A generalization of Cartan decomposition for spherical

4-symmetric spaces *

0000 (ooooooooo)t

uad

00000000000 0000O0 sphericll 00 4-000000000000O
boooooooboobobobooboooooooboobobobobooooon
OO00OODOspherical 0 4-0000000000O00OO00ODOOOO

1 00

goooobooooobouoboobonD GeOoOOOOOODOOOO HeODODODOO
oo30nooon

Case Gc Hc
1 SL(2n+1,C) Sp(n,C)
2 Sp(n+1,C) SO(2,C) x Sp(n,C)
3 SO(2n+1,C) GL(n,C)
O03000000
Ge =G, AHe. (1.1)

0000 GeOOOOD ADDODOOOOOOODOOO0O0
000000000000000000000000000000000000000
00000000000000000000000000000000000 (cf. [2)0
00000000000 Ge/HcOOOODOOOOO00O0000Ge/He O spherical O
D00000000000G:00000000 Ge/HcOO (00D00O0OO0O00D0)0
00000000000000 (¢f. [9)0000000000000000000000
000000000000000000000001000000000000 Ge/He
0000000000000000Ge/HeO spherical 100000000000000
000000 O(Ge/He)D GeO0OOOODO0O00D000000000O0O0O000000
00000000000000000000000 ([15))00(Ge/He)O GeOOODO
0000000000000000000000000000

*0000000o0o0ooUo0oOoD 2110(0000000DO0O00 100000020110 90
20-30)00000000O

TE-mail: atsumu@tokai-u.jp
0000000 (22740029) 0000000000000



ooooboobooooooooooobo poOOoU0oobOOobOO0o Loboooooboog
Ov-—-DO0O0OMDL,y) 0000000000000 0oooooo0 POOOO O
D00D0’0000000Yef. [4,5)00000D0O000 LO0O0O0ODOOOO0OO0
Oo0o0o0oo0opoOooooo sopOooOOO0oO0OoOoOObO sOOOOOODOOOODOO
oo0

D=1L-5, (V.1)
ols = ids, (S.1)
ox)e L-x (Yx € D). (S.2)

00001000000 TOCOO000000000000000000000000
0S=R, o(z)=2000000000000000000000000000 SO(2)
0000000 KH={:€C:Imz>0}0010000000000000000000
000 S=+v=IRy, o(z) =-20000 (V.1)«(S2) 00000

00000000000000000000000000000000000000
000000000000000000000000000000000000000
0 Ge/HcOOOOOOOODOOO0O0O0D0O0000000000000

00000000000000000

00 1.1. 000000000000000000000000 (G, He) O Cases 1-3
O00000000Ge 00000 AODO0OOODDOOOOOOO

R-T----- T-R™ (Case 1)
-1
4~! R-R (Case 2) (1.2)
R-T----- TRz (Case 3)
1
[*77]

O000meROOO mezZzO0mIOOODODOODOOODDOOOODODOOOOOOOO
oo0oood Ge=G,AHcOOOOOO

00 1.2. 00110 (1.2)000 TOOGeOOOOOOOOOOOO SOo(2)ooO0O
0obAQOOOOOOOOOOOOOOOUODOOUODOODOODOOUODDOODOO
ooooo

00 1.3. 00110000 ADDODOOOOOO?20000000000 Ge/HeOO
G,-00000000000D0O0

00111000 A0COOO0O0O0O0OoOoDOOOOOOO0OoOoooo

00 14.0000000000000000000O00O000O0 (Gg,He)O Cases 1-30
ooo0o0o0o0oooodGe0OOODOUODOOD G, 00000000000 Ge/He
gboooboboaooboood

0000000000000 V = G¢/He xC — Ge/HcOOODODODOOOOO(Ge/He,V) ~
O(Gc/Hc)O
A000000000D000000000



2 4-0000
21 0O0O0OO0OO

goooooooO0ooo11000b0 ADOoOooooooOooooooOo 1100
000000000000 000O00000O00D00DUooooooo0g So(n,C)0O0O
00oo0o0ooooo Sp(n,C)D00000O0DO0O0OOOOUOOOOOOODODOOO
O0oo00oOooooo0oOoUooooooA0ODOODODOOOODOOOOOOODO
googoobogn

O000000000000000000D0¢,;0000»00000 I;?D

1
IV = (Gim—js1) =
1

000000000000000100000000000000000000000
00000 =/00000000n00000 XO0ODOO

XT.=1Xt%x 14

gbooobuooboobboobboooboobbooobobog2nbboon J;:‘I:I

goooooo
JA = _I;? .
n Iﬁ‘

0000000000000+ J4 =00
00000000000000000000000

SO(n,C) :={g € SL(n,C) : gl g = I}, (2.1)
Sp(n,C) :={g € SL(2n,C) : lgJ2 g = J11. (2.2)

gboooooooooooooooooooooog

s0(n,C) = {X e sl(n,C) : XTI + [AX = O}, (2.3)
sp(n,C) = {X e sl(2n,C) : ' XJ* + J!X = O}. (2.4)

gbobooobobobobooobobobobooooboobobooboboboon
000000o0o0o0ooooooooo g, ¢'0o

¢ :={X esl(n,C):'X + X =0},
g’ = {X €sl(2n,C) : X J, + J,X = O}

Jn::< _In>.
I

000300000

00 20000000000000000000000D0000DU000000OOO0DOOOnOn
goboogoooo



00 2.1. 000 so(n,C) 0 sp(n,C)00000 (23)0 (24) 000000000000
ooooo

(1) 00000000 Ad(T7Y): ¢ Sse(n,C)00000000 7000000
(2) 00000000 Ad(T; Y :g” Ssp(n,C) 00000000 7000000

Sketch of Proof. T'OOn=2m+1000

1 1 1A
valm valm
T = 1 ,
V-lgA ey
V2 'm Vo o

n=2m0d00

D0000000O0' M =TT =2 0000000000X egd 000 X+X=0
00
NI XTI + N 17X ) = (XY ) + (VD) (T X T)
='TIXT +'T XTy
=" (X +X)I1 = O.
O00O0T,'XT) €s0(n,C)0000AdTY)'000000000000000000

ooooo
oon

S I, I,
T\ -
00000, T =Ty, T, =JA0000000000¢" ~sp(n,C) 000000

ugbooaoog U

0021000000000000000000000000 (2.1)0(2:2)00000
0000000000000000Sp(n,C)0 SL(2n+1,C) 0

(%)

0000000000000000000000Sp(n+1,C)0000 SO(2,C)xSp(n,C)
O




00000000 SO(2n+1,C) 0000 GL(n,C) O

g
g— 1

(g~ H"

goooobooon

22 n00ogn

00000000 (Ge,He)OD 4-0O0ODOOOODOOOOOOO

UddngoboboOooobbooobobuooobbre-0000o0obooooboon
gbobodbboooobooobuoo0n=20000000000000D0O00O0O
gboogoogo

00 2.2.000GO000000 HOOOOOOOO G/HO »-0000000000
GUOO0O0R000006000000GjcHCG’O000NDNDN0O00ON0000GY
09000000 G 0000000000

n-000000oogbooooboabon

023 G0000000G=Gx---xG 0@ O0n00000000G00000
0600 0(g91,92,---,90) == (92,93,...,91) 00000 H :=diag(G) ~G'0 H=G%0
O0000O00OO0G/HO 00000000

0 24. G0000000G = ¢ x@ 0000G 000000000 70000
0(g1,92) := (7(g2),91) 00000000 4000000000H:=G°0000 G/H
0400000000

O00000D0000 spherical 0 4-00000000Ospherical IO OODOOODOO
03-0000o00oooobogoogon

0 2.5. (SL(2,C) x SL(2,C) x SL(2,C))/SL(2,C) 0 3-00000000000 230
00000000 spherical 1 00000 [1]000000000

0000000 sphericald 3-0000000000 Spin(8,C)/Go(C)0 000000
g = spin(8,C) ~ s0(8,C) 00000000000 Autg/Intg~2Z3 00000000
O0s0(8,C)0000 300000000 Spin(8,C)000000000A0DO0D00
0000000 Go(C)000D0000Spin(8,C)/Ga(C) 0 SO,C)/Go(C) 00D DD
0000 S0(8,C)/Go(C) O spherical 10 0003-000000000

O000000000D0O0000 400000 Jiménez 3]00000000O0O0OOO
0000 3)00ooooood

00 26. 0000000000 GeOOODODOOOOOOOO HeOO (Ge,He) O
Cases 1-300000000 (O 1DDD)DDDDDDH@=G%DDDD GeOOOO
4000000060000 00OOOGe/HcO 4000000DODO



Proof. 000000000000 ODOOODOOUOOOODOOOOO(RL)O (22)000
gooooooood GDDDDDD]’:LQ,SDDDDEDDDDDDDD

. 1 —I4
11::< JA>, I = JA . I3:= 1

1 IA

n

(Ge, He) O Case jOO0D 0(g):=1; ' ';0000000004000000 He =
G.0000000000000 O

23 4-00000000O0OO0O0OO0

00000 26000060000006%0 GeOOOOODO000O00000K :=
(G%) 0000 Ge/KeOOOODODOODO000000 KcODOOOODOODO Ke
0000000000000000000KY% =H:000000Ke/HcOOODOO
0000000040000 Ge/HcO0OOODOOOO000000000000000

K¢/He — Ge/He — Ge/Ke .

ooooo ood ood
oooo 4-0000 gooo

00100 (Ge,He)0OOO KcODOOOO

Case G(c H(c K@
1 SL(2n+1,C) Sp(n,C) GL(2n,C)
2 Sp(n+1,C) SO(2,C) x Sp(n,C) Sp(1,C) x Sp(n,C)
3 SO(2n+1,0) GL(n,C) SO(2n,C)

0 1: 000000000 Ke/He — Ge/He — Ge/Ke

3 Udllri1ggooon

goboooob1igoboobobooboooobobooboooobobon
gboooooooooboooooobogooobogooboon

4-0000 G¢/HcOOODDDOOOOOODDOOOOOO Ge/KcOOOOOOOO
K¢/HcOOODOUOOODOOOUOOOOOOUOOODODOOOUOOOOUOOOoooo
0000000000 (ef. 2)) 0000000 “D0000”00000000O 1100
O0000000000000000 (herringbone stitch) D000 O00AOOOOOOO
0000000000000 0000000000DO00000UO0OO0O (6|O00)Oo

Step1 (D0DOOD0ODOOOOD). 0000 Ge/KeDOOOOGe =GuA1Ke O
000000 4; ~RenkeGe/Eeopnoon



Step2 (0000000 0OOUOUODOO). 0000 Ke/HcOOOOOKe = Ky AsHe
0000000 A00000C0CC0000K, 0 KcOODODOOOOOOOOooooDoo

00200 steps000Ge = GuA1Ke = GLA1 (K A2 He) OO0 O0O0O00O0OK, O A

0 A 000000000DOCD K,O0OOOOooooooooo

Step 3. Hc0OOOOOODOOOO H,00O00OM, 0 K,0000 400000
Zr,(A)O0M,0 H,0000 A, 00000 Zy,(A,)0000M,;,M, 0000000

000000000000 K, =MAsM, 0000 A3000000C000D0OC

000 stepstd 00

Gc = G,A1 K¢ (" Step 1)
— G Ay (Ko Ay He) (- Step 2)
= Gy A1 (M A3 M)Ay He (. Step 3)

(.

= Gy M;(A1A3A2)MyHc
= Gy (A143A2)Hc.

goooo
AZ:A1A3A2

oob0ligbooboboooo
gbobobooboooooooooo20b00b0OD

00 2: G,\Ge/HcOODODODOOOOOOO

4 001100000004

© AiMy = My Ay, AsMs = MyAs)

(3.1)

gboogobo3sboboooobooboboboobooooboboobobobobooboon
0(0410)0000000000ODO0O0O0OOO (0D 420)000000500000

gboooobooboligooboonon



4.1 0OD0OO0O0O0O0OODOOOOOOO

00000000000000000000000000 (200000000000
0000000GOO00000000000AHDO GOO0000000070 G C
HCcG'O0O0OOGOOOOO0O0O0000000KOOOOO0O00000000GO
0000000000 K=G0060r=r00000000000

g,h,t00000 G, H,KOOOOOOOOOO ,000000000000000
00000000g:=¢” 0 5h,t00000¢000000000000007]4 0 go
000000000000g 000000000000 g =gj+g;" 000000000

g =0 " "={Xeg:(-7)X =(-0)X = X}.
60 g 00000000000A=expag0000
00 4.1 (2)). G = KAH.

000 A0D0OO0O0OO00 G/HOOOOOOO rankgG/HOOOOG,HOODODO
O00000000000000000000rankG/HOOOOOOODOOOOOOODO

n

4.2 Un—1)\Un)/SU@2)E x U(e)
00000000000000000 300
(L, Ly, Ly) := (U(n),1 x U(n—1),SU2)[2l x U(e) (4.1)

Ooob0oL=L1CLLO000 CObOO000DO0O00bDed nOO0OO0OD0OO 100D
gbooooobdobUobUdOL0 LO0b0OoooooooooooooD

Cm ) \
. b j=1,2,...,n,
Ly = (o) : ( Z € SU(2),
o n acU(1)
c1 dy

000(w)0n00000000000000

(L,L;)000 (L,L,) 0000000000000000rankL/L; =100000
00L/L,;0C"000000000000000000000000000 L,000
0000000000000

er,...,e, 0 C'000000000D0000L,0C'0000000000000

g1* (v1,vn)
t
92" (v2,vn-1)
(91,5 9pm), (@) - (vn, oy vp) = : : (4.2)
9121 (v[2]> Vn—[2]+1)
(avjz)41)



(42)00000L, 00000 S 1={veC:|v|=1}000000
ooos*™ 10 (20000000 T, 00000000

00 4.2. S 1 =L, Ty.

Sketch of Proof. C20 SU(2)0000000 C2=SU(2)-Rey00000000ODOC
ODU(1)=TOODODO0OO0OODOC=U(1)-ROODODDODO0O00DO000O0OC™O (42)0
DDDC”:M(Rq+m+RW%ﬂDDDDDDD®q+~+R%%ﬂﬂ§”4:%
Oooooooo O

000j=1,2,...,[%2]0000 B;0000000O0O
Bj = exp R(E2j,2j—1 — E2j—l,2j) ~ SO(?) (43)
doooLooooo BO
ogoood

00 43. 0000 : L/Ly — S?"7 gLy — ge; 0000 BLy/L; 0 To0O0000
0ooo

00 4.4. B;B;j11 # B;B;000B0000000
00420 430000L/Ly=L,-BL,/[, 0000000000000
L= LyBL,.
0O0D00LO000000000D0D0O0O0n
L=LiB 'L,
D0D0000000O0OBOOO ((44)00)00

B '=B/By---B Bin_1)

(23217173

goooboboobobooboobooobo

00 4.5. L =L;B 1L,.

5 Uo11000

goboooboooobooboobboligobooboo



5.1 Step 1

00000(Ge,Ke)0OOOOO0ODOO0000O (03000)0KcO 40000
Ge/HcODODODO GeOODODOOD A0000Ke=(GX), 000000000000
000 (002600)0004100000

Ge = G A1 He (5.1)

0000 Ay=expyy 0 dimA=100000000000
01(023000)0000000000000O0OO0DOO0OOOOUO 40000
gboogboan

00 5.1. rankg Ge/Kc = 10

005100000dmA=100000000a, 00 (Ge,Ke)OOOOOOOOO
gboooaoo

Case (Ge, Kc) aq
1 (SL(2n+1,C),GL(2n,C)) R(E12+ Ea1)
2 (Sp(n+1,C),Sp(1,C) x Sp(n,C)  R(E12+ E21 — Eopt1.2n+2 — Eant2.2n+1)
3 (SO(QH +1, (C), SO(QTL, (C)) R(E17n+1 + En+1,1 — En+172n+1 — E2n+1’n+1)

0 3: A1 = expRay

5.2 Step 2

000(Ke, He)0ODOODOOOOOOOO0O0OOH:=K400 (023000)000
(Ke,He)0O0OOOODODOOODOOOO 4100

K¢ = KAy He (5.2)

0000000 Ay =expag ~RerkeKe/He QOO 0000 0e 004000000
000000000000 40 X;,Y,7; 0

Xj:=FEji111 — Fonyo jontoj,
Y (= Fiony2 + Eongo 1,
Zj = Eynny g+ gy — Bayojnssyj — Biags) jonys;

gbooooo

5.3 Step 3

DDDDDDMl Z:ZKu(Al),MQIZZHu(AQ)DDDDDDDDD Ku:MlAgMQD
000 A;0000000
ooooboooboooooo

10



Case (K@,H@) a9 rankR K@/H(C

1 (GL(2n,C), Sp(n,C)) RX; +---+RX, n
2 (Sp(1,C) x Sp(n,C),SO(2,C) x Sp(n,C) RY 1
3 (S0(2n,C),GL(n,C)) RZy + -+ RZpy (5]

O 4: AQ = eprag

00 5.2. 000000000 K,/M;00000000000OCDOO

Proof. 0 4-000 (Ge,He)OOODOOUOO MO M, 00 500000000000
Case 3000 eI nOO0O0DOOO1I0DOOOODOOOODDOO

Case K, My My
1 U(2n) U(2n—1) SU(2)"
2 Sp(l) x Sp(n) SU(2) x Sp(n —1) Sp(n)
3 SO(2n) SO(2n —1) SU©2)El x Ue)

05 0000 My, M,

gobosb000opboobooboogn O

oboo0 MOO000000000000b20000500000004500
000000000000 0D0OD0O0ODO caseD 0O As0000000O

00 5.3. K, =MAsM, 0000 A3

( 1 x (BlBQ s Bn—l) (Case 1)
{Ion42} (Case 2)
Az = p (5.3)
1 :g € B1By- --B[an] (Case 3)
()"

00000 B;~S0(2)0 (43)0000000000000000 (042000)0
000000000 (K, M, M,) 00000000

Proof in Case 1. (K, Mi,M3) = (1 xU(2n),Ia xU(2n—1),1x SU(2)")00000O0
0000000000 ((L,Ly,L,) 0 (41)00)0

M\K, /My ~ (1 x U(2n — 1)\U(2n)/SU(2)" = Li\L/Ls. (5.4)
00 45000(44) 00000 B=By_1By_s---B,B 0000 L=LB'L,000

000000 (5.4)00000A3=1xB7'0000 K,=MA;M, 000000 O

11



Proof in Case 2. (K, My, Ms) = (Sp(1) x Sp(n),Sp(1) x Sp(n—1),Sp(n)) 00000
0000 f: M x My — Ku, ((g1,92),h) — (91,92h) 00 000000000000
(9,h) € K, 0000 f((g, Ion_2), ):( M O00O00D0000K, = MiM,OOOD
RN O

Proof in Case 3. (K., My, M) = (SO(2n),SO(2n —1),SU(2)Iz! x U(e)) D0 0O K,
00000 L=U(r0O000000

t:U(n) <= SO(2n), g+ 1

(g Ht

00000000000 0000000 0 Mp-O0OOODOD0000 ¢ L)Ly =
Un)/U(n—1) ~ K, /M; = SO(2n)/SO(2n —1)0000000000(L, Ly, Ly) 0 O
0000 45000000K, =M «(B)M,0DO0OO0D00uB) =430 (5.3) 0000
000 O

00000@B.1)0000 A=A1A34,0 Ge/HcOOOOOODODOOO (1.1)000
0000000000 110000000

6 0014000

0500000 A= A1A34,00000spherical0 4-0000 Ge/HcOOOO Gy
00o00000000o000o00oo0Uo0oU0D (oo 1000)o

Proof of 10 1.4. (V.1)~($.2)0000 SO000 ¢ 00000000000
000SCcGe/HcOOODOODO

S := AHc/Hg. (6.1)

00000001100 Ge/He=G,-SO00000000O0000O0 SO (v.))ooooo
0000 (Ge,He)OOOO GeOODOOOUOOUOOOOO 0O

olg) =9 (6.2)

D0000000000H:O 0000000000 Ge/HcOOOOOOOOOOOO
00 (0000 e0000)0

o(gHc) =gHc (g9 € Go).

A1, Ay, As000 (03,4000 (5.3)00000|4 =idy 000000000 = idg
00000000(S.1)0000000

0000000 2€Ge/HeOOOD o(z) €G,-20000000000(V.1)000
Dz=g-se(geG,seS) 0000000 DODOOOOON

o(x) =a(g)o(s) =o(g)s=0(g)g™" - (g-5) =0(9)g™" - . (6.3)

12



c0 GeOOOOOOO00O0 G,0000000(g)g'€G,00000(6.3)00 o(z) =
o(g9)gt-r€G,-20000000(S.2)000000
00 O00Ospherical 0 40000 Ge/HcOOOO G, 0000000000000

gooooon O
oo
[1] M. Brion, Classification des espaces homogenes sphériques, Compositio Math.

2]

[11]

[12]

[13]

63 (1987), 189-208.

M. Flensted—Jensen, Spherical functions of a real semisimple Lie group. A
method of reduction to the complex case, J. Funct. Anal. 30 (1978), 106-146.

J. Jiménez, Riemannian 4-symmetric spaces, Trans. Amer. Math. Soc. 306
(1988), 715-734.

T. Kobayashi, Geometry of multiplicity-free representations of GL(n), visible
actions on flag varieties, and triunity, Acta. Appl. Math. 81 (2004), 129-146.

T. Kobayashi, Multiplicity-free representations and visible actions on complex
manifolds, Publ. Res. Inst. Math. Sci. 41 (2005), 497-549, special issue com-
memorating the fortieth anniversary of the founding of RIMS.

T. Kobayashi, A generalized Cartan decomposition for the double coset space
(U(n1) x U(ng) x U(ns))\U(n)/(U(p) x U(q)), J. Math. Soc. Japan 59 (2007),
669-691.

T. Kobayashi, Visible actions on symmetric spaces, Transform. Groups 12
(2007), 671-694.

T. Kobayashi, Propagation of multiplicity-free property for holomorphic vector
bundles, preprint, arXiv: math.RT/0607004.

M. Kramer, Sphérische Untergruppen in kompakten zusammenhingenden
Liegruppen, Composito Math. 38 (1979), 129-153.

A. Sasaki, Visible actions on irreducible multiplicity-free spaces, Int. Math. Res.
Not. 18 (2009) 3445-3466.

A. Sasaki, A characterization of non-tube type Hermitian symmetric spaces by
visible actions, Geom. Dedicata 145 (2010), 151-158.

A. Sasaki, A generalized Cartan decomposition for the double coset space
SU(2n + 1)\SL(2n + 1,C)/Sp(n,C), J. Math. Sci. Univ. Tokyo 17 (2010),
201-215.

A. Sasaki, Visible actions on reducible multiplicity-free spaces, Int. Math. Res.
Not. (2011), 885-929.

13



[14] A. Sasaki, Visible actions on the non-symmetric homogeneous space
SO(8,C)/Gy(C), Adv. Pure Appl. Math. 2 (2011), 437-450.

[15] E. Vinberg, B. Kimelfeld, Homogeneous domains on flag manifolds and spherical
subgroups of semisimple Lie groups, Funct. Anal. Appl. 12 (1978), 168-174.

14



