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& H A & Stark F4H (rank 1 abelian)

ZHF78 (absolute CM-periods) Stark ¥718
ZHE T B < CM J& ] exp(¢’(0,0)) = Stark HLEL

FenA: exp(C(0,0)) = ZET BEHEOR, CM JE D BRIHBIHRX
~ HH P = exp(¢’(0,0)) €Q
p EEHFE Gross-Stark F18
pEZHET < Frob. on CM ab.var. | exp,(¢)(0,0)) = G-S B
p EHB R, Frob. fEH DEAE = G-S HAX
- p R = G-S P4

[CM JEH: p #EI] € (C* x B))/ Q"
s p HEFRHIBRE T BIS (B9 5 FA0) = S BB, G-S B
(?)
f BIEEE S, p e
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o CM JHM (JEIHEL=):
Shimura, G., Abelian varieties with complex multiplication and
modular functions, Princeton Math. Ser. 46 (1998).

o iy CM JEHH:
Yoshida, H., Absolute CM-Periods, Math. Surveys Monogr. (2003).
K-, On the algebraicity of some products of special values of Barnes’
multiple gamma function. Amer. J. Math. (2018).

o p X CM JE Y
K- and Yoshida, H., On p-adic absolute CM-periods. I, I, Amer. J.
Math. (2008), Publ. Res. Inst. Math. Sci. (2009).

o [CM JEI: p EJEH]:
K-, Fermat curves and a refinement of the reciprocity law on
cyclotomic units, J. Reine Angew. Math. (2018).
K-, On a common refinement of Stark units and Gross-Stark units,
preprint (arXiv:1706.03198).
K-, Note on Coleman's formula for the absolute Frobenius on Fermat
curves, preprint (arXiv:1904.02879)
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CM J& Y]

1
1
° Pﬂ)%$7r:2/ ———dr =3.1415. ..
0 1— x2

fﬁc&zf%xonngryQ:l.
1
1
° VA:X@’*HEI%sz/ ————dr = 2.6220...
0 1— x4

J A de = [ % on ot 4y =1 A [V=THE: (3,9) = (VETa,y)]

o E: MMl /Q, End(E) ®7 Q = K: FE —1kfk

I / d; € CX /T (- EDEFIL, [E ).
Y
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CM J& Y]

f(2): HFREIER, 7Y e Q= L0l eQ (re KnH).

PK
4

Corollary 2 (f = A (E¥ 2 7 —H[4]) & Chowla-Selberg A:X)

Example 3 (K = Q(v/-1))
E:y? =23 —z, End(E) = Z[V-1], V-1: (x,y) = (—=,iy).

“1f0 dx w==Vt__qp1 a4t —1pl 1 Z1T(3)
=271 =T =7 B(5,5) =72 —%<.
Po(v=) o 7= Jo 2003 (1,2) )

vad?x:h[(?

HURERLR S DGR FI
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of K. |Excegt for the cases K = Q(y/—1) and K = Q(y/—3)} there is no known
way to derive (1.4) from the|direct evaluation of an elliptic integral] We will give a

geometric proof of (1.4) in the next section.

o K =Q(/~d)

=>EK'y2—x3+
= =2/ 7

wr XK (a)

—c-m2 HF% hi

CM JEH#,

100N

2

5

cm

Absolute
CM-Periods|

Hirayuki Yoshida
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CM J& Y]

o WEMHhAR (= C/Ok) ~ 7 —RIVEZRK (= C"/Ok)
= ENEKORHES: pi(o,7) (0,7: K — C).

o Hilbert fAER at CM s 28 pi (0, 7)

Bl NS n
® pi(o,T) TP gmyy <

o A: T—RIVEFRK /Q s.t. End(A) ®7 Q= K: CM 1A,
o w: IEAI 1R A End(4) ®zQ = K, v: A(C) D

° [ng NNV pr(o,7) € C*/Q” st. /wa =7 H i (o, 7).

v TESA

X CM A = [Hlp(A) x HP(A(C)) = C, (w,7) — fvw]
& de Rham [A# : HL(A(C)) @ C= Hlp(A) @ C
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& HPE: CM A < ZE T K

Definition 4 (Barnes D% & I" BA%X)

Iz, (wi,...,w)) = eXp(ds Z (x+miwy +--- +mrw7")_s‘50>'

mi,...,mp>0

pr(o,7) =7" % HF(m,w)a X Hbc mod Q" DJF.

X z,w;i,b,c € KNR, r,a € Q IXBHRINZZH “FraFE ARG FITHRE.
Wi XK (a)

X OB TIRIE S C-S AR :>pK(1d id) =772 [[%, (%) "
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Example 7 (D5 &)
Fp:a™+y" =1 (~ VA EHRERDOBER K2 A CM ab. var.)

n’n

fﬂy xr—lys—ndx — B(£ i) = (%2 £§) (O <rsr+s< Tl)

MIEARE = T'(2) = (&) H(b,n):l PQ(¢y) (id, ab)% (% mod Q.

Example 8 (K = Q(1/2v/5 — 26))
C:y? = TH/A150 4 (10 - 2v/AT)e® + 102 + L4/8158 | (3 — 2y/AT)o? 4 T80 4
Wig = 2dz+(\f l)zdz C/ / i ,\R(\/Zﬁr—)f\/»)f&:(:)@

Wflfwidf,w H F$+3\[ (13\[))

(Il,IQ)GR

x V51 )19{% (\@+13)\/78\@+20+(\@+15)\/2ﬁ726
5= .

1,

FURBRLRSE MR AR CM /i, Z&E T, FHE p #EEEML 2022 4 2 A 18 H 16:30-17:30

9/18



Conjecture 9
K/F: 7—~0VIEK, K: CMAK, F: #8%K, 7 € Gal(K/F).

Ip(r) = 7é(0) H pi (id, U)C(O’UT) mod Q™.
c€Gal(K/F)

C(s,7) = Z(L/F):T Na™*.
RHS = 7¢O pe (7, Egega1(K/F) ¢(0,0)0).
Cp(r) = H%wf(:c,w) X le b¢ (z,wi,b,c € F) DI,

eXp(CI(OaT)) 1 FR FL(F)(LOTOL_l)
absolute CM-periods - -+ px(id,o) =[], T'r(7)™ (r- € Q) DIE.

%ﬁ%‘:’ﬁiﬁ 11
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:I:EH%/L..\ A= Stark %/u\

o F: MEMR, K/F: 7—~)UEK, 7 € Gal(K/F)
BREARER = FX/OF

= ((s,7) := Z(KgF):T Na—* = D e N(2)7°
mank: expl(0,7) = [] (Hr (w)) - Ha(b)‘(0)>
t: F—>R b,c

Conjecture 10 (Stark 748 (rank 1 abelian, =

Ko RDEZE

exp(¢'(0,7))* € K*(C R), 7'(exp(¢(0,7))?) = exp(¢'(0,77"))?,

HHFH = exp(C(0,7) = [T, prc(or )"
& D BIEEAR R = exp(¢’(0,7)) € Q
o ERIFIFHFEZE “duE”
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:I:EH%/L..\ ~ Stark %/u\

Example 11 (Q(¢,)"/Q)

Fp:2"+y" =1, f’y " lys T = A EDLN

F(r+s

n

) .

3 o

~—

71y TR HY(F,) x HY(F,) —» HX(F,) = H(G,,)
dx

(xr—lys—ndi, xn—r—lyn—sd$) = C. —
T

Ex7 D(Z)T(£) T(R=r)[(n=s
- (F?LZ*E;) (r"nzr(—% ) = 7 = exp(¢/(0, 0

n n

) Lerch I'(2 )r(" ay

EQ.
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XL - -+ de Rham DEM = p 3 Hodge D i [E Al

o MRS Hip(A) x HE(A) = C, (woyy) = [Lws 2 pic(o,7).
H}p(A) x HP(A) = Bag, (wo,7) — Yo

B p MRS prp(o,7) € (BerisQ,)Y/Q* (- pot. good red.)

[prc(0,7) : P p(0,7)] € (C° X Big) /(foo X 1100)Q”
P ﬁiﬁﬂ%/u\
abs.Frob. ®..is ~ [pi(0,7) : prp(o,T)] & Iz, w),Tp(z,w)

d
[p(z,w) := exp, (ds[ Z (m+m1w1+"'+mTwT)_S]p5@m%}s_0>'

M1y m,>0
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p EFL

cf HHFME
K/F: 7=k, K: CM K, F: #8310k, 7 € Gal(K/F).

I'p(r) = 7é(0) H pi (id, U)C(O"ml) mod Q.
oeGal(K/F)

Conjecture 12 (p & H T, pr 1 fx/p-iR)

0,7 . oo
FF(T)'WZC)( )HaeGal(K/F)pK,p(ldaU)C(o’ )
m6(0) s ccax/r) Pk (id, )¢ 000"
G((5E)m))

i =Tp,(7) mod fiso-
B (G(r)) — L FwlT) mod p

S (Bcris@p)(@/,ufoo‘

© Ipp | fr/p-hi.
@ p-adic abs. CM-periods - -+ ®gpjs ~ H!

cris

(A)a Hcm’s(M(X)) = FFJ?'
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~ n—a (%) r(r=e Ex.11 —
G(2)G(252) = S22 TC) — exp(¢'(0,04)) € Q@

Ex. 13 O q)cm's: <I>c7'is|

) Frob. at p.
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BT A & i

D(f) 3= dop)B(22) )
G(a) = gt ORI D 1 (22)) = ph ) 2
" w2 < ) Hb pK(ld,Ub) <W> L <I)crisG’(ﬁ)

Ex.13

Coleman DARX =" Tperiod((51)) = Tp((E)) mod fice.

Proposition 16 (BRIEA R, p1d)

[IT.(z + %) = d~*+T, (d2) mod juos (+ = p, period)

21 € Lp st z =29+ pz1, 20 € {1,2,...,p}.

Proof” for I'period-

d—1 . -
2e(0,4) = Wimeloooalety) _ ppggyr = . psaass

Fperlod(dz) Tp
JI DO BIHBRA = = d, Tperioa @ p EE KM = V. O
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B A &

FIENAXNTOREN T (7) = Coleman DAXDHIGEH = —#&1k ]

Proposition 17

L, LGRS f (2 75=Hfz+ dz) (pfd) %73

& Jag st f(l-l-zkzoivkp) ITee Oaik = (0<Sﬂk<P—1)

X JREBRAE D B HEE
Proposition 18

Z,, BRI f(2) st [Ti2) f(z+5) = £(d2) (ptd). cn 1= L2
Q== @f(z)zcg_%.
Qci=co=--- @f(z)zc(z) 1(01/60)21+2 (z=20+pz1, 1 < 29 < p).
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B2 =X & g

Fperiod(z) 0) ffﬁ‘@@{}im@?’c
Proposition 19
1= cp = (onn = 1) (x = p, period).

X pfEART KOS,
Corollary 20

Ja, b s.t. Tperiod(2) = az_%bzﬁéfp(z).

M 7O R= ZEH @i ~ HY i (A) D p N ? |

Example 21 (P55 ~ HL (F},))

! !
Bpis: " ySdx — e(r, s) - 2" ly® T"dx
Yy ) Yy

= c(r,s) 1& L, 21T U T p i,
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