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Two formulas concerning Fermat curves F,: 2" + y" =1

Rohrlich's formula (in Appendix by Rohrlich of Gross' paper)

Consider differential forms 7, s = 2"~ 1y*™"dz (0 < 7,5 <n, r + s # n) of
the first and second kind on Fj,.

Lnr’s = W = B(%, %) mod Q(G)™

2w

for any closed path v with fy s 7= 0, G i— €.

Coleman’s formula (Frobenius matrix)

Consider the absolute Frobenius action Fr, ~ H},(F,, Q).

(=)

Lo ()T (3)

for ptn, pr =1’ mod n, ps: group of roots of unity

Frp(nr,S)

* Myt s mod QX/J’OO
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Two formulas concerning Fermat curves F),: 2" + y" =

Rohrlich’s formula

Lnr’s = %FE’)%) = B(%, %) mod Q(&)™

Nrs = 2" ty*dx (0 <r,s <mn, r+s#n), v: closed path.

Coleman’s formula

| A\

/

Fp(’"n
Lp(7)Tp(5)

n

Frp(nr,s) = * Mt st mod QXMOO

abs.Frob.Fr, ~ Hl,(F,,Qp), pfn, pr =1’ mod n, pieo: roots of unity

.

@ Similar phenomenon occurs between Chowla-Selberg formula for the
eta-function and Ogus’ formula for Fr;, on elliptic curves with CM. In

these cases, Ha 1T, (5 )Xa(@) (x = ), p) appears.
@ The theme of my talk is “why does such a similarity occur?”
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Period symbol

@ Before we begin the main discussion, we introduce Shimura's period
symbol, obtained by decomposing period integrals.
()

@ Then we can “decompose” Rohrlich’'s formula f7 s = —p(rrs) into

(single) I'-function version.
o (by CM-theory, solve linear simultaneous equations

{logI'(7;) +10gT'(;;) — log (%) = log [ 0y, }rs = log () =7)
Definition (Shimura's period symbol)
K: CM-field of degree 2n, A/Q: abelian variety with CM by K. Then

K=End(A)2Q~ Hiz(AQ= H T,
c€Hom(K,C)

where K acts 7, through 0. CM type Z4 := {0 | 0, is holom.}, |2 4| = n.

Ik (o,7) € (CX/@X s.t. H pi(o,7) = 77_1/77(, mod Q.
¥

TEZ 4
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Period symbol

Definition (Shimura's period symbol)
K: CM-field, A/Q: ab.var. with CM by K.

Ik (0,7) € C*/Q” st H pr(0,7) = w‘l/ng mod Q.

TEZ A v

eg K= Q(Cﬂ)v Gy Fypia"+y" =1, 04: Q(Cn) —C, ¢ Cg
Any CM-type is in the form 2, s := {0, | (57) + (%) + <M> =1}

I rocd =" / s mod @ (r+s<n).
TEEr,s v
Yoshida and K. “solved” Rohrlich’s formula: f7 Nrs = r;%g? for T'(L):

r(p)=mt I[I  poeid.a): %) mod Q.
b mod ne(Z/nZ)*
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p-adic analogue

sing

o We may regard period integral: H;"" x Hp — C, (v,n) — f,yn as
the dual of de Rham isom.: H}, ®C~H},®C

smmg

@ Define “p-adic period integral” and “p-adic period symbol”
oy, € Bar,  prcp(0,7) € Bp/Q

by replacing de Rham isom. with the composite of comparison isom.’s
Hjng ® Bap = H}y, ® Bap = Hip ® Bar
o (In [K3], we used motives associated to alg.Hecke char.s instead of
ab.var.s with CM, to avoid problems with “field of definition™)

. . X .
@ Each symbol has ambiguity of mod@Q" since f%*n (x=10,p)
depends on the choices of v, 7. Assuming that we take the same ~, 7
for both symbols, the following “ratio” is well-defined up tp fieo-

[prc(0,7) : P p(o,7)] € (C x Bjp) /Q”

e CM = pot.good = fvpn € Bms@ = pkp(0,T) ~ abs.Frob. Fr,
@ Since Fr), acts trivially on H, L, the action on 1 = that on f 1, PK.p
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p-adic analogue

o We defined pg (o, 7) € deR/@X with the action of Fr,

e The “ratio”" [px(o,7) : pxp(o,7)] € (C*

up tp foo
We can “solve” Coleman’s formula
F (T./_"_S/)
Frp(nr,s) = % * Myt s
Lp(5)Tp(%)

mod QXILLOO

x BX2)/Q" is well-defined

(p1n)

for I'y(2), by a similar manner to the case of Rohrlich's formula:

Corollary ([K2, K3])

1<g

a _n> . 1_
r(&)r? IT, Po(cn) plid,op) 2 ~¢

ab

n

We put P(%) o= a5,

z , T_
70 TT, po(en) (ido) 2 ¢

1qey PG
Frp(P(57))

a/

mod flo-

)
€ B/ lioo- Then

(a' = pa mod n)
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summary 1

By “linear algebra”, we may rewrite two formulas as follows:

Rohrlich's formula (in terms of period symbol)

ab>

r(e)=r"& HPQ(CH)(id, o)z~ (%) mod Q.
b

1 a
35— () . 1 _,ab
_ TEm " P pliden) 257 o
)= aond @ € Bap/tiec
™ n Hb pQ(Cn)(ld,ab)Q n

P(%)

n

" F,(P(9))

Ty (&) = ph=8) 1

@ These also imply Chowla-Selberg formula and Ogus’ formula up to
mod@x.
e Why I' and I';, appear?
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functional equations vs. monomial relations

I’-function is characterized by some functional equations and smoothness:

(D) T'(#+1) = 2I'(z)  (Difference equation)
L1
(M) T(dz) = 4“2 [92iT(z + £) (d € N)  (Multiplication formula)

d—1 —
(2m) 2+ R0

characterized by [C1, (D), (M)] or [CY, (M), lim,_02T'(2) = 1] or - - -.

C': a function with continuous derivatives.

Proposition

RHS of Rohrlich’s formula I'(%) = ri= (%) [T, Poe.) (id, Ub)%_<7> =:G(%)
satisfies the “same fun.eq.” as (M):

(M) G@)E(ﬁ T0G(2+%) mod Q”

n )2

It is trivial since LHS = RHS. | mean we can provide an alternative proof.
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functional equations vs. monomial relations

(D) T'(z+1) = 2I'(2)
(M) D(dz) = 2 [T+ 5) @)

characterized by [CY, (D), (M)] or [CY, (M), lim,_,02T'(2) = 1] or - - -.

ab

Rohrlich: T'(%) = G(%) := =) prQ(Cn)(id,ab)%7<?> mod Q"

n

(M) G(L)= L TS G2 + %) mod Q@ J

(Proof) Period (symbol) satisfies some monomial relations including

(E) pr (@l 7) = 17—, pL(3,7) mod Q™ for extension K C L

The case of Q(¢n) C Q(Can) relates G(-5) to G(%). O
o (E) & L(s,xoNp/k)=L(s,x), M(xo Np/x) = M(x) ®xK L
e We may say(?) I'-function, characterized by (M), appears naturally
@ p-adic case is more concrete
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Main result ([K2])

(D) T'(2+1) =2I'(2)

dz— 4 .
(M) T(d2) = L2 T+ ) (deN)

characterized by [C, (D), (M)] or [C?, (M), lim,_, 2T'(z) = 1] or - - -

The following p-adic analogues are well-known:

(Dp) Tp(z+1) =2"Tp(2), 2 =—2z (p12), -1 (p| 2)
(Mp) Fp(dz) =lpd- dd==(d=)—1 HZ;(I) Fp(z + 5) (p 1d, Upd € ,u4)
characterized by [C?, (D,), T',)(1) = —1].

C": a continuous function in the p-adic topology
For z € Zy,, we define zp € {1,...,p}, 21 € Z, by z = zp + pz1.
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Main result ([K2])

(Dp) Tp(z+1) = 2Tp(2), 2* = —z (pt 2), =1 (p] 2)
(Mp) Fp(dz) =lpd- dd=—(d=)1~1 Hi;(l) Fp(z + 5) (ptd, Upd € fi4)
characterized by [C?, (D,), T',(1) = —1].

The following provides another characterization:

Proposition

— k+1
f€C@y), f(dz) = TIiZs fz+5) (p1d), L2 = L2l (1 e )
= f(z) = a*2bt2 (Pa, b: constants).

Tp(pF+1 .
e Namely, (M,) and ?(pp(pk)) = —1 (k > 1) characterize I';(z) up to

“p-adic exp-functions”

f@F+1) _ fFTI+1) o inlicati g
° TR T D corresponds to “p-multiplication formula
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fPF+1) _ fFT 1)
fF) — fRTh
Let us assume p-multiplication formula holds,

corresponds to “p-multiplication formula”

fo) =] r+%)
k=0

although it doesn’t actually make sense because k/p are not p-adic
integers.
However, if it were to hold, shifting the equation by 1/p would give us the

next equation.
P
k
[Tre+5
k=1

Then, by dividing both sides, we obtain this equation.

flpz) _ [f(2)
floz+1)  fz+1)
which do make sense since pz,pz + 1,2,z + 1 € Z,. So the condition

feR+1) _ fFTI+)
f®*)  — fFY
formula.

fp(z+3))

may be regarded as a modification of p-multiplication
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Main result ([K2])

f € C°(Z,) satisfying
@ prime-to-p multiplication formula: f(dz) = HZ;(l) flz+5) (pta)

e “p-multiplication formula”: fgcp(l;:)l) = fgcp(];:if)l) (keN)

= f(z) = a”2bt2 (Fa, b: constants).

n

Coleman's formula: T'y() Ep% " B, (P(E)) mod fleo-

Under an assumption of “p-adic continuity of Frobenius action” (= the
RHS of Coleman'’s formula is continuous in p-adic topology, including the
case of p | n), Coleman’s formula holds automatically, up to p-adic
exp-functions.

ay  P(%)
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f € C°(Z,) satisfying
o prime-to-p multiplication formula: f(dz) = [[{Zs f(z + %) (pt d)

k k+1
U~ L (ke

= f(z) = a2 b ts (Pa, b: constants).

e “p-multiplication formula”:

: CPo(ay = A2y _P(E)
Coleman’s formula: T')(%) = p2 <”>W(%)) mod fleo-

Under an assumption of “p-adic continuity of Frobenius action”, we have
o f(%’) := RHS/LHS satisfies conditions of Proposition.

@ In particular, (without using Coelman’s formula) we see that 3a, b s.t.
g

_ a_l,cay 41 1_ya P(%/)
Fp(%) =an Qb(n)l 2 -p2 <n>Frp(T(%)) mOd Moo -
ne)eg (id.00) 2 (5
(proof) Every part of P(£) = ﬂp R and
! T, P (idon) 2~ ()
satisfy multiplication formula or its variants: (M) or or (M"). O
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© I'(2) is characterized by (M) I'(dz) = ---Hz;éf(z + g) and ---.
@ Period symbol satisfies (E) pk 7|k, ) = [I7,=,pr(d,7) mod Q"
© (F) transforms into (M’) G(4¢) = (% ! G(2 + &) for

2m) 2

n

ab

G(3) =~ I, poe (id, o) 2~ )
© Thus it is natural(?) that I'(z) appears in Rohrlich’s formula for G(z).

@ I',(z) is almost characterized by “multiplication formulas” (M),
[P+ _ fRT L)
f") flRrh)
@ p-adic period symbol also satisfies (F) and (M)
@ Hence I')(z) appears automatically in Coleman’s formula for
1 _(a
D(&)m? " I, Pa(cn)plidon) T~

A=) prQ(Cn)(ide)%—(%%
under the assumption of “p-adic continuity of Frobenius action”.

/ ab
1_(ay P(% . @ )
pe ">Frp(+?%)) with P(7) =

@ A more canonical formulation (and its proof) of “p-adic continuity of
" in a general setting seems to be an interesting problem.
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p-adic continuity of Frobenius action

For Fermat curves,
° HéR(Fn,Qp) = (Nrsp = 2"l e |0 < s <m, TS #£ n)Q,
* Fl'p ~ HC}R(FH7@I)>1 EiOlr,s,n S @p s.t. Frp(nr,s,n) = Oprsnllr' s’ n
(r' = pr mod n)

“p-adic continuity of Frobenius action”:

T sh s

= 0= [ar,s1,n — O‘T2782,n2|p —0
p

)
p

ny  n2 ny  n2

".- Coefficients of Laurent series’ expansions of 1, s, ni s Mro,s0,n0 are
close. O

Can these be generalized in the following cases?
@ (A certain family of) algebraic curves C' with J(C') having CM
o Abelian varieties with CM

@ Motives for Algebraic Hecke characters
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summary of [K1]
@ Define a p-adic-period-ring-valued beta function by

B(Z,2)x [, s
,Y"]r,s

B(L,2):=

n’n

@ Write a cyclotomic unit: g mod 5 := (2sin(%7))? as a product of B.
© Colman's formula is a refinement of the reciprocity law on cyclotomic

units: (Tp(ua mod n) = Upa mod n-

ab.ex.

Conjectural generalization, form Q(¢,)/Q to CM-field / totally real field.
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