on-going)

Fix 7 € Wq, with degT = 1.

1—‘lperiod (Z)Fperiod,'r (z+%)“'1—‘period,'f (Z+ij1)

ZGZ(p)ﬂ(O 1):>

) 5 Fperiod (pz)
1 1y, p=ly_ . e(+l).e(+22L
(z21+41) _ 8(x)  _(z+5)++(=+ )—sq1 spoq OGFE) 8=+ H7)
_r Foris@Cr) P P Y B S IR Cy))
- L2 ®(p2)
LA NI :
. . R —1 1 —1 p—
({s1, o isprt ={r7(z+3),....,7 (= + B5)})
Mh g T1=+%) -
= p(p—1)z T (p2) = (p—1)z_p2~ "% =1
P g T1(5+5) P O, (p2—7)
&7 )
Cperiod,r (z+2) - Tperiod, r (24 25T period (241)
_l period,T P period,T D period
Z € Z(p) n ( p’ 0) = I“period(pz‘i’l)
-1
PP BT s —msy O (et 5)-- O+ By U (CRMEED & (z+1)
_ B (6(51) 6, 1)) Toris (B(GEDITD)
- p2—(H+)_8(pztl)
1 Diris(B(2+1))
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A characterization of I', (on-going)

P P T =Ty

{{#|k:o,...,p—1}—{z+§+zo} (2€(0,})
Thtl _ z+1+p—(2+1) 1
(== 1k=0,....p-1} - {—F—=>} (z€ (-5

plzie, zo=p, (z4+1)p =1= both sets:{”;fﬂk:l,...,p—l}

2 1 p—1
Dperioa(pz) _ =005 O(a+1)..0(+120)
2 € Ly N (0, 1) = ~peried P2 — )75 = T
N0 = P =P B(6(5 D) 6 ()
_ 1 p—1
1 Tperioa(pel) _ P50z OC+;)- 064
2 € Ly N ( pvo) = Toeroalztl) — P o, (6(). 8(Z2=1))
H H Fperiod(pz) — Fperiod(pz+1) FperiOd(Z+1) = Fperi(’d(pz+1)
ContInUIty = Fperiod(z) o Fperiod(z+1) = FPeTiOd(z) o Fperiod(pz) .

On special values of I'-function 2 H 27 H 15:20-16:20



A characterization of I', (on-going)

{s1,- osp} = {7z 4 ) T e+ B}

:{{#\k=o,...,p—1}—{z++—%} (2 € (0, 7)),

(= |k =0,...,p—1} - {ZEH (¢ (1)),

P
1 +p—2 1 +p—2 2+
pleaeg am=1= (55 SR 2 {5 22 )
1 rpmod(pz) _ Mz+u Qﬁ< %) G420
2 €Ly N(0,5) = Foiim =P 7 " e @8, .Qi(”ﬁ =p=7))
_1)2 1 p—1
1 period (p2+1) _ (=nH7, 1 Qﬁ(er;)...Qi(erT)
2€Lp N (=3 0) = FLLGD =P 7 a e e e (7))
H H I‘period(z4>]~) — ( p )” Fperiod(sz”]‘)
ContInUIty = Fperiod(‘z) - ¢T 6(%) Fperiod(pz) ’
However &(z) is defined only on z € (0,1).
~~ p-adic continuity(?), functional equations, e.t.c. when ord,z = —1.
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A characterization of I', (on-going)

Coninuous functions I';(2), I'perioa (2) satisfies
d—1
[[T-z+%) =Tudz) (ptd),
k=0
Cx] =Cx2 = """ (C*,n = %)

v
Corollary

3 constants a, b satisfying

I‘period(z) Z_inH_QF ( )

A\

In particular, by computing the absolute Frobenius automorphism on
only one Fermat curve, we obtain Coleman’s formula for any z € Z,

(eg p =3, F5:>z_3,5:>aloblo = T0bTo =l=a=b=1).
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@ “Nice" properties of period symbols = Coleman’s formula

Fperiod(z) = az_%bzl—i_%rp(Z) mod Moo

up to two parameters, under
o the Archimedean formula

Pi(fy) =75 T, wym Pare) (id o) ) mod T
e the p-adic continuity of

iz &(z
Pperion(2) = P* ™' gotorry (2 € Zo),

—r 71z z —
Pperionr() i= p*7 g 2oy (2 €p7'25)

=

. ) . 1_(ab
. T1(2)y.(2mi _. D id,op) 2 R
with 6(1%) . 1(N) ( ) H(b,N)71 @(CN),p( b)

1 _(a . 1, ab
(2mi)2 N [T ny—1 Pacey) (idsop) 2~ CF)
@ Then, calculation on only one Fermat curve produces Coleman's
formula I'period(2) = I'p(2) mod pioo for any z € Zy,

which is equivalent to “6&21)” = zmod peo (2 € p'ZY).

G

~| =

On special values of I'-function 2 H 27 H 15:20-16:20



A generalization

Conjecture (Yoshida, K., arXiv:1706.03198)

Let F' be a totally real field, H/F a finite abelian extension with K the
maximal CM-subfield of H, o € Gal(H/F'). Then

Q exp(X(0) = M eqaa/mpr(id, ') @157 mod Q7
where exp(X (o)) = a finite product of multiple I'-functions.

. exp(X(0))-2m0)5 "7 [Tpx p((id,0") 21D
@ Under @, put &(0) := (27ri)<(0’7')p]_[pK((idecrp')C(O’”‘K(’/) :
Let 7 € Wg, C Gal(F;/Fp). Then ST(TQ‘;(’;))) = %% x mod [, Where
* % % in the RHS is defined in terms oé p-adic multiple I'-functions.

Problem

| A\

@ In general, @, “p-adic continuity”, “functional equatins” = ? = @.
@ When Q C F C H C Q(¢n), Rohrlich-Bannai-Otsubo-Yoshida = @,
Coleman = p-adic continuity, & in some cases.
In such cases, p-adic continuity = ? = @.
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