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Dark Matter in our universe
Dark Matter (DM) = Invisible gravitational source in our universe

• Indirect evidence: rotational curves of galaxy, bullet cluster, gravitational lensing

Intro

DM identification = Problem in Particle phys./Astrophys./Cosmology

[Rubin et al. (1980)] [Markevich et al. (2002)] 

[Clowe et al. (2006)]

[Oguri et al. (2018)]

• Electrically neutral
• Stable, or long-lived particle
•Non-relativistic property @structure formation
•Occupy ~1/4 of total energy density in current universe   
(Cosmic Microwave Background) [N. Aghanim, et al. [Planck Collaboration] (2020)]
•No candidate in the Standard Model

Features of DM

→ astrophysical observation suggests missing mass coherently



Particle Dark Matter

•Constructing possible DM models


•Derive precise predictions & compare w/ exp. results


•Develop new methods to probe DM

Efforts toward DM identification

•How to identify “interaction theory for DM”? 
→ Identify DM Quantum Number


• DM spin


• DM Mass


• Interaction btw DM and SM particles, etc

Hypothesis:

Our goal:

Dark matter (DM) = New particle
?

Identification of DM interaction theory

Intro

Prediction A

Prediction B

Prediction C

Constraint 2

Constraint 1

Background

※ sketch of concept
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Precision in theoretical prediction is crucial 
to reconstruct DM properties form exp.
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Figure 2: Upper: Full gamma-ray spectrum for our benchmark 5 TeV vector-DM model
including instrument-resolution e!ects (the plotted d(ωv)/dE

meas.

ω
is obtained using Eqs.

(4.64)- (4.65) where d(ωv)/dE
true

ω
at the endpoint is given by (3.36)).

This feature is a distinctive aspect of our model and is not present in the wino case.

4.3 Theoretical uncertainties and the full spectrum

In Fig. 2 we show a benchmark example in which our formula is valid. In this model, the
DM mass is of 5 TeV while the Z

→ boson has a 9 TeV mass. The Z
→-line energy amounts

to approximately 0.95 TeV in this setup (see the figure).
The width of the two gamma-ray lines in Fig. 2 is not the natural one6, but rather

we model the instrument response function as a Gaussian distribution with an energy-
dependent width, so that the measured spectrum is given by

!meas.(Eω) =
∫

dE
true

ω
G!(Eω, E

true

ω
)!true(Etrue

ω
) , (4.64)

6If instrumental e!ects were negligible (ideal detector situation), the Z → line should be treated as a
Breit-Wigner resonance with a natural width given by the Z → boson’s decay rate. [MF: If you want, we
also derived Z’ width in previous paper (2004.00884). Does this help you to enhance the analysis?] →
MF will try to conclude the theoretical uncertainty is negligible within interesting parameters!

16

γZ′ 

γγ + γZ

Question          :  How to distinguish DM spin among DM candidates w/ the same int.? (e.g. SU(2)L triplet DM) 

EFT approach  :  Achieve high precision systematically (Key: Resummation of large log) 

                          :  Framework is largely Universal (= spin independent) w/ separable features

spin triplet
0

1/2
1

spin − 1 DM annihilation spectrum



Exchange Symme.

×⟨iΦ ⟩ 0 (i = 1,2)

×HΦ ⟩ 0

SU(2)0 ≠ SU(2)1 ≠ SU(2)2 ≠ U(1)Y U(1)em

Electroweakly interacting spin-1 Dark Matter 

1-1

[MF, T. Abe, J. Hisano, K. Matsushita (2020)]

Extended EW Symme: 

×⟨1Φ = ×⟨2Φ = 1
2 (v⟨ 0

0 v⟨)
, ×HΦ = (

0
v
2 )

Vacuum expectation values:

: v⟨ ∼ 𝒪(1) TeV

: v ∼ 𝒪(100) GeV

≫



Exchange Symme.

×⟨iΦ ⟩ 0 (i = 1,2)

×HΦ ⟩ 0

SU(2)0 ≠ SU(2)1 ≠ SU(2)2 ≠ U(1)Y U(1)em

Electroweakly interacting spin-1 Dark Matter 
[MF, T. Abe, J. Hisano, K. Matsushita (2020)]

Extended EW Symme: 

Vector

even
massless

even

odd

even

Scalar Z2 parity Mass
(neutral)

(charged)


V0 =
W3

0μ − W3
2μ

2

V± =
W±

0μ − W±
2μ

2

W±
nμ =

W1
nμ ↔ iW2

nμ

2
(n = 0,1,2)

Mass

 SU(2)L triplet-like spin-1 particles, incl. stable DM candidateVA(A = 1,2,3) ∓ V0, V± :

 parity from exchange symmetry:Z2 Wa
0μ ⊃ Wa

2μ

    Z′ W′ ± h′ 

    V0 V± hD

    Z W± h
γ

∼ v⟨

∼ v

𝒪(1) TeV

𝒪(100) GeV

1-2



Non-perturbative corrections

• Sommerfeld effects   → should solve Schrödinger eq.


• Sudakov log              → should be resummed (today’s topic)

2

 (DM)V0 , V±

Z′ , W′ ±

𝒪(1) TeV

Z, W±
𝒪(100) GeV

∼∼
≫

Q. How to sum corrections systematically? → A. Soft Collinear Effective Theory

-ray spectrum from DM Annihilation  γ

Current status SU(2)L odd SU(2)L even

spin-0 　　　　　　

spin-1/2

spin-1  This work! [triplet]  

M. Beneke, et al. (2019) [triplet]
G. Ovanesyan, et al. (2018) [triplet]
M. Bauer, et al. (2015) [triplet]
 Framework is completed   

M. Beneke, et al. (2020) [doublet]
M. Baumgart, et al. (2024) [quintuplet]

Aim: Precise gamma-ray spectrum from spin-1 DM annihilation,  Key: Universality in EFT construction

https://arxiv.org/abs/1903.08702
https://arxiv.org/abs/1912.02034
https://arxiv.org/abs/1612.04814
https://arxiv.org/abs/2309.11562
https://arxiv.org/abs/1409.7392


Contents
•Introduction + Model setup 

•Soft Collinear Effective Theory (SCET) [short review]


•Construction of Soft Effective Theory [practice to construct EFT] 

•SCET for spin-1 DM 

•Results 

•Summary & Discussions



Soft Collinear Effective Theory
[Short review]

Original: [C. W. Bauer, S. Fleming, M. Luke (2000)] in the context of 

Review:  [T. Becher, A. Broggio, A. Ferroglia (2015) [arXiv: 1410.1892]]

Review:  [T. Becher’s lecture note @Les Houches 2017 [arXiv: 1803.04310]]

B → Xsγ



BU

Large log in QED [review]
Sudakov double log

• What is observed cross section in the realistic experiments?   
Answer:   [  finite energy resolution]


• -dependence cancels in the total amplitude including soft photons


• Double log corrections (  ) appear w/ typical energy scale in loop amplitude

e−(p1) → e−(p2) + (soft photon) ≡
μ

log# log#

[Peskin-Schröder’s textbook, Ch. 6, Eq. (6.66)]

Q2 ff − q2

e− e−
p → p′ →

e− e−
p → p′ →

m : electron mass
μ : artificial cutoΩ

massless mediatore− e−
p → p′ →

→q

IR divergence @μ → 0

dσ
d∵ (p → p′ ) = ( dσ

d∵ )
0

1 − α
π

log ( Q2

m2e ) log ( Q2

μ2 ) + 𝒪 (α2)

dσ
d∵ (p → p′ + γ) = ( dσ

d∵ )
0

+ α
π

log ( Q2

m2e ) log ( Q2

μ2 ) + 𝒪 (α2)



Kinematics of Heavy DM annihilation
• Hard initial state                                 :  non-relativistic DM particles  


• Anti-collinear/Collinear particles        :  EW bosons    


• Soft radiation                                      :  EW radiation   

qμ ∼ (mDM, 0)
pμ ∼ mDMnμ, ℓμ ∼ mDMn̄μ

Λ2
s

3

 (anti-collinear)γ  (collinear)X
n = (1,0,0,1)n̄ = (1,0,0, − 1)

p ℓ
EW radiation (soft)

DM annihilation (hard)

e.g. see [M. Beneke, A. Broggio, C. Hasner, K. Urban, M. Vollmann (2019)]

[unobservable]

hard

(anti-)collinear
soft

Perturbative parameter: 

λ = mW

2mDM
or

mDM − Eγ

2mDM
  (for TeV DM)≃ 10−1

Multi-energy system



4

(Large log) appears→ Perturbative calc. breaks down

hard

(anti-)collinear
soft

Problem: The amplitude involves various scales (Q2, P2, L2, Λ2
s)

e.g.  If we take , μ = Λs log(Q2/μ2) ≫ 1

effectively 

massless

cf. Sudakov form factor in QED
[Peskin-Schröder’s textbook, Ch. 6]

massless mediatore− e−

Kinematics of Heavy DM annihilation
• Hard initial state                                 :  non-relativistic DM particles  


• Anti-collinear/Collinear particles        :  EW bosons    


• Soft radiation                                      :  EW radiation   

qμ ∼ (mDM, 0)
pμ ∼ mDMnμ, ℓμ ∼ mDMn̄μ

Λ2
s

Amplitude: ∓ # log ( Q2, P2, L2, Λ2
s

μ2 ) + # log ( Q2, P2, L2, Λ2
s

μ2 )
2

+ ⋯

affecting RGEs

Multi-energy system



Solution: Factorization

5-1

F(x, y, z) = − 3y4z4

x2 + 6y4z2

x2 − 21y2z4

x2 + 5x2y2z2 + 42y2z2

x2

−10x2y2 + 35x2z2 − 70x2 + y4z4 − 2y4z2

+7y2z4 − 29y2z2 + 30y2 − 105z2 + 210

↓ Factorization

e.g. Factorization of - polynomials (x, y, z)

= (x2 − 3) ≠ (y2 + 7) ≠ (z2 − 2) ≠ (y2z2/x2 + 5)



5-2

iℳ = (complicated func . of {Q2, P2, L2, Λ2
s})

Method of region + dim. regularizaion  
→ Separate scales of loop momentum

hard anti-collinear softcollinear

Solution: Factorization
Full theory

Matching

SCET

• In the EFT, the physics @each energy scale (hard, collinear, anti-collinear, soft) is separately described

Our strategy

We “construct” the effective theory (EFT) to reproduce the same physical result as the full theory

(Multi-energy scale system)  (single-energy system) ⇐ matching ⇒ ≠ 4

= C(Q2, μ) ≠ J(P2, μ) ≠ J̄(L2, μ) ≠ S(Λ2
s , μ)



6-1

Benefits of Factorization [1/3]
Q2−

L2−

P2 ∼ Λ2
s− log(Λ2

s /μ2)

log(Q2/μ2)

log(P2/μ2)
log(L2/μ2)

                                                                                      ×γ(p)X(ℓ) | |V0(p1)V0(p2)ΦΥA
α ΥB

β 𝒜C
μ 𝒜D

ν TABCDUαβμν

                              = ×0 |ΥΥ |V0V0Φ ≠ ×γ |𝒜 |0Φ ≠ ×Xc |𝒜 |0Φ ≠ ×Xs |YY𝒴𝒴 |0Φ

•Amplitude / Cross section is automatically factorized, and each part is calculated @natural scale



6-2

Q2−

L2−

P2 ∼ Λ2
s− log(Λ2

s /μ2)

log(Q2/μ2)

log(P2/μ2)
log(L2/μ2)RG evolution

RG evolution

•Energy evolution follows Renormalization Group (RG) equation w/ only single scale 
→ Chose  to suppress large log, then perturbative calculation is again viable! 
     (RG improved perturbation theory)

μ

Benefits of Factorization [2/3]

μ
d

dμ
Fi(p2

i , μ) = Γi ≠ Fi(p2
i , μ)

Γi = γi,1 log ( p2
i

μ2 ) + γi,2 i = {hard, (anti)collinear, soft}
Anomalous dim.



•Via RG evolution, we can systematically “resum” log corrections + finite corrections 
→ Reduction of -scale dependence & uncertainty in final predictionμ

6-3

Q2−

L2−

P2 ∼ Λ2
s− log(Λ2

s /μ2)

log(Q2/μ2)

log(P2/μ2)
log(L2/μ2)RG evolution

RG evolution

Benefits of Factorization [3/3]

Γi = γi,1 log ( p2
i

μ2 ) + γi,2 i = {hard, (anti)collinear, soft}
Anomalous dim.

Fi(p2
i , μ) = ∫

μref

μi

dμ
1
μ

γi,1 log ( p2
i

μ2 ) + γi,2

Solution
μ

d
dμ

Fi(p2
i , μ) = Γi ≠ Fi(p2

i , μ)



Construction of  
Soft Effective Theory (SET) 
[let’s practice w/o collinear particles]



[T. Becher’s lecture note @Les Houches 2017 [arXiv: 1803.04310]]

Kinematics

• Hard initial/final state                         :  electrons:  


• Collinear/Anti-collinear particles        :  No collinear particles (as long as electron is semi-relativistic:  )


• Soft photon radiation                         :  arbitrary # of soft photons w/ ,  

p1, p2 → p3, p4

Ee ∼ me

Es ≪ me Xs(qs) = γ(q1) + γ(q2) + ⋯ + γ(qn)

e.g. Semi-relativistic electron scattering

e−(p1) + e−(p2) → e−(p3) + e−(p4) + Xs(qs)

How to construct Soft Effective Theory (SET)

• Write down amplitude w/ soft photons in full theory (=QED)


• Find Feynman rules for soft photon processes


• Construct effective Lagrangian to reproduce derived amplitude


• Factorize soft correction from the electron field 
→ Factorization of Hard physics & Soft physics

Soft photons in electron-electron scattering 5

p1

p2

p3

p4

qs

Fig. 2.1 Electron-electron scattering, including soft-photon radiation.

Lω
eff = Lω

4 +
1

m2
e
Lω
6 +

1

m4
e
Lω
8 (2.2)

because the coefficients of the higher-dimensional operators involve inverse powers of
the large scale, which is me in our case. The contributions of these operators will
therefore be suppressed by powers of ω. The leading Lagrangian only involves a single
term

Lω
4 = →

1

4
FµεF

µε , (2.3)

whose coefficient can be adjusted to the canonical value by rescaling the photon field.
The leading-power effective-field-theory Lagrangian is therefore simply the one for free
photons. This makes sense, since the effective theory is obtained by integrating out
the massive particles which leaves only the photons. Integrating out the electrons does
induce higher-power operators which describe photon-photon interactions. While we
will not need them, it is an interesting exercise to analyze these higher-power terms;
the first nontrivial ones arise at dimension 8, see e.g. [10, 23].

However, Lω
eff is by itself not sufficient. While the energy of the soft radiation is too

small to produce additional electron-positron pairs, we do need to include the incoming
and outgoing electrons in the effective theory. (Due to fermion number conservation
they remain even as Eω → 0.) Consider, as in Fig. 2.2, an outgoing electron with
momentum pµ = mevµ. The momentum on internal fermion lines is p+ q, where q is a
soft photon momentum. We can expand the internal fermion propagators in the small
momentum q. Neglecting higher order terms suppressed by qµ/me, we find

∆F (p+ q) = i
p/+ q/+me

(p+ q)2 →m2
e + i0

= i
p/+me

2p · q + i0
=

v/ + 1

2

i

v · q + i0

≡ Pv
i

v · q + i0
,

(2.4)

where we introduced the projection operator

Pv =
1 + v/

2
, (2.5)

which has the properties

e−

spectra

0.5 MeV

γ
massless

∼∼

≫

SET



Amplitude in full theory (=QED)
Amplitude w/ soft photons

• Neglecting 


• On-shell condition for soft photons

𝒪(λ = Es/me)

[T. Becher’s lecture note @Les Houches 2017 [arXiv: 1803.04310]]

6 Warm up: soft effective theory

ω→(k→) ω(k)

p+ q→ p+ q p

Fig. 2.2 Soft emissions from an outgoing electron. Note that q′ = k + k′ and q = k.

v/ Pv = Pv , P 2
v = Pv , Pv ω/ Pv = Pv ω · v . (2.6)

Using these, the outgoing-leg part of the diagram in Fig. 2.2 simplifies to

ū(p)Pv
i

v · q
(→ie ω · v)Pv

i

v · q→
(→ie ω→ · v) . . . . (2.7)

This form of the expanded soft emissions is well known and called the eikonal approx-
imation.

Can we obtain the expanded expression from an effective Lagrangian? This should
be possible, we just need to view the expanded propagator (2.4) as the propagator
in the effective theory and the emissions in the expanded diagram must be resulting
from a Feynman rule →ie vµ for the electron-photon vertex. So we already know the
Feynman rules of the effective theory and just need to write down a Lagrangian which
produces them! Consider

Lv
eff = h̄v(x) iv ·Dhv(x) , (2.8)

where hv is an auxiliary fermion field which fulfills Pv hv = v/hv = hv. (Such a field can
be obtained by multiplying a regular fermion field with Pv.) As usual, the propagator
can be obtained by inverting the quadratic part of the Lagrangian in Fourier space
and multiplying by i. This indeed yields i/(v · q) as in (2.4). The factor of Pv arises
because the external spinor of the auxiliary field hv includes such a factor due to the
property Pv hv = hv of the field. Thanks to the projection property P 2

v = Pv a single
power of this matrix on the fermion line is sufficient. Also the photon vertex comes out
correctly. Inserting Dµ = εµ + ieAµ into (2.8), the vertex Feynman rule is →ievµ so
that the Lagrangian (2.8) correctly reproduces the eikonal expression (2.7) obtained
by expanding the original QED diagram. Note that the propagator of the field hv only
has a single pole in the energy corresponding to the fermion. The anti-fermion pole
has been lost in the expansion (2.4). This is perfectly fine since the field hv describes
a fermion close to its mass-shell with momentum mevµ+ qµ, where qµ is a soft-photon
momentum. In this situation anti-fermions cannot arise as external particles and their
virtual effects can be absorbed into the Wilson coefficients of the effective theory.

Our construction of (2.8) highlights the close connection between diagrammatic
methods and effective field theory: we constructed the effective Lagrangian in such a
way that it reproduces the expansion of the full-theory diagram in (2.7). We will follow
the same strategy when setting up the SCET Lagrangian below. The astute reader will
have recognized (2.8) as the Lagrangian of Heavy Quark Effective Theory (HQET),

ゲータとして以下の表式を得る.*62

!F (p+ q) =
i(/p+ /q +me)

(p+ q)2 −m2
e + iϵ

(34.755)

≃
i(/p+me)

2p · q + iϵ
(∵ p2 = m2

e, q2 ≃ 0, |p|≫ |q|) (34.756)

=
me/v +me

2me

i

v · q + iϵ
(34.757)

=
/v + 1

2

i

v · q + iϵ
(34.758)

= Pv
i

v · q + iϵ
, (34.759)

ここで

Pv ≡
1 + /v

2
, (34.760)

*62 この表式はスピンによらないことに注意. Weinbergの教科書 Sec. 13.1参照.
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Soft photons

ΔF(p + q)

iΔℳ

この性質を使ってフェルミオンの外線全体を切り出した振幅を評価すると, 以下を得る.

i!M = ū(p) (−ie/ϵ)
i(/p+ /q +me)

(p+ q)2 −m2
e

(
−ie/ϵ′

) i(/p+ /q′ +me)

(p+ q′)2 −m2
e

(34.776)

= +e2ū(p)/ϵPv
1

v · q + iϵ
/ϵ′Pv

1

v · q′ + iϵ
(34.777)

= +e2ū(p)/ϵPv(ϵ
′ · v) 1

v · q + iϵ

1

v · q′ + iϵ
(∵ Eq. (34.771)) (34.778)

= +e2ū(p)Pv/ϵPv(ϵ
′ · v) 1

v · q + iϵ

1

v · q′ + iϵ
(∵ Eq. (34.775)) (34.779)

= ū(p)Pv(−ieϵ · v)
1

v · q + iϵ
(−ieϵ′ · v) 1

v · q′ + iϵ
(∵ Eq. (34.771)) (34.780)

近似や射影演算子の性質によって意外にも簡単な表式を得ることができることに注意し
よう.

34.2.2 SETの Feynman ruleを読み出す
結果を整理すると, SETでの Feynman ruleを読み出すことができる.

i!M = ū(p) Pv︸︷︷︸
projection

(−ieϵ · v)︸ ︷︷ ︸
vertex

1

v · q + iϵ︸ ︷︷ ︸
propagator

(−ieϵ′ · v) 1

v · q′ + iϵ
. (34.781)

それぞれ, かなり簡単化された (=すでに行列が消えて因子だけになった)振幅から, 射影演
算子・頂点・伝播関数のパーツが読み出せる. この表式は, 光子の運ぶ運動量移行が小さい
という近似のもとで成立し, eikonal approximation と呼ばれている.*63 特に, 以下の二
点が簡素化する上で重要であったことに注意しよう.

• O(λ = Eω/me)の効果を無視したこと.

• 光子に関して, on-shell condition をとったこと.

34.2.3 有効ラグランジアンを構築する (補助場の導入)

いよいよ有効ラグランジアンの構築に舵を切る. なぜなら, いちいち full theoryのラグラ
ンジアンに戻って近似しなくても, 直接的に近似後の振幅を出す有効ラグランジアンを書い
てしまった方が断然楽だからである. しかも, これはすぐにできる. 34.2.2 節の Feynman

ruleを再現するようなラグランジアンを書いてしまえばいいのである. つまり,

• フェルミオンの伝播関数: 1/v · q

*63 eikonalとはギリシャ語の imageに相当する言葉が由来で, 幾何光学において光学系を通って物空間から像
空間への光線が通る道筋を与える関数のことを指す.
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ゲータとして以下の表式を得る.*62

!F (p+ q) =
i(/p+ /q +me)

(p+ q)2 −m2
e + iϵ

(34.755)

≃
i(/p+me)

2p · q + iϵ
(∵ p2 = m2

e, q2 ≃ 0, |p|≫ |q|) (34.756)

=
me/v +me

2me

i

v · q + iϵ
(34.757)

=
/v + 1

2

i

v · q + iϵ
(34.758)

= Pv
i

v · q + iϵ
, (34.759)

ここで

Pv ≡
1 + /v

2
, (34.760)

*62 この表式はスピンによらないことに注意. Weinbergの教科書 Sec. 13.1参照.
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(Projection operator)

6 Warm up: soft effective theory

ω→(k→) ω(k)

p+ q→ p+ q p

Fig. 2.2 Soft emissions from an outgoing electron. Note that q′ = k + k′ and q = k.

v/ Pv = Pv , P 2
v = Pv , Pv ω/ Pv = Pv ω · v . (2.6)

Using these, the outgoing-leg part of the diagram in Fig. 2.2 simplifies to

ū(p)Pv
i

v · q
(→ie ω · v)Pv

i

v · q→
(→ie ω→ · v) . . . . (2.7)

This form of the expanded soft emissions is well known and called the eikonal approx-
imation.

Can we obtain the expanded expression from an effective Lagrangian? This should
be possible, we just need to view the expanded propagator (2.4) as the propagator
in the effective theory and the emissions in the expanded diagram must be resulting
from a Feynman rule →ie vµ for the electron-photon vertex. So we already know the
Feynman rules of the effective theory and just need to write down a Lagrangian which
produces them! Consider

Lv
eff = h̄v(x) iv ·Dhv(x) , (2.8)

where hv is an auxiliary fermion field which fulfills Pv hv = v/hv = hv. (Such a field can
be obtained by multiplying a regular fermion field with Pv.) As usual, the propagator
can be obtained by inverting the quadratic part of the Lagrangian in Fourier space
and multiplying by i. This indeed yields i/(v · q) as in (2.4). The factor of Pv arises
because the external spinor of the auxiliary field hv includes such a factor due to the
property Pv hv = hv of the field. Thanks to the projection property P 2

v = Pv a single
power of this matrix on the fermion line is sufficient. Also the photon vertex comes out
correctly. Inserting Dµ = εµ + ieAµ into (2.8), the vertex Feynman rule is →ievµ so
that the Lagrangian (2.8) correctly reproduces the eikonal expression (2.7) obtained
by expanding the original QED diagram. Note that the propagator of the field hv only
has a single pole in the energy corresponding to the fermion. The anti-fermion pole
has been lost in the expansion (2.4). This is perfectly fine since the field hv describes
a fermion close to its mass-shell with momentum mevµ+ qµ, where qµ is a soft-photon
momentum. In this situation anti-fermions cannot arise as external particles and their
virtual effects can be absorbed into the Wilson coefficients of the effective theory.

Our construction of (2.8) highlights the close connection between diagrammatic
methods and effective field theory: we constructed the effective Lagrangian in such a
way that it reproduces the expansion of the full-theory diagram in (2.7). We will follow
the same strategy when setting up the SCET Lagrangian below. The astute reader will
have recognized (2.8) as the Lagrangian of Heavy Quark Effective Theory (HQET),

Eikonal approximation

Simplified Feynman rules
SET



Effective Lagrangian for SET
Introduce auxiliary field

この性質を使ってフェルミオンの外線全体を切り出した振幅を評価すると, 以下を得る.

i!M = ū(p) (−ie/ϵ)
i(/p+ /q +me)

(p+ q)2 −m2
e

(
−ie/ϵ′

) i(/p+ /q′ +me)

(p+ q′)2 −m2
e

(34.776)

= +e2ū(p)/ϵPv
1

v · q + iϵ
/ϵ′Pv

1

v · q′ + iϵ
(34.777)

= +e2ū(p)/ϵPv(ϵ
′ · v) 1

v · q + iϵ

1

v · q′ + iϵ
(∵ Eq. (34.771)) (34.778)

= +e2ū(p)Pv/ϵPv(ϵ
′ · v) 1

v · q + iϵ

1

v · q′ + iϵ
(∵ Eq. (34.775)) (34.779)

= ū(p)Pv(−ieϵ · v)
1

v · q + iϵ
(−ieϵ′ · v) 1

v · q′ + iϵ
(∵ Eq. (34.771)) (34.780)

近似や射影演算子の性質によって意外にも簡単な表式を得ることができることに注意し
よう.

34.2.2 SETの Feynman ruleを読み出す
結果を整理すると, SETでの Feynman ruleを読み出すことができる.

i!M = ū(p) Pv︸︷︷︸
projection

(−ieϵ · v)︸ ︷︷ ︸
vertex

1

v · q + iϵ︸ ︷︷ ︸
propagator

(−ieϵ′ · v) 1

v · q′ + iϵ
. (34.781)

それぞれ, かなり簡単化された (=すでに行列が消えて因子だけになった)振幅から, 射影演
算子・頂点・伝播関数のパーツが読み出せる. この表式は, 光子の運ぶ運動量移行が小さい
という近似のもとで成立し, eikonal approximation と呼ばれている.*63 特に, 以下の二
点が簡素化する上で重要であったことに注意しよう.

• O(λ = Eω/me)の効果を無視したこと.

• 光子に関して, on-shell condition をとったこと.

34.2.3 有効ラグランジアンを構築する (補助場の導入)

いよいよ有効ラグランジアンの構築に舵を切る. なぜなら, いちいち full theoryのラグラ
ンジアンに戻って近似しなくても, 直接的に近似後の振幅を出す有効ラグランジアンを書い
てしまった方が断然楽だからである. しかも, これはすぐにできる. 34.2.2 節の Feynman

ruleを再現するようなラグランジアンを書いてしまえばいいのである. つまり,

• フェルミオンの伝播関数: 1/v · q

*63 eikonalとはギリシャ語の imageに相当する言葉が由来で, 幾何光学において光学系を通って物空間から像
空間への光線が通る道筋を与える関数のことを指す.
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ℒeΩ =
4

∑
i=0

h̄vi
(x)ivi ⋅ Dhvi

(x) − 1
4 FμνFμν + ∑

j
Cj(v1, v2, v3, v4, me)h̄γ

v3
(x)Γjhα

v1
(x)h̄δ

v4
(x)Γjhβ

v2
(x)

• Auxiliary fermions for each velocity direction (fermions living in limited momentum region: )


• Single pole for fermion propagator 
 Fermion in SET is very close to on-shell condition  

    Anti-particle cannot appear from external lines (→ absorbed in higher dim. operators)


• All we need to do: Determine the Wilson coefficient by matching btw full-theory amplitude & SET operator


• No loop corrections to this matching (  No dimension-full quantity in SET → loop correction = scaleless integral = 0)

pμ
i ∼ mevμ

i

≡ pμ ∼ mevμ + qμ

≡

※ Pvhv = hv

SET



• Charged particle traveling along   
→ External electrons (no recoils due to soft photons, )


• Matrix element for single photon reproduces Eikonal amplitude


• Wilson line is the solution of SET’s EoM: 


• Wilson line is useful representation to make gauge singlet combination

yμ = xμ + svμ
i

Ee ≫ Es

vi ⋅ DSi(x) = 0.

Factorization of soft photon 
Wilson lines

Si(x) = exp [−ie∫
0

−∞
dsvi ⋅ A(x + svi)] .

34.2.4 ソフトな光子の効果を因子化する
さて, こうして有効理論を構築したことで, 低エネルギーと高エネルギーの物理を分離す
ることができる. ハードな電子散乱 (E ! me)は, 相互作用項のWilson係数に相当し, 高エ
ネルギースケールのme に依存する. 一方, 低エネルギーの物理は, ソフトパートとして分離
され, 光子運動量のスケール (Eω ≪ me)にしか依存しない. ソフトな物理に対応する行列
要素は, 以下のようにとても綺麗な形で表すことができる.

Si(x) = exp

[
−ie

∫ 0

−∞
dsvi ·A(x+ svi)

]
. (34.789)

このような Wilson line を導入する一つの方法は, QED のラグランジアンに道筋 yµ =

xµ + svµi に沿って伝播する点電荷を導入することである. これはまさに, 外線のフェルミオ
ンがどう振る舞うかを表している; つまり, 外線フェルミオンは光子よりももっと大きいエ
ネルギーを運んでいるので, 小さな運動量移行を担う光子を放出する時に反跳せずにまっす
ぐと一方向 (vµi の方向)に進むのである.

このWilson lineが入射する電子の光子の放出様式を再現し, 望ましい振幅を実現するか
を見るため, 以下のような終状態に一つ光子を持つ行列要素を考えてみよう. 我々は, 相互作
用のない自由場の理論を考えていることに注意すると, exponential の中の Wilson line の
中の光子の一次の項しか生き残らない. 入射粒子の積分範囲は [−∞, 0]であることに注目す
ると, 以下を得る.

⟨γ(k) |Si(0) | 0⟩ = −ie
∫ 0

−∞
dsvi · ⟨γ(k) |A(x+ svi) | 0⟩ (34.790)

= −ie (vi · ϵ(k))
∫ 0

−∞
dse−is(vi·k−iε) (34.791)

= −ie (vi · ϵ(k))
[

e−is(vi·k−iε)

−i (vi · k − iϵ)

]0

−∞
(34.792)

= e
vi · ϵ(k)
vi · k − iϵ

. (34.793)

ここで, 積分の際に収束性を担保するため, 正則化因子 ϵを導入した. 最終的に得られた表式
は, アイコナール近似で得られた振幅を再現することができた. 同様にして, 出射する電子に
よる光子の放出は以下のように表すことができる.

S̄†
i (x) = exp

[
−ie

∫ ∞

0
dsvi ·A(x+ svi)

]
. (34.794)

このWilson line を使うことによって, 同様にアイコナール近似後の振幅を再現することが
でき, それは正則因子を −iϵとして持っている (s =∞で指数関数を減衰させるため). 以下
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hvi
(x) = Si(x)h(0)

vi
(x),Decoupling transformation:

で重要になるのは, Wilson lineは以下の運動方程式を満たすという点である.

vi ·DSi(x) = 0. (34.795)

Eq. (34.789)では直感に基づきWilson lineを導入したが, もう一つの導入方法はこの運動
方程式の解として導入することである.

34.2.5 自由なフェルミオン場を導入する
上で括り出したソフトな運動量を持つ光子の放射部分を担う因子 S, S̄† をくくりだすこと
で, 自由場としてのフェルミオンを定義することができる.

hvi(x) = Si(x)h
(0)
vi (x), (34.796)

この形を補助場の運動項に代入することで, 以下の形を得る.

h̄vi(x)ivi ·Dhvi(x) = h̄(0)
vi (x)S̄

†
i (x)ivi ·DS(x)h(0)

vi (x) (34.797)

= h̄(0)
vi (x)S̄

†
i (x)S(x)ivi · ∂h

(0)
vi (x) (34.798)

= h̄(0)
vi (x)ivi · ∂h

(0)
vi (x). (34.799)

上記の変形で, 共変微分の中の光子場も落としたことに注意. この項は, 元々電子-光子の
vertexを再現するために導入していたが, 上で具体的にみたように, アイコナール近似の下
での振幅はソフト因子の行列要素を計算することによって再現される. それらが始状態にも
終状態にも含まれることによって, 運動項からはその効果が消えてしまう. 一方, 相互作用項
においてはソフト因子は相殺せずに生き残る.

!Lint =
∑

i

Ci(v1, v2, v3, v4,me)h̄
ω
v3(x)S̄

†
3”iS1h

α
v1(x)h̄

δ
v4(x)S̄

†
4”iS2h

β
v2(x). (34.800)

つまり, フェルミオンの外線上それぞれについて, Wilson lineでソフトな光子を纏わせる必
要がある.

34.2.6 SET のラグランジアンを書き下す
有効理論最後のステップは, n光子状態 (γ(k1) + γ(k2) + · · ·+ γ(kn))を含む散乱振幅を
書き表すことである. これまでの有効理論構築によって, 低エネルギーの光子は me 程度の
エネルギーを持つ自由場の電子と相互作用しなくなっていることに注意. よって, 光子の関
与する行列要素はフェルミオンのそれから分離して因子化することができる.

M =
∑

i

Ciū(v3)”iu(v1)ū(v4)”iu(v2)
〈
Xs(k)

∣∣∣ S̄†
3S1S̄

†
4S2

∣∣∣ 0
〉

(34.801)

= Mee ×
〈
Xs(k)

∣∣∣ S̄†
3S1S̄

†
4S2

∣∣∣ 0
〉
. (34.802)
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で重要になるのは, Wilson lineは以下の運動方程式を満たすという点である.

vi ·DSi(x) = 0. (34.795)
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方程式の解として導入することである.
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上で括り出したソフトな運動量を持つ光子の放射部分を担う因子 S, S̄† をくくりだすこと
で, 自由場としてのフェルミオンを定義することができる.

hvi(x) = Si(x)h
(0)
vi (x), (34.796)

この形を補助場の運動項に代入することで, 以下の形を得る.

h̄vi(x)ivi ·Dhvi(x) = h̄(0)
vi (x)S̄

†
i (x)ivi ·DS(x)h(0)

vi (x) (34.797)

= h̄(0)
vi (x)S̄

†
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(0)
vi (x) (34.798)

= h̄(0)
vi (x)ivi · ∂h

(0)
vi (x). (34.799)
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vertexを再現するために導入していたが, 上で具体的にみたように, アイコナール近似の下
での振幅はソフト因子の行列要素を計算することによって再現される. それらが始状態にも
終状態にも含まれることによって, 運動項からはその効果が消えてしまう. 一方, 相互作用項
においてはソフト因子は相殺せずに生き残る.

!Lint =
∑

i

Ci(v1, v2, v3, v4,me)h̄
ω
v3(x)S̄

†
3”iS1h

α
v1(x)h̄

δ
v4(x)S̄

†
4”iS2h

β
v2(x). (34.800)

つまり, フェルミオンの外線上それぞれについて, Wilson lineでソフトな光子を纏わせる必
要がある.

34.2.6 SET のラグランジアンを書き下す
有効理論最後のステップは, n光子状態 (γ(k1) + γ(k2) + · · ·+ γ(kn))を含む散乱振幅を
書き表すことである. これまでの有効理論構築によって, 低エネルギーの光子は me 程度の
エネルギーを持つ自由場の電子と相互作用しなくなっていることに注意. よって, 光子の関
与する行列要素はフェルミオンのそれから分離して因子化することができる.

M =
∑

i

Ciū(v3)”iu(v1)ū(v4)”iu(v2)
〈
Xs(k)

∣∣∣ S̄†
3S1S̄

†
4S2

∣∣∣ 0
〉

(34.801)

= Mee ×
〈
Xs(k)

∣∣∣ S̄†
3S1S̄

†
4S2

∣∣∣ 0
〉
. (34.802)
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Scale dependence

10 Warm up: soft effective theory

As a final step, we now use our effective theory to compute the scattering am-
plitude for M(e→(p1) + e→(p2) → e→(p3) + e→(p4) + Xs(k)), where the final state
contains n photons, Xs(k) = ω(k1) + ω(k2) + . . . ω(kn). Since the photons no longer
interact with the fermions after the decoupling, the relevant matrix element factorizes
into a fermionic part times a photonic matrix element. Using the form (2.11) of the
interaction Lagrangian, the amplitude is given by

M =
∑

i

Ci ū(v3)Γi u(v1) ū(v4)Γi u(v2) 〈Xs(k)|S̄
†
3 S1 S̄

†
4 S2|0〉

= Mee 〈Xs(k)|S̄
†
3 S1 S̄

†
4 S2|0〉 , (2.21)

where we have used in the second line that the Wilson coefficient times the spinors
is simply the amplitude Mee = M(e→(p1) + e→(p2) → e→(p3) + e→(p4)) for the pro-
cess without soft photons. So we have shown that the amplitude factorizes into an
amplitude without soft photons times a matrix element of Wilson lines. Analogous
statements hold for soft gluon emissions in QCD, except that the Wilson lines will be
matrices in color space and one has to keep track of the color indices. We can square
our factorized amplitude to obtain the cross section, which takes the form

ε = H(me, {v})S(Es, {v}) , (2.22)

where the hard function H is the cross section for the process without soft photons,

H(me, {v}) =
1

2E12E2|#v1 ↔ #v2|

d3p3
(2π)32E3

d3p4
(2π)32E4

|Mee|
2(2π)4δ(4)(p1 + p2↔ p3↔ p3) ,

(2.23)
while the soft function S is the Wilson line matrix element squared, together with the
phase-space constraints on the soft radiation,

S(Es, {v}) =

∫

Xs

∑∣
∣
∣〈Xs|S̄

†
3 S1 S̄

†
4 S2|0〉

∣
∣
∣

2
θ(Es ↔ EXs) . (2.24)

The sum and integral symbol indicates that one has to sum over the different multi-
photon final states and integrate over their phase space. Note that both the hard
and soft functions depend on the directions {v} = {v1, . . . , v4} of the electrons. For
simplicity, we only constrain the total soft energy; the constraints in real experiments
will of course be more complicated. To obtain (2.22) we expanded the small soft
momentum out of the momentum conservation δ function

δ(4)(p1 + p2 ↔ p3 ↔ p3 ↔ k) = δ(4)(p1 + p2 ↔ p3 ↔ p3) +O(λ) , (2.25)

which is then part of the hard function H in (2.23).
The Wilson-line matrix elements such as (2.24) which define the soft functions have

a very interesting property in QED: they exponentiate,

S(Es, {v}) = exp
[ α

4π
S(1)(Es, {v})

]

, (2.26)

Expansion of loop integrals and the method of regions 11

mev → k

k + q

mev

q

Fig. 2.4 Loop correction on an a fermion line.

so that the all-order result is obtained by exponentiating the first-order result. We will
not derive this formula here, but the key ingredient in the derivation is the eikonal
identity

1

v · k1 v · (k1 + k2)
+

1

v · k2 v · (k1 + k2)
=

1

v · k1

1

v · k2
, (2.27)

which allows one to rewrite sums of diagrams with multiple emissions as products of
diagrams with a single one. In non-abelian gauge theories such as QCD, there are
genuine higher-order corrections to soft matrix elements since the different diagrams,
and therefore the different terms on the left-hand side of (2.27), have different color
structures and cannot be combined. However, the higher-order corrections only involve
certain maximally non-abelian color structures [24, 25, 26, 27, 28].

While the inclusive cross section is finite, the hard and soft functions in (2.22)
individually suffer from divergences. The soft function suffers from ultraviolet (UV)
divergences, which can be regularized using dimensional regularization. These UV
divergences can be absorbed into the Wilson coefficients of the effective theory, which
are encoded in the hard function. This renormalization renders the hard function finite,
at the expense of introducing a renormalization scale µ, which in our context is often
called the factorization scale. After renormalization the theorem takes the form

ω = H(me, {v}, µ)S(Es, {v}, µ) , (2.28)

and the µ dependence of the functions fulfills an RG equation. Since the cross section
is finite, the hard and soft anomalous dimensions must be equal and opposite. On a
more concrete level, one observes that the on-shell amplitudes which define the hard
function suffer from infrared (IR) divergences which cancel against the UV divergences
of the soft function. Since the soft function exponentiates, also the divergences in the
hard amplitudes must have this property.

2.2 Expansion of loop integrals and the method of regions

When constructing Leff , we have expanded in the soft photon momenta. This is fine
for tree-level diagrams, but how about loops? Of course, the Taylor expansion does
not commute with the loop integrations and to correct for this, one has to perform
matching computations. We will now see that the part which gets lost in the naive
low-energy expansion can be obtained by expanding the loop integrand in the region
of large loop momentum. This is an example of a general technique called the method
of regions [30, 31] to expand loop integrals around various limits. We will use this
method when constructing SCET, but it is instructive to discuss it with a simple
example integral in QED.

10 Warm up: soft effective theory

As a final step, we now use our effective theory to compute the scattering am-
plitude for M(e→(p1) + e→(p2) → e→(p3) + e→(p4) + Xs(k)), where the final state
contains n photons, Xs(k) = ω(k1) + ω(k2) + . . . ω(kn). Since the photons no longer
interact with the fermions after the decoupling, the relevant matrix element factorizes
into a fermionic part times a photonic matrix element. Using the form (2.11) of the
interaction Lagrangian, the amplitude is given by

M =
∑

i

Ci ū(v3)Γi u(v1) ū(v4)Γi u(v2) 〈Xs(k)|S̄
†
3 S1 S̄

†
4 S2|0〉

= Mee 〈Xs(k)|S̄
†
3 S1 S̄

†
4 S2|0〉 , (2.21)

where we have used in the second line that the Wilson coefficient times the spinors
is simply the amplitude Mee = M(e→(p1) + e→(p2) → e→(p3) + e→(p4)) for the pro-
cess without soft photons. So we have shown that the amplitude factorizes into an
amplitude without soft photons times a matrix element of Wilson lines. Analogous
statements hold for soft gluon emissions in QCD, except that the Wilson lines will be
matrices in color space and one has to keep track of the color indices. We can square
our factorized amplitude to obtain the cross section, which takes the form

ε = H(me, {v})S(Es, {v}) , (2.22)

where the hard function H is the cross section for the process without soft photons,

H(me, {v}) =
1

2E12E2|#v1 ↔ #v2|

d3p3
(2π)32E3

d3p4
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∣
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simplicity, we only constrain the total soft energy; the constraints in real experiments
will of course be more complicated. To obtain (2.22) we expanded the small soft
momentum out of the momentum conservation δ function

δ(4)(p1 + p2 ↔ p3 ↔ p3 ↔ k) = δ(4)(p1 + p2 ↔ p3 ↔ p3) +O(λ) , (2.25)

which is then part of the hard function H in (2.23).
The Wilson-line matrix elements such as (2.24) which define the soft functions have

a very interesting property in QED: they exponentiate,

S(Es, {v}) = exp
[ α

4π
S(1)(Es, {v})

]

, (2.26)

10 Warm up: soft effective theory

As a final step, we now use our effective theory to compute the scattering am-
plitude for M(e→(p1) + e→(p2) → e→(p3) + e→(p4) + Xs(k)), where the final state
contains n photons, Xs(k) = ω(k1) + ω(k2) + . . . ω(kn). Since the photons no longer
interact with the fermions after the decoupling, the relevant matrix element factorizes
into a fermionic part times a photonic matrix element. Using the form (2.11) of the
interaction Lagrangian, the amplitude is given by

M =
∑

i
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Hard: 

Soft: 
Renormalization

:  Physics should be
d

dμ
σ = 0  -independent μ ⇔ [(μ

d
dμ

ℋ) 1
ℋ + (μ

d
dμ

𝒮) 1
𝒮 ] ℋ𝒮 = 0

Sum of anomalous dim.

RGE properties of Hard physics is determined by Soft physics (or vice versa)
SET
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P2 ∼ Λ2
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s /μ2)
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log(P2/μ2)
log(L2/μ2)RG evolution

RG evolution
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SCET construction 
Regime
• Perturbative expansion w.r.t.


• Factorize amplitude for each scale (to suppress large logs)

Degrees of freedom

• Heavy NR spin-1 DM          :   


• Wilson lines


• (Anti-)collinear EW boson :   (Wilson line)


• Soft EW radiation             :    factorized from DM 
                                         :    factorized from (anti-)collinear particles

Υv

{𝒜⊥n, 𝒜⊥n̄}
Sv
Yn

• Spin-1 DM :   


• EW boson  :  

VA
μ (A = 1,2,3)

WA
μ (A = 1,2,3)

Matching btw “Amplitudes in full theory” & “SCET operators for DM annihilation” 
→ Factorize amplitude for each energy scale: hard, (anti-)collinear, soft

{ α2, λ }

Full theory SCET

For TeV DM:

λ = mW

2mDM
≃

mDM − Eγ

2mDM
≃ 10−1

[MF, M. Vollmann (work in progress)]



Tree-level matching 
Full theory setup

• Initial state: two NR DM particles


• Final state: massless EW bosons (transverse modes only)

8

<latexit sha1_base64="iUjoOJFQXQnRxL8z5FtbaIIANsg="></latexit>

�A WC

�B WD

�E

p1

p2

p3

p4

<latexit sha1_base64="gxLwuilaEBVjdIfKaG90Pevt1uA="></latexit>

�i
A

�j
B

W ⇢
C

W �
D

p1

p2

p3

p4

⌅
Sv

Sv Yn

Yn̄

EFT operators

• LO potential is spherically symmetric → total spin is conserved


• Final state: massless EW bosons (transverse modes only)

𝒪(S)i
𝒥 = ∫ ds∫ dtΥ̃A

αΥ̃B
β�̃�C

μ (sn+)�̃�D
ν (tn−) ≠ TABCD

𝒥 Uαβμν
(S)i

SU(2)L charge Lorentz spin Orbital wave func.

Symmetric
-wave (LO)s

Under  : ΥA
μ ⇔ ΥB

ν

Anti-symme.
-wave (suppressed)p

State : 

Matching

𝒥 = 0,2
Symmetric

𝒥 = 1
Anti-symme.

S = 0,2
Symmetric

S = 1
Anti-symme.

[MF, M. Vollmann (work in progress)]



Operators for Spin-1 DM

9

[MF, M. Vollmann (work in progress)]

The hard-collinear SCET fields that are relevant for the following discussion are de-
noted as A→

A

c,µ
, A→

B

c̄,ω
where the subscripts c and c̄ indicate whether the SCET fields

are collinear or anticollinear with respect to the observed gamma-ray (see Fig. 1). The
coupling of SCET fields with the NR DM ones is controlled by an NRDM/SCET operator
basis ({O(S)i

J }) which in the e!ective Lagrangian density expands as

Lint = 1
2mV

2∑

S=0

2∑

J =0

∑

i

∫
ds dt C̃

(S)i

J (s, t, µ)O(2)i

J (t, s, µ) , (3.27)

where the first two arguments inside the coe"cient functions C̃
(S)i

J (t, s, µ) parameterize
integrations along the collinear and anticollinear directions on which the SCET fields
depend, while the third argument µ is the renormalization-group scale parameter. The
operators are given by

O(0)

J = !̃A

ε
ω

εϑ

u
!̃B

ϑ
T

ABCD

J Ã→
C

c,µ
(sn+)ωµω

→ Ã→
D

c̄,ω
(tn↑) , (3.28)

O(2)1
J = !̃A

ε
!̃B

ϑ
T

ABCD

J (ωεµ

→ ω
ϑω

→ + ω
εω

→ ω
ϑµ

→ )Ã→
C

c,µ
(sn+)Ã→

D

c̄,ω
(tn↑) → 2

3 O(0)

J , (3.29)

O(2)2
J = !̃A

ε
(n+ → n↑)ε!̃B

ϑ
(n+ → n↑)ϑ

T
ABCD

J Ã→
C

c,µ
(sn+)ωµω

→ Ã→
D

c̄,ω
(tn↑)

+ 4
3 O(0)

J ; (3.30)

where the fields with tildes have not been yet decoupled from the soft EW gauge bosons
via Wilson line decoupling transformations (see Ref. [21] for a thorough discussion). The
Lorentz indices in Eqs. (3.28)-(3.30) are contracted using the following projectors

ω
µω

u
= ω

µω → u
µ
u

ω = diag (0, →1, →1, →1) , (3.31)

ω
µω

→ = ω
µω → n

µ

+n
ω

↑ + n
µ

↑n
ω

+

2 = diag (0, →1, →1, 0) , , (3.32)

After this projection, the 0-th component of contracted vector is switch o! to match with
the result of full theory in the NR limit. The superscripts in parenthesis indicate the total
spin of the operators. The singlet (J = 0) and quintuplet (J = 2) SU(2)L structures are
given by

T
ABCD

J =0
= ε

AB
ε

CD
, (3.33)

T
ABCD

J =2
= ε

AC
ε

BD + ε
AD

ε
BC → 2

3ε
AB

ε
CD

. (3.34)

In total there are two spin-0 operator (O(0)

0 and O(0)

2 ) and four spin-2 ones (O(2)1
0 ,

O(2)1
2 , O(2)2

0 and O(2)2
2 ). In addition to these, there is an SU(2)-triplet operator, i. e.

O(1)

1 = !̃A

ε
!̃B

ϑ
(ωεµ

→ ω
ϑω

→ → ω
εω

→ ω
ϑµ

→ )(εAC
ε

BD → ε
AD

ε
BC)Ã→

C

c,µ
(sn+)Ã→

D

c̄,ω
(tn↑) , (3.35)

which is, however, not relevant for our photon spectrum computation.
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C

c,µ
(sn+)Ã→
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SU(2)L chargeSpin

SU(2)L charge: 𝒥 = 0
SU(2)L charge: 𝒥 = 2

Spin-0: 

Spin-2 (1): 

Spin-2 (2): 

S



Factorized Amplitude: V0V0 → γX
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ℳ(V0V0 → γX) = #∑
i

∑
S

∑
𝒥

C(S)i
ℐ (μ)

≠ ×0 | [ΥαΥβUαβμν
(S)i

]I | [VV]00Φ ≠ KA′ B′ 

I

≠ ×γ |𝒜D′ 

c̄,ν(0) |0Φ

≠ ×Xc |𝒜C′ 

c,ν(0) |0Φ

≠ ×Xs | [YAA′ 

u TABCD
𝒥 YBB′ 

u ]𝒴CC′ 𝒴DD′ |0Φ

 hard∼

 anti-coll.∼

 soft∼

 collinear ∼

[MF, M. Vollmann (work in progress)]



Factorized cross section 
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d(σv)
dEγ

= 2∑
I,J

SIJ ∑
i,j

∑
S

∑
ℐ,𝒥

1
( 2)nid

1
9

1
2π

1
mV

≠ C(S)i
ℐ (μ)C (S)j

𝒥 (μ)*

≠ Z33
γ

≠ ∫ d(n− ⋅ k)Jint (4mV(mV − Eγ − n− ⋅ k/2))
≠ Wℐ𝒥,IJ(n− ⋅ k)

 (hard function)∼

 (soft function)∼

 (photon jet function)∼

 (collinear jet function)∼

Once EFT operators are specified, amplitude/cross-section are automatically factorized for each energy scale

→ Renormalization Group Equation for each function? (next page)

[MF, M. Vollmann (work in progress)]



Renormalization group equation
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d
d ln μ

Fi(p2
i , μ) = Γi ≠ Fi(p2

i , μ) Γi = γi,1 log ( p2
i

μ2 ) + γi,2

:  Physics should be
d

dμ
(factorized cross section) = 0

i = {hard, collinear, anticollinear, soft}

Anomalous dim.

Anomalous dim. is spin independent
We can recycle the same  as spin-1/2 caseγ

 -independent μ ※Sketch of proof taking Λ2
s ∼ ( Q2

P2L2 )
−1

M. Bauer, et al. (2015)] [M. Beneke, A. Broggio, C. Hasner, K. Urban, M. Vollmann (2019)]  

Determined by SU(2) propertiesHard properties

⇔ ∑
i

Γi = 0

+= γh,1 log ( Q2

μ2 ) + γc,1 log ( L2

μ2 ) + γc̄,1 log ( P2

μ2 ) + γs,1 log ( Λ2
s

μ2 ) ∑
i

γi,2

!

Universality of LL resummation was first pointed out by [M. Bauer+(2015)]

γh,1 = − γc,1 = − γc̄,1 = γs,1

γh,2 = − (γc,2 + γc̄,2 + γs,2)     log-indep. part: 

     log  part: (Q, P, L, Λs)



① ② Most non-trivial part to cancel
③

   += − (γh,1 + γc,1 + γc̄,1 + γs,1) log μ2 + γh,1 log Q2 + γc,1 log L2 + γc̄,1 log P2 + γs,1 log Λ2
s ∑

i
γi,2

Constraint on anomalous dimensions [BU]

BU

Physics should be  -independent μ ※Sketch of proof taking Λ2
s ∼ ( Q2

P2L2 )
−1

γh,1 = − γc,1 = − γc̄,1 = γs,1

γh,2 = − (γc,2 + γc̄,2 + γs,2)

① log  part: μ

③ log-indep. part: 

 Sum of anomalous dimensions cancel⇔

∑
i

Γi = 0!

γh,1 = − (γc,1 + γc̄,1 + γs,1)
② log  part: (Q, P, L, Λs)

Only one possibility to cancel different scales


→ log (products of momenta) = log 1 = 0


     Note:  


→ Universal anomalous dim. (up to sign)

Q2

P2L2 ⋅ Λ2
s = Q2

P2L2 ⋅ P2L2

Q2 = 1

+= γh,1 log ( Q2

μ2 ) + γc,1 log ( L2

μ2 ) + γc̄,1 log ( P2

μ2 ) + γs,1 log ( Λ2
s

μ2 ) ∑
i

γi,2

included in ②
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μ
d

dμ
C(S)i

𝒥 = Γ𝒥C(S)i
𝒥 ,

The hard-collinear SCET fields that are relevant for the following discussion are de-
noted as A→

A

c,µ
, A→

B

c̄,ω
where the subscripts c and c̄ indicate whether the SCET fields

are collinear or anticollinear with respect to the observed gamma-ray (see Fig. 1). The
coupling of SCET fields with the NR DM ones is controlled by an NRDM/SCET operator
basis ({O(S)i

J }) which in the e!ective Lagrangian density expands as

Lint = 1
2mV

2∑

S=0

2∑

J =0

∑

i

∫
ds dt C̃

(S)i

J (s, t, µ)O(2)i

J (t, s, µ) , (3.27)

where the first two arguments inside the coe"cient functions C̃
(S)i

J (t, s, µ) parameterize
integrations along the collinear and anticollinear directions on which the SCET fields
depend, while the third argument µ is the renormalization-group scale parameter. The
operators are given by

O(0)

J = !̃A

ε
ω

εϑ

u
!̃B

ϑ
T

ABCD

J Ã→
C

c,µ
(sn+)ωµω

→ Ã→
D

c̄,ω
(tn↑) , (3.28)

O(2)1
J = !̃A

ε
!̃B

ϑ
T

ABCD

J (ωεµ

→ ω
ϑω

→ + ω
εω

→ ω
ϑµ

→ )Ã→
C

c,µ
(sn+)Ã→

D

c̄,ω
(tn↑) → 2

3 O(0)

J , (3.29)

O(2)2
J = !̃A

ε
(n+ → n↑)ε!̃B

ϑ
(n+ → n↑)ϑ

T
ABCD

J Ã→
C

c,µ
(sn+)ωµω

→ Ã→
D

c̄,ω
(tn↑)

+ 4
3 O(0)

J ; (3.30)

where the fields with tildes have not been yet decoupled from the soft EW gauge bosons
via Wilson line decoupling transformations (see Ref. [21] for a thorough discussion). The
Lorentz indices in Eqs. (3.28)-(3.30) are contracted using the following projectors

ω
µω

u
= ω

µω → u
µ
u

ω = diag (0, →1, →1, →1) , (3.31)

ω
µω

→ = ω
µω → n

µ

+n
ω

↑ + n
µ

↑n
ω

+

2 = diag (0, →1, →1, 0) , , (3.32)

After this projection, the 0-th component of contracted vector is switch o! to match with
the result of full theory in the NR limit. The superscripts in parenthesis indicate the total
spin of the operators. The singlet (J = 0) and quintuplet (J = 2) SU(2)L structures are
given by

T
ABCD

J =0
= ε

AB
ε

CD
, (3.33)

T
ABCD

J =2
= ε

AC
ε

BD + ε
AD

ε
BC → 2

3ε
AB

ε
CD

. (3.34)

In total there are two spin-0 operator (O(0)

0 and O(0)

2 ) and four spin-2 ones (O(2)1
0 ,

O(2)1
2 , O(2)2

0 and O(2)2
2 ). In addition to these, there is an SU(2)-triplet operator, i. e.

O(1)

1 = !̃A

ε
!̃B

ϑ
(ωεµ

→ ω
ϑω

→ → ω
εω

→ ω
ϑµ

→ )(εAC
ε

BD → ε
AD

ε
BC)Ã→

C

c,µ
(sn+)Ã→

D

c̄,ω
(tn↑) , (3.35)

which is, however, not relevant for our photon spectrum computation.
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Spin-0: 

Spin-2 (1): 

Spin-2 (2): 

 = (Lorentz structure)     ∑
𝒥

C(S)i
𝒥 𝒪(S)i

𝒥 ≠ C(S)i
𝒥=2 (δACδBD + δADδBC − 2δABδCD) ( ≡ C(S)i

𝒥=0 = − 4
3 C(S)i

𝒥=2)

𝒪spin− 1
2

= χc†
v {TA, TB}χv𝒜A

⊥c,μ(sn+) 𝒜B
⊥c̄,ν(tn−)ϵμν

𝒪spin−0 = ϕc†
v {TA, TB}ϕv 𝒜A

⊥c,μ(sn+)𝒜B
⊥c̄,μ(tn−) “Exactly” universal spectra for all DM spin  

(up to overall factor)

Γ𝒥 = γcusp [2 ln ( Q2

μ2 ) + iπ
2 (𝒥(𝒥 + 1) − 4)] + 2γadj + γV

[MF, M. Vollmann (work in progress)]

“Exact” universality of spectra (spin-0, 1/2, 1)

M. Bauer, et al. (2015)] [M. Beneke, A. Broggio, C. Hasner, K. Urban, M. Vollmann (2019)]  

  in triplet rep.∝ {TA, TB}CD

※ Universality breaks down by loop corrections
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Figure 2: Upper: Full gamma-ray spectrum for our benchmark 5 TeV vector-DM model
including instrument-resolution e!ects (the plotted d(ωv)/dE

meas.

ω
is obtained using Eqs.

(4.64)- (4.65) where d(ωv)/dE
true

ω
at the endpoint is given by (3.36)).

This feature is a distinctive aspect of our model and is not present in the wino case.

4.3 Theoretical uncertainties and the full spectrum

In Fig. 2 we show a benchmark example in which our formula is valid. In this model, the
DM mass is of 5 TeV while the Z

→ boson has a 9 TeV mass. The Z
→-line energy amounts

to approximately 0.95 TeV in this setup (see the figure).
The width of the two gamma-ray lines in Fig. 2 is not the natural one6, but rather

we model the instrument response function as a Gaussian distribution with an energy-
dependent width, so that the measured spectrum is given by

!meas.(Eω) =
∫

dE
true

ω
G!(Eω, E

true

ω
)!true(Etrue

ω
) , (4.64)

6If instrumental e!ects were negligible (ideal detector situation), the Z → line should be treated as a
Breit-Wigner resonance with a natural width given by the Z → boson’s decay rate. [MF: If you want, we
also derived Z’ width in previous paper (2004.00884). Does this help you to enhance the analysis?] →
MF will try to conclude the theoretical uncertainty is negligible within interesting parameters!

16

γZ′ 

γγ + γZ

Prel
im

inary
(spin-1/2) ≠ 38

9

2nd peak  
for spin-1 DM annihilation

[MF, M. Vollmann (work in progress)]
Spin-dependence:     (1) peak location = DM mass

                                   (2) overall cross section

Spin-independence:  shape of spectra (Next Leading log)

≃ 4

  Spin − 1 triplet dark matter
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Figure 2: Upper: Full gamma-ray spectrum for our benchmark 5 TeV vector-DM model
including instrument-resolution e!ects (the plotted d(ωv)/dE

meas.

ω
is obtained using Eqs.

(4.64)- (4.65) where d(ωv)/dE
true

ω
at the endpoint is given by (3.36)).

This feature is a distinctive aspect of our model and is not present in the wino case.

4.3 Theoretical uncertainties and the full spectrum

In Fig. 2 we show a benchmark example in which our formula is valid. In this model, the
DM mass is of 5 TeV while the Z

→ boson has a 9 TeV mass. The Z
→-line energy amounts

to approximately 0.95 TeV in this setup (see the figure).
The width of the two gamma-ray lines in Fig. 2 is not the natural one6, but rather

we model the instrument response function as a Gaussian distribution with an energy-
dependent width, so that the measured spectrum is given by

!meas.(Eω) =
∫

dE
true

ω
G!(Eω, E

true

ω
)!true(Etrue

ω
) , (4.64)

6If instrumental e!ects were negligible (ideal detector situation), the Z → line should be treated as a
Breit-Wigner resonance with a natural width given by the Z → boson’s decay rate. [MF: If you want, we
also derived Z’ width in previous paper (2004.00884). Does this help you to enhance the analysis?] →
MF will try to conclude the theoretical uncertainty is negligible within interesting parameters!
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Prel
im

inary

Prel
im

inary
←w/o resummation

←Next Leading Log

← Leading Log

Comparison:  { Sommefeld factor only,  Leading Log,  Next Leading Log } 
Uncertainty is decreased depending on DM mass / energy resolution (next page)

[MF, M. Vollmann (work in progress)]
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[M. Beneke, A. Broggio, C. Hasner, K. Urban, M. Vollmann (2019)]
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m�[TeV]
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10.00

E
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s[T
eV

]
CTA projected (1210.3503)

Power law fit

E
�

res = 4mW

E
�

res = m
2
W

/m�

Figure 1: Energy resolution of the CTA experiment (solid black line, from [9]), and the
power-law fit E

�

res
= 0.0915 (E�/TeV)0.653 (dash-dotted) with E� = m�. The dark-grey

(red) and light-grey (blue) bands show where the intermediate and narrow resolution
resummation applies, respectively. The boundaries are defined by mW [1/4, 4] (interme-
diate resolution) and m

2

W
/m� [1/4, 4] (narrow resolution).

intermediate : E
�

res
⇠ mW

wide : E
�

res
� mW (1.2)

The wide resolution regime was considered in [6, 8] and resummed at the NLL order.
Due to the double hierarchy m� � E

�

res
� mW a two-step procedure applies to simul-

taneously sum the unrelated large logarithms of m�/mW and E
�

res
/mW . This procedure

requires large dark matter masses to satisfy both hierarchies. Resummation of elec-
troweak Sudakov logarithms for the narrow resolution case was accomplished in [7] at
the NLL’ order. The intermediate resolution regime has not been considered up to now.

In the present paper we close this theoretical gap. We develop the e↵ective field theory
(EFT) for the intermediate resolution regime and sum the electroweak logarithms at the
NLL’ order. We show that the result can be smoothly joined to the narrow resolution
regime to provide a precise prediction of the photon energy spectrum near m� in the
entire region from the line signal (E�

res
= 0) to E

�

res
⇡ 4mW . We also provide details and

derivations for the narrow resolution regime not given in the letter [7].
The intermediate resolution regime is relevant to present and upcoming DM searches.

For example, assuming the regime to apply to E
�

res
in [mW/4, 4mW ] the energy resolution

of the H.E.S.S. experiment E
�

res
/E� ⇡ 10% [10] implies that dark matter masses in

the range 200 GeV to 3.2 TeV are covered by the intermediate resolution calculation.
For the CTA experiment, we obtain the power-law fit E

�

res
/E� = 0.0915 (E�/TeV)�0.347

from Figure 11 of [9] in the range of photon energies of interest, which is shown as
the dash-dotted line in Figure 1 together with the unapproximated resolution (solid
line). The horizontal band (dark-grey/red) represents the region of applicability of the
intermediate resolution regime, which extends to 6.8 TeV for the CTA experiment. Thus,

2

Narrow:  λ ∼ m 2W4m 2DM

Intermediate:  λ ∼ mW

2mDM

Lighter DM:   Power suppression ( ) gets weak  → 1-loop correction is important 
Heavier DM:  Realistic energy resolution @CTA  → SCET of wide resolution regime is necessary

λ

↓ Our benchmark DM mass

Wide



SCET for EW interacting spin-1 DM

• We construct SCET for EW spin-1 DM for the first time


• Tree-level matching → Specify operators in SCET


• Factorization formula is derived (best benefit in SCET formalism)


• We directly prove universal shape of energy spectra for all DM spin

Summary 
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Resumed -ray spectrumγ
• -ray energy spectrum (  ) @NLL accuracy


• Perspectives


• Extension to other regime for heavier DM


• 1-loop matching (cf. [M. Beneke+(2019)] for spin-1/2 DM)

γ γγ, γZ, γZ′ 
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Figure 2: Upper: Full gamma-ray spectrum for our benchmark 5 TeV vector-DM model
including instrument-resolution e!ects (the plotted d(ωv)/dE

meas.

ω
is obtained using Eqs.

(4.64)- (4.65) where d(ωv)/dE
true

ω
at the endpoint is given by (3.36)).

This feature is a distinctive aspect of our model and is not present in the wino case.

4.3 Theoretical uncertainties and the full spectrum

In Fig. 2 we show a benchmark example in which our formula is valid. In this model, the
DM mass is of 5 TeV while the Z

→ boson has a 9 TeV mass. The Z
→-line energy amounts

to approximately 0.95 TeV in this setup (see the figure).
The width of the two gamma-ray lines in Fig. 2 is not the natural one6, but rather

we model the instrument response function as a Gaussian distribution with an energy-
dependent width, so that the measured spectrum is given by

!meas.(Eω) =
∫

dE
true

ω
G!(Eω, E

true

ω
)!true(Etrue

ω
) , (4.64)

6If instrumental e!ects were negligible (ideal detector situation), the Z → line should be treated as a
Breit-Wigner resonance with a natural width given by the Z → boson’s decay rate. [MF: If you want, we
also derived Z’ width in previous paper (2004.00884). Does this help you to enhance the analysis?] →
MF will try to conclude the theoretical uncertainty is negligible within interesting parameters!
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γZ′ 
γγ + γZ
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inary

<latexit sha1_base64="iUjoOJFQXQnRxL8z5FtbaIIANsg="></latexit>

�A WC

�B WD

�E

p1

p2

p3

p4

<latexit sha1_base64="gxLwuilaEBVjdIfKaG90Pevt1uA="></latexit>
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W ⇢
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W �
D

p1

p2
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p4

⌅
Sv

Sv Yn

Yn̄

Matching

Full theory

SCET

The first step for completion of EW int. DM for all the spin 
Detailed analysis is ongoing (thermal relic DM mass, etc)

Universality of LL resummation was first pointed out by [M. Bauer+(2015)]
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BU

[MF, T. Abe, J. Hisano, K. Matsushita (2020)]



Comment: Why Wilson line? 

BU

∂ϕn |collinear ∼ λ0Qϕn (No suppression)Problem:  Derivative operator is not suppressed 

                 How to express -th derivative op. systematically?∀n

Solution:  Representing as non-local interactions
ϕn(x + sn̄) =

∞

∑
n=0

sn

n! (n̄ ⋅ ∂)nϕn(x)
∫ dsC(s)ϕ̄n(x + sn̄)[⋯]ϕn(x) =

∞

∑
n=0

Cn
1
n! ((n̄ ⋅ ∂)nϕ̄n(x))[⋯]ϕn(x)

Cn = ∫ dsC(s)sn

𝒜n(x) ff 𝒫 exp [ig∫
x

−∞
ds′ n̄ ⋅ An(s′ n̄)]

 coeff. for higher derivative op.⇔

Gauge covariant form → Wilson line






ϕn : collinear field
nμ = (1,0,0,1)
n̄μ = (1,0,0, − 1)


