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Euler © T B

I(z) = / Fletdt (R(z) > 0) J
0
= I'(z + 1) = 2I'(z) (Difference equation) = I'(n) = (n — 1)!
ddz—l -
I'(dz H I'(z —|— (d € N) (Multiplication formula)
(2m)F i

= 2172 /r1(22) =T (2)T(2 + 3) =T =7

o f:Rsg— Rsg, C' %, (D), (M) (Artin)
o f:Rug — Rog, CLE, (M), lim zf(z) =1 (Kairies)
o C LAME Ry Ex#u™, (D), f(1)=1 (Bohr-Mollerup)
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Lerch DA

Hurwitz zeta BE%X

['(z) = V2mexp(¢’(0, 2))

X “simple proof” by (Bohr-Mollerup), [Yoshida's book, p17]

d—1 ddz_l d—1
((s,d2) =d ™) C(s,2+ %) = (M) T(de) = — [[Tz+%)
k=0 (2m) 2 (5o
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T BE (p # 2)

° z =zT',(2), z* = == (2,

(Dy) Tp(z +1) = 2°Ty(2) {_1 oo
d—1

o (My) Tp(dz) = ipg-d* @1 Tp(z + &)
k=0

ind = [[ho Tp(%) € ta, 2 =20+ p21 (20 € {1,2,...,p})

(Lerchp) log, T'p(2) = (,(0, z) (Ferrero-Greenberg)

Cp(s,2) = (z+m)~° @ “p HEMMH", kerlog, = pioo - pY
m>0, pt(z+m)

(p1d)
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pET BEE (p # 2)

n—1
Tp(2) = lim (-1 "kll'[prkk (2 € Zp)

o (Dp) Tp(z+1)=2"Tp(2), 2 =—2 (ptz) £72iF -1 (p]2)
° (Mp) Fp(dz) =lpd- ddz=(d=)1=1 HZ;(l) Fp(z + %) (p1d)

RIS A T ORI 2 J

[:Zy, — Cp: i, f(z+1) = f(2) = f(z): EH (-
- G(z) st. (Dy) = G(2)/Ty(2): B, > G(z) =
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T BEE (p # 2)

(My) Ty(d2) = ipa- d¥= @0 [T (2 + &) (p} d) CORBITI ? |

fime ([arXiv:1904.02879, Prop05|t|on 3.2])

fiZy— Cy: Hfz+ ) (p1Yd)

$k—44l

= Ty, s.t. f(1+ZZ°:0$kpk) = [Tk 189"

k—1—i

k—1
Q ¢ = fgfil) WXk =ord,z DAIZED, a = ¢, H cz(p_l)p
i=0
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pET B (p # 2)

f: 2y L3, f(dz) = TTi=y f(= + 5) (p17d), e := LEED (ord, 2 = k)
Q@cy=c=--- :>f(z):cg_§

Qc=c==f(z)= cg_§(cl/00)z1+%

. o [ f02) =TI f(2 + £)
o “pEAR": R
P {f@&+%»= [ ICE)

flpz) _  f(z _
jﬂﬁ%‘ﬂxu@%—%ﬂ

ecp=1& f(2)=f(1) &Ty2) =-TpQ1)
o [thesis], [crelle, Lemma 4.2] = °T,: Q, — Z, ki, 3! mod pieo, s-t.

Tp(z +1) = 2Tp(2), Tp(22) = 22Z_%Fp(z)f‘p(z + 3) mod fise
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BN B G

K/k: abelext., o € Gal(K/k) = ((s,0) = Y Na* (#4 ¢ BIE)

Artin: a—~o

° Q(¢n)/Q, 04t Cn > iy = ((8,00) = m™°((s, )
(L) = ¢'(0,0,) =logT'(5) — (l — %)bgn — —log27r

o Gal(Q(¢r)/Q) — Gal(Q (Cn)+/@) Q)T =Q(6 + 1)
OayOn—a > 0g: Cpn + Cn = G A 6 ©
= C(‘S»U_a) = C(S,Ua) + C(Sa Un—a)

= exp(=2'(0,73) = (“ )2 T (2 (i

))?

v

T (Stark FAH (5€38 5%, rank one abelian))
K3 R = u(o) :=exp(=2¢'(0,0)) € K, 7(u(0)) = u(ro), ...

K/k=Q()T/Q = &p(sin(%n)) = Lsin(Lr) J
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B G

X piEhi 7 (Eulery) Tp(2)p(1 — 2) € g
{2,1 -2} & 0_1 € Gal(Q((n)/Q) + Q&) = Q&) o0

ptn= 1:[ I‘A(%}) = HI XM € Q(¢,) ") (Gross-Koblitz) J

% ~~ Gross-Stark 748 (Dasgupta-Darmon-Pollack, Ventullo)

\(’)QK/\ Q C’ﬂ 17[\

aﬂﬁ/ Y@

D g Q)

EX=L2) )lo-1 n)
%Qw
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Fermat g%

n n ¥ (n—1)(n—2
+y =1, figy U2

="y e |0<r,s<n, r+s#n) = Hip(F)

1) (Rohrlich)

/w;vi t=a" [tn(l—t)ndt = B(Z,2) = F(
’Y n

X BB (“EN DR S") = (2

21—\72 i
eg, B}, 37283, §) = “Up ) — rcgys
Hip(Fa) €Ty & HY i (Fo x Fy) @y 0 &y "M 7 0829 AMEF

1
B @) Gon € Zp)
Bo(r(G):m () (Coleman)
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Fermat g%

Hip(Fy) 0Ty = B (B x F) @y o, MR 78R ZAERT

1
B ron) (oon €2Zp)
®r(wr s) = {BF( ((") G (Coleman)

Bp(o3)
B @) (on € Zp)

o By(a, ) = (@)L (B)

o F, xFp By AT NZT R

o 7 € Gal(Q,/Qy) st. Tlgur = 0p®7 with deg 7 € Z,
= HL. (Fo/Fp) ~ @, = 08T g 1

cris Cris
(s

o Gal(@,/Q,) C Gal(@/Q) ~ oo “27 [0,1) N Q
o (Coleman) = (Gross-Koblitz) ptn = [[IZiT,((22)) = #' 241
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Fermat g%
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A A I ERAE 5 BEEY ([crelle])

o cf. H{"™(F,) x Hip(Fy) = C, (y,w) — [ w
p # Hodge B = H;™"9(F,) x Hip(Fy) = Bag, (v,w) = [, w

r S

B(L,2 T, s
gl litnl [ wes (B2eZ)
T S _ n'n ‘
B ) =\ BEs) favs s Enamy s
Sywz s Bo(qy) n'n P

(Coleman) @, ~ H. , (F,/F,)
()BT () 1= L5 +3)
Bp(r(%):7(3))

a root of unity-pde% (%; ) Zp)

= op(sin(2m)) = sin(2L7) mod pieo if 03((n) = an

(5,2 € Zy, degT =1)

n’
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p EJFEHERAE O BAEL ([crelle])

B(3:3) /- |Z4+2]
Ty s
B(L,E) = fww%»%<”+”> oy wns Gon €2) _
n’n B(Z,2) fpﬁw%’% , s € ch‘s@p
Jywrs Bon) (oo & Zp)
. 1)LT( >+r< )J R I
(C)---% %;EHS ()) (5,2 €Zyp, degT =1)
(r(2),m()) e
a root of unity - p~ 2 (7,2 & Zyp)
Yp = op(sin(27)) = sin(2m) mod pes if 0p(¢) = &
‘U: HY 1 2 Jory vz 2 Jpor Onzr n-s
x H" — H fw‘”%,% T e = (Eulery)
r s n—r n—sy . sin(zm)sin(Z o
%(M%mﬂ%—-wﬁ’”v Orlg =7 O
1 1 L _
X H'x H —>H2:fw f,yLUu’@':.W(:QSiH(%T()EQ
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p A HERAE 5 BEEL ([crelle])

o HIEENR (25 \WH ?): modpue, HENE, (S,T) kR

o —fft: /Q = /KRFEK, H B = ZENT B, HEE, TV
AMI =Stark H4X, Gross-Stark H.£%, (Lerch) = #3225, (Rohrlich)
= & H P4 [Yoshida's book], (Coleman) = T4 [arXiv:1706.03198]

o Fermat Hifx = 777
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I BE%UR ([arXiv:1904.02879)])

I'=Ige,) = @ Qo = @ Qaoy,

0€Gal(Q(¢n)/Q) be(Z/nZ)*

EH (BN DAL S, [Yoshida's book, §2, Chap.lll])

1_a 3 (% Q,
32 Pr (X o,m=1(3—{57Now) € BerisQp/ thoo-

ay. MG (mp
(R) = P(") T Ver (7") P( (o,m)=1 (3 —(%))op)
a\y . 1l _a P(r(2 a
C FP(T(E)) =p2 nﬁ((n%)))) mOd Moo (ﬁ & Zp, deg’r =1
(© @\ ne@) - ooz PoE) (@ ¢z
T(2) — P & (P(2)) Hoo 5 & &p ]
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-2 pp(X (53—(2))as)
PY2 n (b,n)=112 n
7 ()77 SR € B
l_a P
(C) Fp(%) = p2 HW_B(%))) mod Moo (ﬁ € Zp,degT = 1)

inf: Toe,) = oy @ D 7= [p:ppl(E) = [p: pl(inf())
Tlan) =0

d—1

a ad+n 1(dz)= E B (I+ )
[TPe+5 e S > (4ot NP ko ™
k=0

k mod d bmod dn

Y. G (8o, =if( Y (5 (%8))ay) ¢+ P(%)

b mod dn b mod n

= MRS (L) O “d AR (Vd €N, d=p% OK)
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fired ([arXiv:1904.02879, Proposition 3.2])
f:Zy = Cp: i, f(dz) = [Ti f(z+ %) (p17d)

—1

= Joy, st f(1+ Y reo zpt) = | i aik_ .

1
Q@cy=cr=--- =>f(2):cg 7
_1

e Cl=C =" = f(z) = Cg Q(Cl/co)zl+%

p%é_\\iﬁ = Ci, = Cki+1
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Pp Z(bn) 1(2 <7>) b)
o 6 (3 (2N0) € BerisQp/ fioo-

ay _ Li_a P
(C) PP(E):p2 n (P(’T )( ))) mOd Moo (n EZp,degTzl)

P(2): % (?p)% o

o> > G- (Madink)y) g s P(%) (Yd € N)

k=0 k mod d b mod dn

&IR‘

a__ 1 a
ay — .n 2 1_a P
Lp(3) = ¢ 2(01/00)( Nty p2 " (P )( 7)) mod fico
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A 7 a X = ZMEH O p

o p%—ﬂﬁj(m ((C) DALY 732 € Z, 125 L Tty
= FEN, Cl = Cy =
o pliT(ordy s L (500 (C) O4730) @ p EAHE
% Co = C1
o =Ty(2) BAT S p EHHI R D IFFEHEN 7
“EREEIH T E 250 A
Dons ) gy (B5) € 7, i LTI IR

“(BL) (B2

(65 Byl )
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