
Hilbert-Siegel modular forms and automorphic forms on adele groups

Tamotsu Ikeda (Kyoto university)

Sep. 15, 2018, at Hakuba

1 Hilbert-Siegel modular group

Let F be a totally real number field of degree d. We denote the ring of integers and

the unit group of F by o = oF and o× = o×F .

The embeddings of F into R are denoted by ι(1), . . ., ι(d). For a ∈ F , we set

ι(i)(a) = a(i) (i = 1, . . . , d). a ∈ F is totally positive if a(1), . . . , a(d) > 0. We write

a ≫ 0 if a ∈ F is totally positive. The set of totally real elements of F is denoted by

F×
+ . Put o×F,+ = o×F ∩ F×

+ . This is a subgroup of o×F of finite index.

For a ring R, the symplectic group Spm(R) is given by

Spm(R) = {γ ∈ SL2m(R) | tgwmg = wm}, wm =

(
0 −1
1 0

)
.

For g =

(
A B

C D

)
∈ GL2m(R),

g ∈ Spm(R) ⇐⇒ A tB = B tA, C tC = D tC, A tD −B tC = 1m.

Definition 1. For an integral ideal n of F , we put

Γ(n) = {γ ∈ Spm(oF ) γ − 12m ∈ M2m(n)} .

Γ(n) is called the principal congruence subgroup of Spm(oF ) of level n.

Definition 2. A subgroup Γ ⊂ Spm(F ) is called a congruence subgroup of Spm(F )

if there is a integral ideal n such that Γ(n) ⊂ Γ and [Γ : Γ(n)] < ∞.
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Example: For fractional ideal a, b of F such that ab ⊂ oF ,

Γ[a, b] =

{(
a b
c d

)
∈ Sp+m(F ) a, d ∈ Mm(o), b ∈ Mm(a), c ∈ Mm(b)

}
is a congruence subgroup of Spm(F ).

Let A = AF be the adele ring of F . It is known that the strong approximation

property holds for Spm, i.e., for any place v of F , Spm(F )Spm(Fv) is dense in Spm(A).
In particular, Spm(F ) is dense in Spm(Afin), where Afin is the finite adele ring of F ,

when Spm(F ) is regarded as a subgroup of Spm(Afin).

As a fundamental system of neighbourhood of the unit element of Spm(Afin), one

can choose
K(n) = {g ∈ Spm(Afin) g − 12m ∈ M2m(nô)} .

Here, n extends over all integral ideals of F . By definition, we have K(n)∩Spm(F ) =

Γ(n).

Theorem 1. We think of Spm(F ) as a subgroup of Spm(Afin). Let Γ ⊂ Spm(F )

be a congruence subgroup. Then the closure Γ̄ of Γ in Spm(Afin) is a compact open

subgroup of Spm(Afin).

Conversely, let C ⊂ Spm(Afin) be a compact open subgroup. Then C ∩ Spm(F ) is a

congruence subgroup of Spm(F ).

By this correspondence, congruence subgroups of Spm(F ) correspond to compact

open subgroups of Spm(Afin) in one-to-one way.

Proof. Suppose that C is a compact open subgroup of Spm(Afin) and that C ⊃ K(n).

Put Γ = Spm(F )∩C. Since C is an open and closed subgroup of Spm(Afin), we have

Γ = C by the strong approximation property. In particular, Γ contains an element of

any left coset of K(n), and so [C : K(n)] = [C : Γ ·K(n)] = [Γ : Γ∩K(n)] = [Γ : Γ(n)].

It follows that Γ is a congruence subgroup of Spm(F ). In particular, considering the

case C = K(n), we have Γ(n) = K(n).

Conversely, suppose that Γ ⊃ Γ(n) is a congruence subgroup of Spm(F ). Then the

closure Γ̄ contains Γ(n) = K(n) as a subgroup of finite index. It follows that Γ̄ is

a compact open subgroup of Spm(Afin). Moreover, since Γ ∩ K(n) = Γ(n), we hve

[Γ : Γ(n)] = [Γ̄ : K(n)]. Hence we have Γ̄ ∩ Spm(F ) = Γ.
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2 Hilbert-Siegel modular forms

A real symmetrix matrix Y ∈ Symm(R) of size m is positive definite if all the

eigenvalues of Y are positive. Write Y > 0 if Y is positive definite. Put Sym+
m(R) =

{Y ∈ Symm(R) |Y > 0}. Let

hm = {X +
√
−1Y ∈ Symm(C) |X,Y ∈ Symm(R), Y > 0}

be the Siegel upper half space of size m. The symplectic group Spm(R) acts on hm

by

γ(Z) = (AZ +B)(CZ +D)−1 for γ =

(
A B
C D

)
∈ Spm(R), Z ∈ hm.

The automorphy factor j(γ, Z) γ =

(
A B

C D

)
∈ Spm(R) and Z ∈ hm is defined by

j(γ, Z) = det(CZ +D).

Let k = (k(1), k(2), . . . , k(d)) ∈ Zd be a multi-index of size m. Then the automorphy

factor j(γ, Z)k for γ = (γ1, . . . , γd) ∈ Spm(R)d and Z = (Z1, . . . , Zd) ∈ hdm is defined

by

j(γ, Z)k =

d∏
i=1

j(γi, Zi)
k(i)

.

Suppose that f(z) is a C-valued function on hdm. Then, for γ ∈ Spm(R)d, put

(f |kγ)(Z) = f(γ(Z))j(γ, Z)−k.

Then we have

(f |kγ1)|kγ2 = f |k(γ1γ2) for γ1, γ2 ∈ Spm(R)d.

Definition 3. A holomorphic function f(Z) on hdm is a weak Hilbert-Siegel modular

form for a congruence subgroup Γ if f |kγ = f for any γ ∈ Γ.

Let f be a weak Hilbert-Siegel modular form for a congruence subgroup Γ. Let m

be an integral ideal such that Γ(m) ⊂ Γ. Then we have

f(Z + µ) = f(Z) ∀µ ∈ Symm(m).
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It follows that f(Z) has a Fourier expansion

f(Z) =
∑

ξ∈Sym(m)∨

af (ξ)e(ξZ).

Here,

Symm(m)∨ ={ξ ∈ Symm(F ) |TrF/Qtr(ξµ) ∈ Z, ∀µ ∈ Symm(m)}

e(ξZ) = exp(2π
√
−1

d∑
i=1

tr(ξ(i)Zi)).

This Fourier expansion converges absolutely and uniformly on any compact subset of

hdm. If f(z) is a weak Hilbert-Siegel modular form of weight k for Γ, then f |kγ is a

weak Hilbert-Siegel modular form of weight k for γ−1Γγ.

A symmetrix matrix ξ ∈ Symm(F ) is totally positive definite if ι(1)(ξ), . . . , ι(d)(ξ)

are all positive definite. We write ξ > 0 if ξ is totally positive definite. A sym-

metrix matrix ξ ∈ Symm(F ) is totally positive semi-definite if ι(1)(ξ), . . . , ι(d)(ξ) are

all positive semi-definite. We write ξ ≥ 0 if ξ is totally positive semi-definite.

Definition 4. A weak Hilbert-Siegel modular form f(Z) of weight k for Γ is a Hilbert-

Siegel modular form if f(Z) has a Fourier expansion of the form

(f |kγ)(Z) =
∑

ξ∈Sym(F )
ξ≥0

af,γ(ξ)e(ξZ)

for any γ ∈ Spm(F ). The space of all Hilbert-Siegel modular form of weight k for Γ

is denoted by Mk(Γ).

Definition 5. A Hilbert-Siegel modular form f(Z) of weight k for Γ is a Hilbert-

Siegel cusp form if f(Z) has a Fourier expansion of the form

(f |kγ)(Z) =
∑

ξ∈Sym(F )
ξ>0

af,γ(ξ)e(ξZ)

for any γ ∈ Spm(F ). The space of all Hilbert-Siegel modular form of weight k for Γ

is denoted by Sk(Γ).

Theorem 2 (Koecher principle). Suppose that dm ≥ 2. Then a weak Hilbert-Siegel

modular form of weight k for Γ is automatically a Hilbert-Siegel modular form.
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Proof. First we consider the case m = 1 and d > 1. Choose an integral ideal m such

that Γ(m) ⊂ Γ. Then f(z) is stable under a translation z 7→ z + µ for µ ∈ m. Fix

y = (y1, . . . , yd) ∈ (R×
+)

d. Then as a function of x ∈ Rd, f(x +
√
−1y) is a periodic

function with period m. It follows that there is a positive number M > 0 such that

|f(x+
√
−1y)| < M, ∀x ∈ Rd.

Since

af (ξ) =
1

Vol(Rd/n)

∫
Rd/n

f(x+
√
−1y)e(−ξ(x+

√
−1y)) dx,

we have
|af (ξ)| ≤ Me2π·tr(ξy).

It follows that for any ε ∈ o×F,+, ε ≡ 1 mod m and and n ∈ Z>0,

af (ξ) ≤ ε−nkMe2π·tr(ε
2nξy) ∀ξ ∈ m∨.

Suppose that ξ ̸∈ F×
+ ∪{0}. We may assume ξ(1) < 0. Then by Dirichlet unit theorem,

there exists ε ∈ o×+ such that ε(1) > 1, ε(2), . . . , ε(d) < 1. We may assume ε ≡ 1 mod

m. Then for n −→ +∞, we have

ε−nke2π·tr(ε
2nξy) −→ 0.

Hence we have af (ξ) = 0.

Next, we consider the case m ≥ 2. Let N be an integer such that Γ(No) ⊂ Γ.

PutL = Sym(No) and L∨ = Sym(No)∨. Then f(z)is stable under a translation

Z 7→ Z + µ by µ ∈ L. Fix

Y =(Y (1), . . . , Y (d)) ∈ Sym+
m(R)d,

Y (i) =diag(y
(i)
1 , . . . , y(i)m ), y

(i)
1 , . . . , y(i)m > 0, (i = 1, . . . , d).

Then as a function of X ∈ Sym(R)d, f(X +
√
−1Y ) is periodic with period L. It

follows that there exists a positive number M > 0 such that

|f(X +
√
−1Y )| < M, ∀X ∈ Symm(R)d

Since

af (ξ) =
1

Vol(Symm(R)d/L)

∫
(Symm(R)d/L

f(X +
√
−1Y )e(−ξ(X +

√
−1Y )) dX,
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we have
|af (ξ)| ≤ M exp(2π · tr(ξy)).

It follows that for any A ∈ SLm(o) such that A ≡ 1m mod N , we have

af (ξ) ≤ M exp(2π · tr(Aξ tAY )) ∀ξ ∈ L∨.

Suppose that ξ = (ξij) ∈ Symm(F ) is not totally positive semi-definite. We need

show that af (ξ) = 0. By assumption, ι(1)(ξ), . . . , ι(d)(ξ) are not all positive semi-

definite. We may assume ι(1)(ξ) is not positive semi-definite. Then there exists

v = (v1, . . . , vm) ∈ Rm such that vι(1)(ξ) ·tv < 0. Since Qm is dense in Rm, we may

assume v ∈ Qm. Moreover, multiplying an integer, we may assume v ∈ Zm. Let K

be a GCD of v1 − v2, v1 − v3, . . . , v1 − vm. By replacing v by (1, 0, . . . , 0) +KNv, if

necessary, we may assume v satisfies the following conditions:

• v ≡ (1, 0, . . . , 0) mod N .

• v1, . . . , vm are coprime.

It follows that there exists A ∈ SLm(Z), A ≡ 1m mod N such that the first column

of A is v. By replacing ξ by Aξ tA, we may assume that ι(1)(ξ11) < 0. Put

B =



1 N 0 · · · 0
0 1 0 · · · 0
0 0 1 0
...

...
. . .

0 0 0 1

 .

Then we have B ≡ 1m mod N and

tr(Bnξ ·tBn) =
d∑

i=1

(ξ
(i)
11N

2n2 + 2ξ
(i)
12Nn)y

(i)
2 + (ξ

(i)
11 y

(i)
1 + ξ

(i)
22 y

(i)
2 + · · ·+ ξ(i)mmy(i)m ).

One can choosing Y such that
∑d

i=1 ξ
(i)
11 y

(i)
2 < 0. Then for n → ∞, we have tr(Bnξ ·t

Bn) → −∞. Hence we have af (ξ) = 0, as desired.

The following are known:

• Mk(Γ), Sk(Γ) are finite-dimensional.

• If F ̸= Q and k(i) ̸= k(j) for some i, j ∈ {1, . . . , d}, then we have Mk(Γ) =

Sk(Γ).
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3 Vector-valued Hilbert-Siegel modular forms

Put
i = (

√
−1 · 1m, . . . ,

√
−1 · 1m) ∈ hdm.

The stabilizer of i in Spm(F∞) ≃ Spm(R)d is denoted by K∞. Then K∞ is isomorphic

to U(m)d. Here, the unitary group U(m) is considered as a subgroup of Spm(R) by

A+
√
−1B 7→

(
A B
−B A

)
.

For k = (k1, . . . , km) ∈ Zm such that k1 ≥ · · · ≥ km, the irreducible representation

of U(m) with highest weight (k1, . . . , km) is denoted by ρk. For a multi-index weight

k = (k(1), . . . , k(d)), k(i) = (k
(i)
1 , . . . , k

(i)
m ) ∈ Zm such that k

(i)
1 ≥ · · · ≥ k

(i)
m for each i,

the irreducible representation ρk of U(m)d is defined by ρk = ρk(1) ⊗ · · · ⊗ ρk(d) . The

representation space of ρk is denoted by Vρk
.

The canonical automorphy factor J(γ, Z) ∈ GLm(C)d for γ =

(
A B

C D

)
∈ Spm(R)

and Z ∈ hm is defined by
J(γ, Z) = CZ +D.

Let k = (k(1), k(2), . . . , k(d)), k(i) = (k
(i)
1 , . . . , k

(i)
m ), k

(i)
1 ≥ · · · ≥ k

(i)
m be a multi-index

weight of size m. Then ρk(J(γ, Z)) ∈ GL(Vρk
) for γ = (γ1, . . . , γd) ∈ Spm(R)d and

Z = (Z1, . . . , Zd) ∈ hdm is an automorphy factor. Suppose that f(z) is a Vρk
-valued

function on hdm. Then, for γ ∈ Spm(R)d, put

(f |ρk
γ)(Z) = ρk(J(γ, Z))−1f(γ(Z))

Then we have

(f |ρk
γ1)|ρk

γ2 = f |ρk
(γ1γ2) for γ1, γ2 ∈ Spm(R)d.

Definition 6. A Vρk
-valued holomorphic function f(Z) on hdm is a weak Hilbert-

Siegel modular form of vector weight ρk for a congruence subgroup Γ if f |ρk
γ = f for

any γ ∈ Γ.

Remark 1. ρ = ρk is usually called the weight ρk. But, since the word “weight” is

somewhat confusing, we use the word “vector weight” here.
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Let f be a weak Hilbert-Siegel modular form for a congruence subgroup Γ of vector

weight ρk. Let m be an integral ideal such that Γ(m) ⊂ Γ. Then we have

f(Z + µ) = f(Z) ∀µ ∈ Symm(m).

It follows that f(Z) has a Fourier expansion

f(Z) =
∑

ξ∈Sym(m)∨

af (ξ)e(ξZ).

This Fourier expansion converges absolutely and uniformly on any compact subset of

hdm. If f(z) is a weak Hilbert-Siegel modular form of vector weight ρk for Γ, then

f |ρk
γ is a weak Hilbert-Siegel modular form of vector weight ρk for γ−1Γγ.

Definition 7. A weak Hilbert-Siegel modular form f(Z) of vector weight ρk for Γ is

a Hilbert-Siegel modular form if f(Z) has a Fourier expansion of the form

(f |ρk
γ)(Z) =

∑
ξ∈Sym(F )

ξ≥0

af,γ(ξ)e(ξZ)

for any γ ∈ Spm(F ). The space of all Hilbert-Siegel modular form of vector weight

ρk for Γ is denoted by Mρk
(Γ).

Definition 8. A Hilbert-Siegel modular form f(Z) of vector weight ρk for Γ is a

Hilbert-Siegel cusp form if f(Z) has a Fourier expansion of the form

(f |ρk
γ)(Z) =

∑
ξ∈Sym(F )

ξ>0

af,γ(ξ)e(ξZ)

for any γ ∈ Spm(F ). The space of all Hilbert-Siegel modular form of vector weight

ρk for Γ is denoted by Sρk
(Γ).

It is known that if k
(i)
m < 0 for some i, then Mρk

(Γ) = 0. The Koecher principle

holds for vector-valued Hilbert-Siegel modular forms. It is also known that Mρk
(Γ)

and Sρk
(Γ) are finite-dimensional vector spaces.
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4 Hilbert-Siegel modular forms on Spm(A)
The adele group Spm(A) of Spm is given by

Spm(A) =
∪
S

(∏
v/∈S

Spm(ov)

)
×

(∏
v∈S

Spm(Fv)

)
,

where S extends over finite sets of places of F containing all archimedean places.

Let Γ be a congruence subgroup of Spm(F ) and KΓ its closure in Spm(Afin). Then

the strong approximation property, we have

Spm(A) = Spm(F ) ·KΓ · Spm(F∞).

Here, F∞ ≃ Rd is the infinite part of A. When Spm(F ) is regarded as a subgroup of

Spm(A), we have
Spm(F ) ∩KΓ · Spm(F∞) = Γ.

Let f(Z) be a Hilbert-Siegel modular form of vector weight ρ = ρk for Γ. Then we

can construct a Vρ-valued function ϕf (g) as follows.

For g ∈ Spm(A), choose a decomposition

g = γ · u · h, γ ∈ Spm(F ), u ∈ KΓ, h ∈ Spm(F∞)

and put
ϕf (g) = (f |ρh)(i).

Then we have a well-defined Vρ-valued function ϕf on Spm(A). In fact, let

g = γ′ · u′ · h′, γ′ ∈ Spm(F ), u′ ∈ KΓ, h
′ ∈ Spm(F∞)

be another decomposition. Then δ := γγ′−1 ∈ Γ. Let δfin and δ∞ be the finite and

infinite part of δ. Then we have

u′ = δfinu, h′ = δ∞h

and so
f |kh′ = f |ρδ∞h = f |ρh.

Hence ϕf (g) is well-defined.
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Let g and k be the complexification of the Lie algebra of Spm(F∞) and K∞, re-

spectively. Then we have a Cartan decomposition g = k ⊕ p, p = p+ ⊕ p− such

that
[k, p±] ⊂ p±, [p+, p+] = [p−, p−] = 0, [p+, p−] = k.

Note that in the case d = 1, we have

g =

{(
X1 X2

X3 −tX1

)
X1, X2, X3 ∈ Mm(C), X2 = tX2, X3 = tX3

}
,

k =

{(
A −B
B A

)
A,B ∈ Mm(C), −A = tA, B = tB

}
,

p+ =

{(
Z

√
−1Z√

−1Z −Z

)
Z ∈ Mm(C), Z = tZ

}
,

p− =

{(
Z −

√
−1Z

−
√
−1Z −Z

)
Z ∈ Mm(C), Z = tZ

}
.

The element of p− acts on a function on hdm by an anti-holomorphic differential op-

erator. Since f is a holomorphic function on hdm, we have p− · ϕf = 0.

Let U(g) and Z(g) be the enveloping algebra of g and its center, respectively.

An element of U(g) (resp. Z(g)) acts on C∞(Spm(F∞)) as a left invariant (resp.

bi-invariant) differential operator. A ring homomorphism χ : Z(g) → C is called an

infinitesimal character.

Let h ⊂ k be a Cartan subalgebra of k. Then h is also a Cartan subalgebra of g.

Let W = W (g, h) be the Weyl group. By the Harish-Chandra isomorphism, we have

Z(g) ≃ C[h]W . The Cartan subalgebra is isomorphic to Cm × · · · × Cm︸ ︷︷ ︸
d times

. Let χk be

the infinitesimal character determined by

(H
(1)
1 ,H

(1)
2 , . . . ,H(1)

m , . . . . . . , H
(d)
1 ,H

(d)
2 , . . . , H(d)

m ) 7→
d∑

i=1

m∑
j=1

(k
(i)
j − j)H

(d)
j .

Proposition 1. We have z · ϕf = χk(z)ϕf for any f ∈ Mρk
(Γ).

Proof. Let n+k and n−k be the maximal nilotent subalgebras of k, corresponding to

positive and negative root systems, respectively. Since ϕf (gk) = ρ(k)ϕf (g) for k ∈
K∞, we may assume ϕf is a highest weight vector, i.e., N · ϕf = 0 for any N ∈ n+k .
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Put n = p− + n+k . Then n is a maximal nilpotent subalgebra of g. Then we have

n · ϕf = 0,

H · ϕf =

 d∑
i=1

m∑
j=1

k
(i)
j

ϕf

for
H = (H

(1)
1 ,H

(1)
2 , . . . , H(1)

m , . . . . . . ,H
(d)
1 ,H

(d)
2 , . . . , H(d)

m ) ∈ h.

Let δ be the half the sum of roots in n. Then we have

δ(H) = −
d∑

i=1

m∑
j=1

jH
(i)
j .

By the Poincare-Birkoff-Witt theorem, we have C[h] ∩ U(g)n = 0 and Z(g) ⊂ C[h] +
U(g)n. Let γ′ : Z(g) → C[h] be the first projection. Let σ : h → C[h] be the map

given by σ(H) = H−δ(H). Then the Harish-Chandra isomorphism γ : Z(g) ≃ C[h]W

is induced by γ = σ ◦ γ′. Since

γ−1(H) · ϕf =

 d∑
i=1

m∑
j=1

(k
(i)
j − j)

ϕf ,

We obtain the proposition.

Let Mρ(Spm(F )\Spm(A)/KΓ) be the space of all ϕf such that f ∈ Mρ(Γ). Then it

is known that an element ϕ ∈ Mρ(Spm(F )\Spm(A)/KΓ) is characterized as a function

on Spm(A) with the properties:

(1) ϕ is left Spm(F ) invariant.

(2) ϕ is right KΓ invariant.

(3) For h ∈ K∞ ≃ U(m)d, we have ϕ(gh) = ρ(h)ϕ(g).

(4) p−ϕ = 0.

(5) z · ϕf = χk(z)ϕf for any z ∈ Z(g).

(6) ϕ is slowly increasing on Spm(A).

When dm > 1, the condition (5) is not necessary by the Koecher principle.

For δ ∈ Spm(F ), we have f |kδ∞ ∈ Mk(δ
−1Γδ). Moreover, we have

ϕ(f |kδ∞)(g) = ϕf (gδ
−1
fin ).
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Here, δfin and δ∞ are the finite and infinite part of δ, respectively. In fact, let

g = γ · u · h∞, γ ∈ Spm(F ), u ∈ δ−1KΓδ, h∞ ∈ Spm(F∞)

be a decomposition. Then we have

ϕ(f |kδ∞)(g) = ((f |kδ∞)|kh∞)(i) = (f |kδ∞h∞)(i).

Note that a decomposition of fδ−1
fin is given by

gδ−1
fin = (γδ−1)·(δuδ−1)·(δ∞h∞), γδ−1 ∈ Spm(F ), δuδ−1 ∈ KΓ, δ∞h∞ ∈ Spm(F∞).

Hence we have ϕf (gδ
−1
f ) = (f |kδ∞h∞)(i). It follows that

ϕ(f |kδ)(g) = (f |kδ∞h∞)(i) = ϕf (gδ
−1
fin ).

Definition 9.

Mρ(Spm(F )\Spm(A)) =
∪
Γ

Mρ(Spm(F )\Spm(A)/KΓ)

Sρ(Spm(F )\Spm(A)) =
∪
Γ

Sρ(Spm(F )\Spm(A)/KΓ)

By what we have seen as above, the finite adele group Spm(Afin) acts on

Mρ(Spm(F )\Spm(A)) and Sρ(Spm(F )\Spm(A)) by right translation.

Definition 10. A (C-valued) function φ on Spm(F )\Spm(A) is an automophic form

on Spm(F )\Spm(A) of infinitesimal character χ and K∞-type ρ if the following con-

ditions hold:

(1) φ is left Spm(F ) invariant.

(2) φ is right K invariant for some compact open subgroup K ⊂ Spm(Afin).

(3) φ has an infinitesimal character χ, i.e., z · φ = χ(z)φ for any z ∈ Z(g).

(4) By the action of K∞ by the right translation, φ has a K∞-type ρ.

(5) φ is slowly increasing on Spm(A).

The space of automorphic form on Spm(F )\Spm(A) of infinitesimal character χ and

K∞ type ρ is denoted by A(Spm(F )\Spm(A); χ; ρ).

Put

A(Spm(F )\Spm(A); χ; ρ)p
−
= {ϕ ∈ A(Spm(F )\Spm(A); χ; ρ) | p−ϕ = 0}.
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Then we have

Mρ(Spm(F )\Spm(A))⊗ V ∨
ρ = A(Spm(F )\Spm(A); χ; ρ)p

−
.

Here, V ∨
ρ is the dual space of Vρ. This isomorphism is given by

f ⊗ v∨ 7→ ⟨ϕf , v
∨⟩
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