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FHRATLE

a€Z, THEEpITHL
1 (a=3?#0 modp) ©amodpe (IF;)Q,
<E> =49 -1 (a#VYb mod p) & amod p e FY — (F))?,
e 0 (a=0 mod p) & amodp =0, (F, :=7Z/pZ).

o F) — F)/(Fy)? = {£1}, amod p s ()2 IFHHEREL
o Euler DFHE: (5)2= a"7 mod P.
Theorem (*F-/7RIAR DM EEHI)
p,q EMHERZ2TFRBE T 5.
O HIHIKHL: (1) = (%) . RELp = ()7 p.
raSi 3 . __1 _ (_ prl
Q S—MFTIEA: (p)2_< 15
@ WoMFMEA: (2) = (-1)"F

HERRA CROEHERLR) FRRROSE —MhizeiERIcBE L T 3 A 19 H 16:00-16:50 2/17



FHREIRFE (BB SN B )

Remark

Reciprocity Laws: From Euler to Eisenstein,
Springer Monogr. Math., 487 pp.

Proposition
O o) = dowim) =P ¥ I QG)/QVF)/Q (6 = exp(Z)).
Gal(Q(¢)/Q) 2% Gal(Q(yF) /D)

o lIIZ e p)_)(ﬂ) l\ll

(Z/pZ)* 2, {+1})

o.f. G (F: fREUK, L/F: finab. = Gal(L/F) 23 "B 30 3")

3fr (8F), 3H;, (max.ray class field) s.t. H;, /L/F: fin.ab.

o—0o|g

A 77 VHERE CLy, = Gal(H;, /F) —  Gal(L/F).

¢
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Definition (a € Z, &% p,qst. p=1 mod q, pta)

(g) _ )1 (a mod p € (F;)7)
D q' —1 (amodp € F; — (F;)9).

x—xd

ep#l modg=F; = Ff=TF;=(F
o HITiER: Z[¢)) 3 a, FEITmITHL

(), <00 (2),=0"% man

o c.f. Euler DFIHE: (2), = a” mod p.

o HERIRL (Z[C]/(m))* — (ZIGg)/(m)* J(Z[Gg) /(7)) )7 = {Gy).
o p=1 mod g = No,)/e(3mp) = p, Z[Gl/(mp) = Z/(p) = Fp.

~  Va mod 7, = Ja, mod p, ((g))qzlé(a )q:l.

Tp

)?.

T X

K (9)g (§)g BT IRV DRE ([5g, (5)q 23— M),

p
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q BEIRLE
3$Hﬁﬁﬁu(%»q=:(§)quAa4%%(%W&

BTSN @L:?

o Fy ={1,2} > (F5)*={1} 2= (3),=—1
o Fy ={1,2,3,4} > (F)*={1,4} #2= (}),= -1
o F¥ ={1,2,3,4,5,6} > (F})*={1,2,4} 52 = (}),=1.

A

¢g=3,p=1 mod 3 DEHEH

o FX ={1,2,3,4,5,6} > (F;)* ={1,6} 3 = (§), = 1.
-1

X
7
° (f3)s =1 (i5)s = 1 (51)s = =1 (57)5 = —L (i) = —1.
1,3,8,9,11,20, 23, 24, 27, 28, 33,
© Fey = {1~ 60} > (Fe))” = {34,37, 38,41, 50, 52, 53, 58, 60 } 23

= (%)3 =1
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ARBROH M (1) = 2 |

Eample (( Ja=1872% p)

7,17,23,31,41,47,71,73,79,89,97,103,113,127,137, ... < p = £1 mod 8.

% (Z/82)* = Gal(Q((s)/Q) — Gal(Q(v2)/Q) = {£1}, B (3)2.
Eample (p =1 mod ¢, (), =127 3 p)

a=3 61,67,73,103,151,193,271,307,367,439,499,523,547,577,613,619,643,
661,727,757,787,853,919,967,991,997,1009,1021,1093,1117,1249, . ...

qa=5 31,191,251,271,601,641,761,1091,1861,2381,2521,2621,2741,2851,
3061,3121,3461,3581,3631,3701,4001,4201,4261,4271,4421,4591, . ..

a="17 43,281,1499,1583,2311,2423,2801,2857,2927,3067,3347,4159,4397,
9531,6217,6427,6917,7687,8443,8597,8737,8779,10501,10627, . ..
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q—1
o ¢IFHEH, pldp= Zminq_l_i (m,n € Z) DIEDZELUCIRET 5.

=0

o fylx):=> > (—1)‘@(2)]'1 % € Zylxl.

k=jl mod ¢

ZDE =DUNIXFEHE.

°(3),=t
Q fq( —") =0 mod q2.

m—n

(s m_—_%monZESq::{a—fq(a) mod ¢® |a=0,1,...,q—1}.
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° >3, p=Y"gmint™17 fo(x) = NI (Cpen(DF (1D

<Q>q =1& fi(2)=0 mod ¢* & — €5, :={a— fq(a) mod ¢*}.

m—n m—n

a=3 f3(z) = —2® — 322 — 5z, S3 = {0, 1,5},

p = 61,67,73,103,151,193,271, 307, 367,439, 499, 523, 547, 577, . ...
a=5 fs(z) =4a® — Lt — 243 — 1522 — 29z, S5 = {0,1,2, 13,24},

p = 31,19141, 30941, 48871, 114641, 125591, 141961, 170101, . . .
a=7 fr =697 +28z5 + Pa® — 2t — 553 — 32 _ 83y,

S; =1{0,1,6,17,25,33, 44},

p = 43,10501, 3692053, 109894303, 115928821, 138520537, . . .
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FREROLEM: p= S mint - BT 3 B

Eample (p = Y% mind 17, (1)g=1t7% p)
a=3 p=061,67,73,103,151, 193, 271, 307, 367,439, 499, 523, 547,577, . . .
a—5 p=31,19141,30941, 48871, 114641, 125591, 141961, 170101, . ..
a—7 p=43,10501, 3692053, 109894303, 115928821, 138520537, . . .

Eample (p=1 mod ¢, (1), =1&7%% p)

a=3 61,67,73,103,151,193,271,307,367,439,499,523,547,577,613,619,643,
661,727,757,787,853,919,967,991,997,1009,1021,1093,1117,1249,. ..

a=5 31,191,251,271,601,641,761,1091,1861,2381,2521,2621,2741,2851,
3061,3121,3461,3581,3631,3701,4001,4201,4261,4271,4421,4591,. ..

a=17 43,281,1499,1583,2311,2423,2801,2857,2927,3067,3347,4159,4397,
5531,6217,6427,6917,7687,8443,8597,8737,8779,10501,10627,. . .
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B858 3 % 5% (Euler 48, Feit-Thompson T48)

Theorem (Euler 48, Lehmer O &)

p=1 mod 3 =4p=L?>+2TM? ¥ X T

Q (2->3:1<:>M50 ol 3,

Conjecture (Feit-Thompson T-4H)
FHER IR 5 B p, ¢ I L @4 (p) 1 Bp(q). (Ry(z) = S0, ' EFIHZIAR)

Q@ FHER with ¢ =3 < Euler 712 Q.

@ Euler 718 @ = Feit-Thompson 48 with ¢ = 3 and p # 8 mod 9.
(c.f. M. Le.)

Q SHEKOELHXHFTq=5DHE+ a. (cf. E. Lehmer, L. E.
Dickson, J. B. Muskat.)
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BESHT 2 W52 (Euler TAR & 2 OHLHE)

Theorem (Euler 7748, Lehmer O )
p=1 mod 3 =4p=L?+2TM? x £ T
Q@ (2)3=1«LM=0 mod4 (& M=0 mod 2).

@ ({)3=1©LM=0 mod3 (& M=0 mod 3).
@ (2)3=1& LM =0 mod5.
Q@ (8)3=14 LM =0,+1 mod 12.

@ (I)s=14 LM =0 mod?7.

Theorem (E. Lehmer, L. E. Dickson, J. B. Muskat)

16p = 22 4 50u? + 5002 + 125w?
p=1mod5={ zw=v?—4uv—u? ERET
r=1 modb5

° (2)5:1@u52v mod 5.
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AEFH DY fii: Kummer B3, Lemmermeyer D F%

Theorem (Kummer )

g JSEHEA L/ F (3 ¢) " dP Aepit p e F*J(FX ).
Q p{qh L/F THIIK < vp(p) =0 mod gq.
@ ptgM L/F T (5E2) Nk & pe (Ly).
Q q| g L/F TAITIE & p= 3¢9 mod q?%10-¢a),
Q q|gML/F T (GER) D & p=3¢ mod qil0-cot!

Lemmermeyer DF7% for Euler 48

(g)q =1 Q(¢)

&= qp%l =1 modp \ K(Cq)g

o ¢ 7 K/Q THR Kf &,
& (1= () 25 K(Cg)/Q(¢g) T X, Q(¢q)

& p= 3¢ mod (1 — ()t Q —
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Stepl. Kummer Bi5f = AN ITDIRE

=y =) H —nC] T e Zi(q) (a*:= a~! mod q).

Step2. Lemmermeyer DFik = SRS
($)g =1 p =3¢ mod (1 - g)?t & log, p=0 mod (1— ()7

v

Step3. ¢iEFHH = fo(x) =31 (ZA:jl(_l)k(li)jl)%

log, = log, (G ™™™ (727 TIISI (L + 725 (1 - D))

_ (e (=) "

=) 1<j<g-1 21<i<q — ¢ mod (1-¢y)

_ —(—1)*5*(}) (=)t Zk _ g+1
= Zt,j,k ¢ = =(l— Cq)fq(m n) mod (1 — Cq) .

¥ Zabf 2022 K S A (Lemmermeyer DFL (7)) = 7 ubf 2022(7) B E A (Kummer #5fi)
= 2023 R SHEXA-FIE A (FERE) = 7 afif 2023 ILAX A LHEEE (FHEEDHTL)
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AERH D #EFT 1

Stepl. Kummer Bi5f = AR ITDRE

p= " I (m — gl € ZIG,) (0" = a™" mod g).

Kummer ¥z

Q p g K(()/Q(¢) TR Q)
& vy(p) =0 mod g. ép) \
0 4= (1-G)|aHK(C)/QG) TR\ M,
& p =367 mod g9. 9& <
Xz, Q(¢q)
o

o 5 p= Zg:_é mind~ 171 = Na(epyyalm —ndy)
= (m—nd) | p = pg DIVTARIYI.

e p TAIIE « Z:1F @ « Step2, 3.

o K(()/Q: 7—NEKR = FEBOPE.
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AlLFH D HEFT 2

Step2. Lemmermeyer DF{E = SIS
(%)q =1 pu=3¢ mod (1-¢()" s log, p =0 mod (1 — sy

4

o HMILEGRTE L log, &7 = qlog, £ € q(1— () = (1= ()7 IEED.
o KEFKHN ¢ =41 — (41)7 mod (1—¢,)°.

= mo - 2
e A= mod (1—¢y)° A=¢ meg (1=¢a)

~ ().
o (=) TIHMEED & HixfH
v LGl /(L= )t D {"g Tt =+

log, A =0 mod (1 —¢,)°
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AlLPH D EERT 3

Step3. ¢ HEFH = f,(@) = 201 (Ziep (D" ()40
(=% () G2 ék _ ny.

log, = Zt,j,k i =1 =) (s

o itEDob % JHIRS.
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0 g>3 p=" mnd 1, fi(x) = Zgzl(ZkEjl(_l)k(li)jl)th'

(), =1 fulz) = 2 1= {a— fy(a) mod ¢%}.

o S&ff: p= Y1) mint™! " = Ny, /a(m — ngy).
o Kummer-Lemmermeyer: (%)q =1& p=3¢ mod (1— ()7t

& log, =0 mod (1 — )7
o AMH: log, = (1— (o) fe(2%) mod (1 — ()7t

o p DEMNEFHDLNLED?
o (3), Ger#a) (3) (A, (3) Ourezig)Ti?

o fylx) =31, <21<]kl<q 1(— )k(,i)jl> %t vs. BEyoy,

k=jl mod ¢q
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