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o #fixy CM JEIHAEE 5
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66, Part 1 (1999), 221-278.

o p AN CM JEHAGE =
K-, H. Yoshida, On p-adic absolute CM-periods. |, Amer. J. Math.
130 (2008), no. 6, 1629-1685.

o [CM JAH: p ] (M):
K-, Fermat curves and a refinement of the reciprocity law on
cyclotomic units. J. Reine Angew. Math. 741 (2018), 255-273.

K-, On a common refinement of Stark units and Gross-Stark units,
preprint (arXiv:1706.03198).
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CM & (CM = complex multiplication = E&IEI%)

dr = 3.1415. ..

1
° F‘ﬂ)ﬁ%zw:2/
0 1— 22

[ —= dx:fd?xonyzzl—x2(:>x2+y2:1.

V1—z?
1
1
° I/L\:X’7‘~]\J%$w—2/ dr = 2.6220. ..
0o V1—zt
1 _ (dz 2_ 1 _ .4
fmdx— yony’=1-z

2 2 4 4
(X,Y)=(242,252)

-2 E:Y?=X3+4X.

o End(E) > [¢: (X,Y) = (=X, /—1Y)],
$? =[-1: (X,Y) = (X,-Y)], ¢* = id = End(E) = Z]i].

o ECRIEE S D B MR /T, e, End(E) oy Q= K: f ik
! / d; —: prc(id,id): BN EBEOEMES (ORI A),
Y

Well-defined only up to Q™ (- TV E/Q, B v OHLY ).
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f(z): REER, EX k, 7V ZFEM € Q 7€ K: BZIIK, Im(r) > 0.

= f(r) € Q- px(id, id)*.

v

K: CM AR (MREREUE Kt D IRIEAK) 18 L
o ‘K DIEHEEEZE DT —RIVSHAD S T
o “K* LE® Hilbert fREIJERD CM 5 € K TOfE" ®
o "K DY Hekce fEIED L BRI DERFH" OBBEI D HRE S|
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CM A (— kDG

0 A/Q: n IRFLT —NIVEZRA st. End(A) ®zQ = K: 2n IR CM /K.
= H(A,QY) (B 1 ER2K) A End(A) @z Q =K
=P, =0 nfHD 1 RTEH 0 € Homg(K,C) DIEH,
EC Homg(K,C): ADCME, Hom(K,C) ={o,7 |0 € E}.
A(C):=C"/L«++ Y CMBL =, L := {(£(2))¢ez | 2 € Ok}
o p(0,B) :=n"1 /wa ("CMEL Z, Vo € E),
8!
K A w, € HY(A,QY), v: A(C) DA
e px(0,=) = HpK 0,) s.t. pr(0,8)pr(0,€) =1 & "R TE5:
{eE
o,7 € Homg(K,C) = =, 50 st anuz :—Zanf—T—T
i E€E;

= p(o,7) == HpK 0,5)7 (- Mﬁwixﬁﬁawﬁ)

@ Well-defined up to @ )

X CM M < Hip(A) x HE(A(C)) = C, (0,7) = [, w.
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Theorem 2 (Chowla-Selberg A=)

o EVaI—HHIR: A H 1—¢M)#, q=e2m7 \EX 12,
o K: BWIK, x = (39), L ) >on X(n)n~
(CSF) ( 2hL/ 01 ) )12k H IA@
aeClyg
A(a) := N(a )12A(:’—) 2 if a = Zwy @ Zws, Im(wy/wa) > 0.

o MRMTHIBEE AR L(0,x) = Jh
o Lerch DARK L/(0,x) = 3%, x(a) log(I'(§)) — L(0, x) log d.

DIERRA BBl R CM JEH & AREE5GR 14:50-15:30, 2021 4 3 H 12 H



Example 4 (K = Q(i), h=1,d =4, x: (Z/472)* — {£1})

v

JE =K = CM 4K, T BIE = 777 ~ .:EE%&IZEE@%E?]‘HE@.:E?(%M)J
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5 P4

Definition 5 (Barnes D% & I" BA%X)

[z, (w1,-..,wr)) (z,w; > 0)

d _
= exp e Z (z +miwi + -+ - + mywy) S}S:o

mi,...,mpr>0

Example 6

- Lerch I'(z
F(ZL‘, (1)):eXp (%Em20($+m) }5:0) eg: I:/(T%

| \

Conjecture 7 (i CM J& HAZL =)
VK,o, 1, pr(0o,T) = HF(w,w)a X H b° mod Q° DI¥.

X z,wi,b,c€ KT, a€Q IZHRH, PRk omy Hizks.
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Example 8 (MAMADEE (7 — UK = LB %2\ 1))
Fo:a"+y" =1~ J(F,) O Q(Gn) (m | n) OBEEFEEZRED.

fa7 " lysdx = B(L, %) = %ﬂy}) (0<rs,r+s<mn).

Example 9

C: y? = TR0 | (10 — 2v/4T)a® + 102* + L4143 4 (3 - 2/AT)a? + =35 4 1,
C':y? = 58150 4 (—10+2v/4AT)2® + 102" + L5813 4 (34 2v/AT)a? + THY g+ 1.
~ J(O), J(C) & K = Q(V/2V5 — 26) DEFIEILEZRD. (3% Q L non-abelian)

Wid 1= QdTw + (\/g*yl)zdz (C J:), wild o % + (\/g*yl)zdz (C/ J:)

—~

7t f,y Wid f'Y/ wi/d = H F?(xl + 3_2\/51'27 (1a 3_2\/5))
20 fE# D (a?l,a?Q)

V/B—1 105442 (ﬁ+13)\/—8\/5+20+(\/5+15)\/2\/5—26
X (¥5=) T 6560 :

'S
o

1 5 2 10 4 20 5 25 8 9 4 10 9 16 39 18 8 20 18

(4175), 410 41 7(575)7(5, H)’(ﬁaﬁ)v(ﬁ:5)7(51ﬁ)a(ﬁﬂﬁ):(417ﬁ))(ﬁ’ﬁ ’

21 23y (23 33y (25 2 (31 32y (32 37y (33 1) (36 16y (37 21y (39 31y (40 36

( ]_741)7 41° 41 7( 1741)7( 1 1)7(41741)7(41741)7( 1 1)7(41741)7(41?41)7 41° 41/°
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IO & R

BUER & KL

Bouyer-Streng, Examples of CM curves of genus two defined over the
reflex field, LMS J. Comput. Math., 18 (2015), no. 1, 507-538.

o “RBUNEA" =7, "RIELEA (BRI Galois BEDAEF)" 2.

Stark 48

K-, On the algebraicity of some products of special values of Barnes’
multiple gamma function. Amer. J. Math. 140 (2018), no. 3, 617-651.
o HHFAH = Stark B exp(¢’(0,7)) € Q: e.g., Ex. 8 = cos(2) € Q.
o FEEAL: HEME?, €777, Rubin's Integral refinement version?
Kronecker FBE 2~ X D HL 58
Yoshida, Absolute CM-periods, Math. Surv. Monogr. 106(2003), Chap.V.
y’ (KLF) 7

1
o saai= 3 ) T et - leaala@IE) + 06 -1,
m,n)#(0,0

& B(z,5) = Ck(s), L(s,%),T(2) ~ CSF.

s
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K = Q(v/-1). Then (E,9) is of CM-type (K, {id}). Since dz/y is a Q-rational
holomorphic differential 1-form, we get

1 dr
id, id) ~ .
mpx (id,1d) /0 ozt

Recall the well known formula for the beta function B(p, gq) (cf. [WW], p. 253):

B(p,q) =T (»)T(q)/T(p +q),

1
8 [ #ia-aTia=Bee,  Re)>0 R)>0.
0
We get
! dx Zlpl Ly ¥rI(/4)
o V1—z3 4 '4'2"7 4 T(3/4)
Hence we obtain (/1)
- r(1/4
Vpgy=1(id,id) ~ TG/

More generally, let K be an imaginary quadratic field of discriminant —d and
let x be the Dirichlet character which corresponds to the quadratic extension K/Q.
Then the Chowla-Selberg formula ([SC], §12) states

d—1
(1.4) ok (id, id)2 ~ H F(%)wx(a)ﬂh,

a=1

where w is the number of roots of unity contained in K and & is the class number
of K. Except for the cases K = Q(v/—1) and K = Q(+/=3), there is no known
way to derive (1.4) from the direct evaluation of an elliptic integral. We will give a
ic proof of (1.4) in the next section.
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WIICLIC W 10 UIIT LIULLIUL UL 1UULD Ul WAV )  Wwiivwiiu ax wwazva

of K. |Excegt for the cases K = —1) and K = —3)| there is no known
way to derive (1.4) from the[direct evaluation of an elliptic integral] We will give a

geometric proof of (1.4) in the next section.

Yoshida, Absolute CM-periods - - -, p63—

e “geometric proof”: F,: 2" +y" =1 (Ex. 8)= PQ(ay) = PO(v=Tr)-
o “direct(?)": Q(¢iy) D Q(V—d) ~ Fy,, < E with CM by Q(v/—dk)
~ ffy %C D B

e.g.,
o E:y? =23~ 5952 — 5586, End(E) = Z[\/—T]

L. an X(@) INESWEINWE
(CSF) mpgy =) id,id)? =TI, T($) % = Sk
. . THrErE) : =6 =5
= Jy \/:c3—5g5x—5586 =7 = B(3,%) :fol tT(1-1)7
° Q(vV=5), hgy=5 =2= |, = =

@3+ V522 —(54+3v5)e+ V/5(5+/5)

\/folt%égu ) folt%?@ — 1)
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p AL - - =

o CM JEHH: HéR(A) x HB(A) = C, (wy,7) = 7 pr(0,Z).
< Hip(A) @5 C= Hy(A) @ C & HP(A) x Hp(A) = Q.

® Hjp(A)¢ g Bar = H!

(A) ®q,

p,et Bt//fv 11/1}(41) ‘:l/‘/) = 11 l)_l/

[(2) (&) ‘ L e
G(2) = L PO - p iR \/ﬂﬂﬁ [T6n)=1Pa(c,) p(id, 0b) 2 (&)
n CM J& 1 ra{R) [T (o.m)=1Pac) (id, O'b)%_<%b>

—(zy GU(ED)

[abs.Frob. ~ HY, (F,/F,)] 'Z-p% " _(I)crisG(%)

cris
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Mo = —f&D CM 4K

Conjecture 11

K-, On a common refinement of Stark units and Gross-Stark units
(arXiv:1706.03198)

Cnj. 11 = rank 1 abel Gross-Stark 48 (fi#{k), Stark HEL DM HILHI

Example 13

2= () — ()
275 " [ on)=1 Pa¢a)p(id, 05)2 ™' n
o

2 =

m\»—A

e Thm 10: G(%) :=
L (6,m)=1 Pa(ca) (id, 0b) 2

G o
PerisG(2) ~ =T,((5)) mod poo.
Thm.10

a n—a (Rt _ ' -
° G(2)G(%=12) = ¢(273 (m) _ m%%ﬂ) €Q A Depislg, = Frob.

1

= p—(®)
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Fﬁﬁﬁ : Fn'ﬂ%ii

B = Bouyer-Streng, Examples of CM curves . ..

(0)
. o,(a
@ w; = Zas)tn% = Hclris' (I)CTiS(WO) = GRS L . pgl)nk>
Lk 50
©) Apny,

eg. . E:y?=1—-2% w= %I =>(-1)7 <,:_%1)

p=1mod4 = a= lim
k—>oo( 1)pk+1—1 <

o Coleman DARD “1 DEIRIH D" DIEIT.
o p I ZDHLD? cf. HFHFH ... CM A vis. ZEN VL
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