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1  Hilbert-Siegel modular group

Let F' be a totally real number field of degree d. We denote the ring of integers and
the unit group of F' by 0 = op and 0™ = o5.

The embeddings of F into R are denoted by ¢V, ..., (4. For a € F, we set
1D(a) =a® (i =1,...,d). a € F is totally positive if aV),... a(¥ > 0. We write
a > 0 if a € F is totally positive. The set of totally real elements of F' is denoted by
FY. Put op | =opNFY. This is a subgroup of o of finite index.

For a ring R, the symplectic group Sp,,,(R) is given by

SD(R) = {7 € SLam(R) | 'g0ng = win},  w = (2 _01>'

(0] — m )
C _D

g€Sp,,(R) <= A'B=DB'A,C'C=D'C,A'D—-B'C =1,,.
Definition 1. For an integral ideal n of F', we put
I'(n) = {y € Sp,,(0F) [7 = 12m € Mam(n)} .
I'(n) is called the principal congruence subgroup of Sp,,(0r) of level n.

Definition 2. A subgroup I' C Sp,,(F') is called a congruence subgroup of Sp,, (F')
if there is a integral ideal n such that I'(n) C I" and [I" : I'(n)] < 0.



Example: For fractional ideal a, b of F' such that ab C op,

Ila, b] = {(‘i 2) € S, (F)

is a congruence subgroup of Sp,, (F).

a,d € M, (0), b € M,,(a), c € Mm(b)}

Let A = A be the adele ring of F'. It is known that the strong approximation
property holds for Sp,,, i.e., for any place v of F', Sp,,,(F')Sp,,,(Fy) is dense in Sp,,, (A).
In particular, Sp,,(F) is dense in Sp,,(Agy,), where Ag, is the finite adele ring of F,
when Sp,, (F) is regarded as a subgroup of Sp,,, (Agy).

As a fundamental system of neighbourhood of the unit element of Sp,,(Agy,), one

can choose
K<n) = {g € Spm(Aﬁn) |g - 12m € M2m(na)} .

Here, n extends over all integral ideals of F. By definition, we have K(n) N Sp,, (F) =
I'(n).

Theorem 1. We think of Sp,,(F) as a subgroup of Sp,,(Aan). Let I' C Sp,,(F)
be a congruence subgroup. Then the closure T' of T' in Sp,,(Agn) s a compact open
subgroup of Sp,,, (Aqn)-

Conversely, let C' C Sp,,,(Agn) be a compact open subgroup. Then C' N Sp,,(F) is a
congruence subgroup of Sp,,, (F').

By this correspondence, congruence subgroups of Sp,, (F) correspond to compact

open subgroups of Sp,,,(Aayn) in one-to-one way.

Proof. Suppose that C is a compact open subgroup of Sp,,, (Agy) and that C D K(n).
Put I' = Sp,,,(F) N C. Since C is an open and closed subgroup of Sp,, (Ag,), we have
T = C by the strong approximation property. In particular, I' contains an element of
any left coset of K(n), and so [C : K(n)] =[C:T-Kn)]=[T:I'NnK(n)] =[I":T'(n).
It follows that I' is a congruence subgroup of Sp,,(F'). In particular, considering the
case C' = K(n), we have I'(n) = K(n).

Conversely, suppose that I' D I'(n) is a congruence subgroup of Sp,,(F"). Then the
closure I' contains I'(n) = K(n) as a subgroup of finite index. It follows that I is
a compact open subgroup of Sp,,(Ag,). Moreover, since I' N K(n) = I'(n), we hve

[[:T(n)] = [T : K(n)]. Hence we have I' N Sp,,,(F) =T. O



2 Hilbert-Siegel modular forms

A real symmetrix matrix Y € Sym,,(R) of size m is positive definite if all the
eigenvalues of Y are positive. Write Y > 0 if Y is positive definite. Put Sym,’ (R) =
{Y € Sym,,(R)|Y > 0}. Let

B = {X +vV—-1Y € Sym,,(C) | X, Y € Sym,,,(R), Y > 0}

be the Siegel upper half space of size m. The symplectic group Sp,,(R) acts on b,,
by

v(Z)=(AZ +B)(CZ + D)™ ! for v = (é g) € Sp,,(R), Z € b,,.

Th t hy factor j(v,Z) v =
e automorphy factor j(v,Z) v
C D

> € Sp,,(R) and Z € b, is defined by

(7, Z) = det(CZ + D).

Let k = (kM k@) k@) € Z? be a multi-index of size m. Then the automorphy
factor j(vy, Z)¥ for v = (y1,...,74) € Sp,,(R)? and Z = (Z,...,Z,) € b4, is defined
by

d
. . O]
itn 2y =it 2)"".
i=1
Suppose that f(z) is a C-valued function on he . Then, for v € Sp,,(R)?, put
(flen)(2) = F(3(2))i(7. 2)7.
Then we have

(fler) k2 = fl(r172) for v1,72 € Sp,,(R)%.

Definition 3. A holomorphic function f(Z) on h¢ is a weak Hilbert-Siegel modular
form for a congruence subgroup I' if f|xy = f for any v € I.

Let f be a weak Hilbert-Siegel modular form for a congruence subgroup I'. Let m

be an integral ideal such that I'(m) C I". Then we have

f(Z+p)=f(2)  VueSym,(m).



It follows that f(Z) has a Fourier expansion
f@2)=" > as(e(€2).
£eSym(m)Y

Here,
Sym, (m)Y ={¢ € Sym,, (F) | Trp/gtr(ép) € Z, Vu € Sym,,, (m)}

d
e(£Z) =exp(2myv/—1 Z tr(€9 Z,)).

This Fourier expansion converges absolutely and uniformly on any compact subset of
hd . If f(z) is a weak Hilbert-Siegel modular form of weight k for T, then f[iv is a
weak Hilbert-Siegel modular form of weight k for y~1I'y.

A symmetrix matrix & € Sym,, (F) is totally positive definite if (V) (¢), ..., (D (¢)
are all positive definite. We write & > 0 if £ is totally positive definite. A sym-
metrix matrix £ € Sym, (F) is totally positive semi-definite if +(1)(¢), ..., (D (¢) are

all positive semi-definite. We write £ > 0 if £ is totally positive semi-definite.

Definition 4. A weak Hilbert-Siegel modular form f(Z) of weight k for I is a Hilbert-

Siegel modular form if f(Z) has a Fourier expansion of the form

(fheN)(Z) = D ary(9e(tZ)

£eSym(F)
£20

for any v € Sp,,,(F'). The space of all Hilbert-Siegel modular form of weight k for T'
is denoted by My/(T').

Definition 5. A Hilbert-Siegel modular form f(Z) of weight k for I is a Hilbert-

Siegel cusp form if f(Z) has a Fourier expansion of the form

(fheN(Z) = D ary(9e(tZ)

£€Sym(F)
£>0
for any v € Sp,,,(F). The space of all Hilbert-Siegel modular form of weight k for T’
is denoted by 8y (I).

Theorem 2 (Koecher principle). Suppose that dm > 2. Then a weak Hilbert-Siegel

modular form of weight k for I is automatically a Hilbert-Siegel modular form.
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Proof. First we consider the case m = 1 and d > 1. Choose an integral ideal m such
that I'(m) C I'. Then f(z) is stable under a translation z — z + u for p € m. Fix
y = (y1,...,ya) € (RY)?% Then as a function of x € RY, f(x 4 /—1y) is a periodic

function with period m. It follows that there is a positive number M > 0 such that
f(x+V-1y)|< M, "xecR%L

Since
1

59 = o L., TV TI)e( S V)

we have
Jay(§)] < Me?™ &),

It follows that for any ¢ € 01>§7+, € =1 mod m and and n € Z~,
af(&) < 8—nkM€27r-tr(€2"§y) V£ c mV.

Suppose that £ ¢ F7U{0}. We may assume & (1) < 0. Then by Dirichlet unit theorem,
there exists € € 0} such that eM >1, 63 e <1 We may assume ¢ = 1 mod

m. Then for n — 400, we have

g—nk627'r-tr(52”£y) 0.

Hence we have af(&) = 0.

Next, we consider the case m > 2. Let N be an integer such that I'(No) C I
PutL = Sym(No) and LY = Sym(No)Y. Then f(z)is stable under a translation
Zw— Z+pubypel. Fix

Y =YW, . YD) e Sym/ (R)?,
YO —diag(yi”,....90), wi’se >0 (i=1,....d).

Then as a function of X € Sym(R)?, f(X + /—1Y) is periodic with period L. It

follows that there exists a positive number M > 0 such that
f(X+V=1Y)| <M, YX €Sym,(R)

Since

1
)= VoltSym,, (B)17/1)

/(S o F(X +V=1Y)e(—£(X ++/—1Y)) dX,
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we have
lay(&)| < M exp(27 - tr(€y)).

It follows that for any A € SL,,(0) such that A = 1,, mod N, we have
ap(€) < Mexp(2m - tr(AETAY)) Vee LV,

Suppose that & = (§;) € Sym,,(F) is not totally positive semi-definite. We need
show that af(¢) = 0. By assumption, (1) (¢),..., (9 (¢) are not all positive semi-
definite. We may assume +(V)(¢) is not positive semi-definite. Then there exists
v = (v1,...,Un) € R™ such that vs() (&) tv < 0. Since Q™ is dense in R™, we may
assume v € Q™. Moreover, multiplying an integer, we may assume v € Z™. Let K
be a GCD of v; — vy, v1 — v3,...,v1 — vy,. By replacing v by (1,0,...,0) + KN, if

necessary, we may assume v satisfies the following conditions:

e v=(1,0,...,0) mod N.

® Uy,...,VU, are coprime.

It follows that there exists A € SL,,(Z = 1,, mod N such that the first column

), A
of A is v. By replacing € by A¢*A, we may assume that (V) (£11) < 0. Put
1 0O --- 0
0 0O --- 0
g=|" " ! 0
0 O O 1
Then we have B = 1,,, mod N and

d
tr(B"E - B") = Y (6 NPn? + 2605 Ny + (617917 + €595 + -+ €L

=1

N
1
0

One can choosing Y such that ZZ 1 521) () < 0. Then for n — o0, we have tr(B™¢ -
B"™) — —oo. Hence we have af(§) = 0, as desired. O

The following are known:

o My(I'), Sk(I") are finite-dimensional.
o If F # Q and k® # kU) for some 4,5 € {1,...,d}, then we have My (T) =
Sk (T).



3  Vector-valued Hilbert-Siegel modular forms

Put
i=(/-1-1,,...,v/—1-1,)cbhd.
The stabilizer of i in Sp,,, (Fs) ~ Sp,,,(R)? is denoted by K,. Then K, is isomorphic
to U(m)?. Here, the unitary group U(m) is considered as a subgroup of Sp,,(R) by

A B
A+\/—1Bn—>(_B A)'

For k = (ki1,...,km) € Z™ such that k; > --- > k,,, the irreducible representation
of U(m) with highest weight (ki,...,k,,) is denoted by pj. For a multi-index weight
k= (kW . kD), kO = &9 kD) e Z™ such that & > .. > k) for each i,
the irreducible representation py of U(m)? is defined by px = pr1y ® - -+ ® pya. The

representation space of py is denoted by V.
B

A
The canonical automorphy factor J(v, Z) € GL,,,(C)? for v = (C’ b

) € Sp,,,(R)

and Z € b, is defined by
J(v,Z)=CZ+ D.

Let k = (kM k@ k@), k& = &9 kD), kY >0 > kY be a multi-index
weight of size m. Then py(J (v, Z)) € GL(V,,) for v = (71,...,74) € Sp,,(R)¢ and
Z =(Z1,...,24) € b2 is an automorphy factor. Suppose that f(z) is a V,, -valued
function on h¢ . Then, for v € Sp,, (R)?, put

(flw)(Z) = p(I (7. 2)) T F(1(2))

Then we have

(flox ) o2 = flo(1172) for v1,72 € Sp,, (R)%.

Definition 6. A V,, -valued holomorphic function f(Z) on h¢, is a weak Hilbert-
Siegel modular form of vector weight px for a congruence subgroup I'if f|, v = f for

any v €.

Remark 1. p = py is usually called the weight px. But, since the word “weight” is

somewhat confusing, we use the word “vector weight” here.
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Let f be a weak Hilbert-Siegel modular form for a congruence subgroup I' of vector

weight px. Let m be an integral ideal such that I'(m) C I". Then we have
f(Z+p)=f(Z)  VueSym,(m)

It follows that f(Z) has a Fourier expansion

(2= ) a©e2).
£€Sym(m)Y
This Fourier expansion converges absolutely and uniformly on any compact subset of
hd,. If f(z) is a weak Hilbert-Siegel modular form of vector weight py for ', then
flpv is a weak Hilbert-Siegel modular form of vector weight py for v~ 'I'y.

Definition 7. A weak Hilbert-Siegel modular form f(Z) of vector weight py for I is

a Hilbert-Siegel modular form if f(Z) has a Fourier expansion of the form

Flp(Z) = Y ary(§e(l2)

£€Sym(F)
£20

for any v € Sp,,(F'). The space of all Hilbert-Siegel modular form of vector weight
px for I' is denoted by M, (I).

Definition 8. A Hilbert-Siegel modular form f(Z) of vector weight py for I' is a

Hilbert-Siegel cusp form if f(Z) has a Fourier expansion of the form

Fla)(Z) = > apy(§e(éZ)
€€S£y>H(1)(F)

for any v € Sp,,,(F'). The space of all Hilbert-Siegel modular form of vector weight
px for I' is denoted by 8§, (T').

It is known that if k%) < 0 for some 4, then M, (I') = 0. The Koecher principle
holds for vector-valued Hilbert-Siegel modular forms. It is also known that M, (T')

and 8, (I') are finite-dimensional vector spaces.



4 Hilbert-Siegel modular forms on Sp,,(A)

The adele group Sp,,, (A) of Sp,, is given by

Sp.(8) = (H Spm(%)> x <H Spm(Fv)> ,

& \v¢6 veES

where G extends over finite sets of places of F' containing all archimedean places.
Let I' be a congruence subgroup of Sp,,,(¥') and Kr its closure in Sp,, (Agy,). Then

the strong approximation property, we have

Here, F,, ~ R? is the infinite part of A. When Sp,,(F) is regarded as a subgroup of

Sp,, (A), we have
Spm(F) N KF : Spm(Foo) =TI.

Let f(Z) be a Hilbert-Siegel modular form of vector weight p = py for I'. Then we
can construct a V,-valued function ¢(g) as follows.

For g € Sp,,,(A), choose a decomposition
g=7v-u-h, v € Sp,,,(F), ue€ Kr, h € Sp,,(Fuo)

and put
or(9) = (flph) ().

Then we have a well-defined V,-valued function ¢ on Sp,,(A). In fact, let
g=~"-u N, v € Sp,,(F), v € Kr, b/ € Sp,,,(Fx)

be another decomposition. Then § := v/ 1 eT. Let 0fin and do, be the finite and

infinite part of §. Then we have
v = dgnu, h' = d8.0h

and so

flch” = floboch = floh.

Hence ¢¢(g) is well-defined.



Let g and £ be the complexification of the Lie algebra of Sp,,(F) and K, re-
spectively. Then we have a Cartan decomposition g = €@ p, p = p™ @ p~ such

that
& pE cp®, prpTl=p,p =0, [pTp]=¢t

Note that in the case d = 1, we have

X X
0= { (X; _tjﬁ) ‘ X1, X2, X5 € My (C), X ="Xs, X3 = txg} :

(A _B) ‘ A, BeM,(C), —A="A, B:tB},
(A
(

/17 _Z)‘ZeMm(C),Z:tZ},
- { B Z _gz)‘ZeMm(C),Z:tz}.

The element of p~ acts on a function on h?¢ by an anti-holomorphic differential op-
erator. Since f is a holomorphic function on h?,, we have p~ - ¢y = 0.

Let U(g) and Z(g) be the enveloping algebra of g and its center, respectively.

An element of U(g) (resp. Z(g)) acts on C*(Sp,, (Fx)) as a left invariant (resp.
bi-invariant) differential operator. A ring homomorphism x : Z(g) — C is called an
infinitesimal character.

Let h C € be a Cartan subalgebra of €. Then b is also a Cartan subalgebra of g.
Let W = W (g, h) be the Weyl group. By the Harish-Chandra isomorphism, we have
Z(g) ~ C[h]"". The Cartan subalgebra is isomorphic to C” x --- x C™. Let xi be

v~

d times
the infinitesimal character determined by
d m
1 1 d d i A\ 7r(d
H®P, B, HD, Y HD D) = SOS(6 — )H®.
i=1 j=1

Proposition 1. We have z - ¢5 = xk(2)¢s for any f € M, (T).

Proof. Let n? and n, be the maximal nilotent subalgebras of £, corresponding to
positive and negative root systems, respectively. Since ¢¢(gk) = p(k)p¢(g) for k €
K, we may assume ¢ is a highest weight vector, i.e., N - ¢y = 0 for any N € n;'.
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Putn=p" + n;. Then n is a maximal nilpotent subalgebra of g. Then we have

ﬂ'¢f:0,
Hoor= (3K o
i=1 j=1
for
H=@HY Y, . HY, .. CHY B HD)Y e,

Let § be the half the sum of roots in n. Then we have

By the Poincare-Birkoff-Witt theorem, we have C[h] N U(g)n = 0 and Z(g) C Clh] +
U(g)n. Let v : Z(g) — C[b] be the first projection. Let o : h — C[h] be the map
given by o(H) = H —§(H). Then the Harish-Chandra isomorphism « : Z(g) ~ C[H]"V

is induced by v = o o v’. Since

d m
v H) b = | SR ) | o

i=1 j=1

We obtain the proposition.

Let M, (Sp,,, (F)\Sp,,,(A)/Kr) be the space of all ¢ such that f € M,(I'). Then it
is known that an element ¢ € M,(Sp,,,(F)\Sp,,(A)/Kr) is characterized as a function

on Sp,,(A) with the properties:

(1) ¢ is left Sp,, (F') invariant.
(2) ¢ is right Kr invariant.

(3) For h € Ko, ~ U(m)4, we have ¢(gh) = p(h)¢(g).
(4) p~0=0.

(5) z-¢pf = xx(2)¢s for any z € Z(g).

(6) ¢ is slowly increasing on Sp,, (A).

When dm > 1, the condition (5) is not necessary by the Koecher principle.
For 6 € Sp,,(F), we have f|xds € My(671T8). Moreover, we have

D(flsa)(9) = D (gda)).
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Here, 05, and 0, are the finite and infinite part of §, respectively. In fact, let
g="7-u-he, v €8Sp,,(F), uwecd 'Krd, he €Sp,,(Fx)
be a decomposition. Then we have
D(fes0) (9) = (fkdo0) lichoo ) () = (f [kFoo o0 ) (1)-
Note that a decomposition of f§ﬁ_nl is given by
90 = (767 1)(0u6™")-(Bochoo), Y0 € Sp,,(F), 6ud™" € Kr, dschoo € Spy, (Foo).
Hence we have ¢7(g6; ') = (f|xdoohoo)(i). Tt follows that
9710 (9) = (Fldochoc) () = d7(905,).

Definition 9.

M (Spy, (F)\Sp,y, (A —UM (SPy (F)\SP,,, (A)/Kr)

85 (SPy (F)\SPy (A US (SP,(F)\SP,, (A)/Kr)

By what we have seen as above, the finite adele group Sp,,(Ag,) acts on
M, (Sp,,,(F')\Sp,,(A)) and 8,(Sp,,(F)\Sp,,(A)) by right translation.

Definition 10. A (C-valued) function ¢ on Sp,,(F)\Sp,,(A) is an automophic form
on Sp,, (F)\Sp,,(A) of infinitesimal character y and K..-type p if the following con-
ditions hold:

1
2

is left Sp,,, (F') invariant.

is right K invariant for some compact open subgroup K C Sp,,,(Agy,)-

(1) ¢
(2) ¢
(3) ¢ has an infinitesimal character Y, i.e., z - ¢ = x(z)¢ for any z € Z(g).
(4) By the action of K, by the right translation, ¢ has a K.-type p.

(5) ¢

5) ¢ is slowly increasing on Sp,, (A).

The space of automorphic form on Sp,, (F)\Sp,,(A) of infinitesimal character y and
K type p is denoted by A(Sp,, (F)\Sp,,(A); x; p).

Put
ASP, (F\SP, (A); x5 p)P = {9 € A(Sp,, (F)\Sp,,(A); x5 p) | P~ ¢ = 0}.
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Then we have
My (SPy (F)\SP,, (A)) @ V) = A(Sppy, (F)\SP, (A); X3 p)7
Here, va is the dual space of V,,. This isomorphism is given by

f®vv — (ngf,vv)
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