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Outline

e Lecture |. Survey of scalar curvature
e Lecture Il. Localized scalar curvature deformation, and gluing.

e Lecture lll. Scalar curvature gluing and applications.

Applications may include a recent resolution of the remaining cases of the
modified Kazdan-Warner problem by S. Matsuo, and constructions of
interesting initial data in general relativity, as time permits.
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Curvature basics

Let (M, g) be Riemannian, with compatible connection V (Vg = 0).
The curvature tensor is defined by

R(X,Y,Z)=VxVyZ -VyVxZ—-Vix yZ.
We use the index conventions (and the Einstein summation convention)

R = R,.jk‘fa‘zz ® dx' @ dx/ ® dx*

and with metric g = (-, ), Rjke = (R(a‘z,-, %, %), %> = Ry 8me-

Gauss’ Theorema Egregium

If UCR? and X: U — £ =X(U) C R3 is an embedding, then if V* is
the compatible connection on X in the induced metric,

VE VE X, — VE VE X, = KT (X, X)Xy — (X4, X)X,)
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Curvature basics

Sectional curvature: If 1 C T,M is a two-plane, and if {e1, e} is any
orthonormal basis of 1, K(IN) := (R(e1, &2, &), e1) is independent of
choice of orthonormal basis, and is the sectional curvature.

It is the Gauss curvature of a the geodesic two-surface tangent to I1.

Let {e1,...,en} be an orthonormal frame for T, M.
n
Ricci curvature: Ricg(v,v) = > (R(v,ej, €j),v),
j=1
or in component form for any basis of T,M, Ry = szkg.

Scalar curvature: R(g) = gUR,-J- is the trace of the Ricci tensor, which in
n
an ON frame is just R(g) = > (R(ei, €, €), i),
ij=1
the total (average) of Gauss curvatures of geodesic two-surfaces through p.
The scalar curvature R(g) is quasilinear, second-order in the components
of g, second-order terms of the form g * 9°g.
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Curvature basics

Fundamental question

How to relate the curvatures to the geometry/topology of M.

Sectional and Ricci curvatures have stronger immediate ties to the
geometry and topology of M.

Sectional Curvature

Sectional curvature affects the behavior of geodesics. If J is a variation
field for a family of geodesics, say s is a geodesic for each s € /, and

J = 0s7s, then in case of constant sectional curvature K, the ODE

J” + KJ = 0 is satisfied.

This gives the relative spreading of geodesics in negative curvature
(hyperbolic space), and the convergence of geodesics in positive curvature
(sphere).
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Curvature basics

Ricci curvature

The Ricci curvature then controls the geodesic deviation on average, nicely
captured by the expansion of the volume element in normal coordinates:

" )
dvg = [1 — tRjxdx* + O(|x[?)] dviual.

In fact recall

Bishop's Theorem

For x constant, suppose (M", g) has Ric(g) > (n — 1)xg.
Then for any geodesic ball B,(p),

Volg(B:(p)) < Vol(B;(0)),

where the volume of the right is taken in the simply connected space form
of curvature k.
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Curvature basics

We recall one last basic fact before moving to scalar curvature.

Bonnet-Myers

(M", g) complete Riemannian. Suppose Ric(g) > == g.
Then diam(M, g) < 7r.
Moreover, M is compact, and 71(M) is finite.

o If N closed, S* x N admits no metric of Ric(g) > 0.

e S x S"1 (n > 3) admits metrics with positive scalar curvature
(PSC), e.g. product metric.
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Scalar curvature basics

So, what does scalar curvature measure?

We saw that the Ricci curvature appears in the expansion of the volume
form, so integrating over geodesic balls B,(p), the scalar curvature appears
in the expansion of the volume of geodesic balls:

Volume expansion

Vol(By(r)) = Volua (B*(1))r" [1 - £&% 2+ O(r3)] .

Remark: This does give a C° way to define PSC (positive scalar
curvature).

Flexibility: Scalar curvature should be reasonably flexible—degrees of
freedom: single scalar equation for a metric. Before we focus on flexibility,
let's note some obstructions.
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Surfaces

It's unfair to start with surfaces since on a closed, orientable two-surface
(Z,g), R(g) = 2K%, which is tightly controlled by the

Gauss-Bonnet Theorem

/ KT dAs = 2nx(%).
pN

In fact we have a complete solution to which functions are (scalar)
curvatures of Riemannian metrics on .

Kazdan-Warner

> 2 closed, connected. K € C*(X) is the Gauss curvature of some smooth
metric g on X if and only if

e Case (i) x(X) >0: {K >0} #0.
e Case (i) x(X)=0: K=0;0or {K >0} #0 and {K <0} #0
e Case (iii) x(¥) <0: {K <0} #£0.
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Scalar curvature in higher dimensions

As is expected, scalar curvature is more flexible in dimension three and
higher. However, there are obstructions to manifolds admitting PSC, going
back to Lichnerowicz, then Schoen and Yau (SY), and Gromov and
Lawson (GL).

PSC and GR: There is an interesting connection with PSC and GR. The
next theorem is intimately tied to the Positive Mass Theorem.

Theorem (SY, GL)

T" does not admit any PSC metric. Any zero scalar curvature metric is
flat.

Justin Corvino (Lafayette) Deformation and Gluing Constructions ~ October 28-October 31, 2014 10 / 67



Schoen-Yau Theorem

M?3 closed, orientable. If 71(M) contains 71 (X) for X orientable surface of
positive genus, then M admits no PSC metric.

The proof involves an insightful rewriting of the second variation of area
for closed oriented minimal hypersurfaces ¥2 C M3. We review that here.
If v is the oriented unit normal along %, and if A is the second fundamental
form of ¥, then we consider the variation field V = v along ¥. The
Jacobi operator Ly is given by Ly¢ = Asp + (||A]|? + Ric(g) (v, v))e.
Then if A(t) is the area of ¥, where V = ¢v generates ¥, and if ¥y = X
is minimal, then

A'(0) = — /X oL dAy = /Z (1762 ~ (A1 + Ric(g)(v. 1))¢?) dAs.
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Schoen-Yau Theorem

We want to work in the scalar curvature R(g) into the second variation.
To do this, let E, E; be a local orthonormal frame on X, let E3 = v.
Write A = (hjj), where hjj = (ng’ej, v), and let Kjj = K(span(ej, gj)) be a
sectional curvature in (M, g). We collect a few formulas:

e Ric(g)(v,v) = K1z + Ko

* R(g) =2(Ki2 + K1z + Ka3)

e (Gauss Equation) K* = Kio + hi1hyo — h2,.

Now recall hio = ho1. Also, for X minimal, hi1 + hos = 0, so that
2
KE = Kia— 5 > h% = Ko — 5[|Al1%
ij=1
Thus [|A|? + Ric(g)(v,v) = [|A|]> + Kiz + Koz =
%HAH2 — K* + Kio + K13 + Koz = %HAH2 + %R(g) — K~
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Schoen-Yau Theorem

Inserting this into the Second Variation, we get

Second Variation Formula
A"(0) = [5 [IVZ¢l? — (3IIAI? + 3R(g) — K*) ¢?] dAs.

Definition
A minimal X is stable if A”(0) > 0.

Let ¥~ be an oriented, stable minimal two-surface in (M3, g). If R(g) > 0,
then x(X) >0, and x(X) = 0 implies R(g) = 0 and X is totally geodesic.
In case R(g) > 0, then x(X) > 0 (X is diffeomorphic to a sphere).

This is fun: use the stability inequality, with ¢ = 1, and Gauss-Bonnet.
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Three-manifolds admitting PSC

Theorem (SY, GL)

If M{, M3, n > 3, carry metrics of PSC, so does M;# M.

Remark: The proof in GL is local to the surgical region.
Along with the resolution of the Poincaré and Spherical Space Form
Conjectures, we have:

Three-manifolds of PSC

M3 closed, orientable. M admits a PSC metric if and only if M is a
connected sum of factors of the form S! x S2, and S3/I' (I C SO(4) finite
subgroup).
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Kazdan-Warner classification

Goal: Determine which functions are scalar curvatures for some metric g
on M.

Theorem(KW)

M?", n > 3, closed and connected. Let M be the space of (smooth)
metrics on M, R : M — C°(M) the scalar curvature map. There are
three possibilities for the image R(M):

e Case (i): Any f € C*°(M) can be realized as R(g) = f for some
g e M.

e Case (ii) f € C°(M) N R(M) if and only if either {f < 0} # (), or
f=0.

e Case (iii) f € C®(M)N R(M) if and only if {f < 0} # 0.

()S" (i) T" (i) T"#T".
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Connection to Relativity

We recall briefly the Einstein constraint equations, which govern the space
of allowable initial data for the Einstein equation in space-time.

Suppose (M3, g) is a totally geodesic space-like hypersurface in a
Lorentzian manifold (S*, g), with unit (time-like) unit normal n.
The Einstein equation is Ric(g) — 2R(g)g + Ng =k T.

Vacuum case: T = 0. A is the cosmological constant.

Hamiltonian Constraint

The Gauss equation then implies the vacuum Hamiltonian constraint
R(g) =2A. (g is CSC.)

Let A = 0. If there are matter fields, then R(g) = kp, where k > 0 is a
constant, and p = T(n, n) is the energy density of matter fields as
measured by observer adapted to M. Thus R(g) > 0 is a natural
assumption for the Positive Mass/Energy Theorem.
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Schwarzschild metric

The following metric is Lorentzian and Ricci-flat:
1- 2\ ° m O\
gs=— | —— | d?+(1+
8s <1+2,|nx|> ( 2’ ‘> 8Eucl

4
gs = <1 + ﬁ) 8Eucl is the spatial Schwarzschild metric of mass m.

Since ‘ i is harmonic on R3\ {0}, we have R(gs) = 0. It is asymptotically
flat with two ends if m > 0.

Y ={|x|=3}isa totaIIy geodesic surface. Easy to check (exercise)

|| = 167mm?, ie. m= 16ﬂ (equality case of Penrose inequality).
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Schwarzschild metric

Exercise: A simple computation shows

m= 167r Jim / Z(gu, giij)V dA.

ef=r =

where ve and dAe are the Euclidean outward unit normal and area element
on the spheres {|x| = r}.

The flux integral limit provides the definition of mass/energy for more
general asymptotically flat solutions of the vacuum ECE.
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Conformal Considerations

Conformal techniques give a classical vehicle for deforming/prescribing
scalar curvature and solving the ECE.

Let M", n > 3, be smooth and connected. Let M be the space of
(smooth) Riemannian metrics, and M; C M the unit volume metrics.

Forge M, let [g]| ={fg:f >0, f e C>*(M)} be the conformal class of
g.
Let C be the set of conformal classes.
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Conformal change of scalar curvature

Forn>3, g = uﬁg for u > 0. Then

4(n—1) _ne n—2

n—2 .
U Agu )R(g)u .

R(&) = 4(n—1

o

Let Lou = Agu— #}DR(g) u be the conformal Laplacian.

Remark: Finding g € [g] with CSC is a semi-linear elliptic equation, while
R(g) = 0 is a linear elliptic PDE Lgu = 0.
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Variational characterization of CSC

Einstein-Hilbert action: R(g) = | R(g) dvg.
M

Volume-normalized action: R(g) := Rl R((Vol(g))_% g),
(Vol(g)) ™

where g = (Vol(g))_% g € M.

Critical equations
e g is critical for R iff Ric(g) = 0 (Vacuum Einstein)

e g is critical for R iff Ric(g) = @ g (Einstein implies CSC),
equivalently g € M critical for R|nq, iff g € My is Einstein

e g critical for R|j, iff R(g) is constant,
equivalently, g € M critical for R|x,n[g) iff R(g) is constant.
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Yamabe problem

With the Iatter condition in mind, let § = uﬁg € [g], u>0. Then
dvg = un = dvg, so that using the formula

~ —n+ .
R(g) = — =D, [A U~ 725R(g) } with 2% — 2 =1 and
integration by parts (easy check!), we get

r(e) = U= [ wa - 222 o

R(E) = e

”U||2 2n
Ln=2(dvg)
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Yamabe problem

Goal: Look for CSC in [g].
_4
Let Y(M, [g]) = inf R(g) = inf "> &)
gelgl

u>0 ”quZin
L2 (dvg)

Goal: Look for Einstein metrics: let o(M) = sup Y(M,C).
C

Fact: (M) <0 and R(g) = o(M), then g is Einstein.

A Yamabe metric is one which realizes the infimum, and thus is a CSC

metric in [g].

Theorem (Yamabe, Trudinger, Aubin, Schoen)

Y(M,C)

For any C € C, there is g € C with R = .
y g (g) W

Justin Corvino (Lafayette) Deformation and Gluing Constructions ~ October 28-October 31, 2014 23 / 67



Yamabe problem

Before we move on, let's collect a few facts.

Facts
e lf CEC and g € C, then Y(M,C)(Vol(g))'= < [, R(g) dvg.

e For r < o(M), there is C € C, Y(M, C) = r, and thus there is g € My
with R(g) = r < a(M).

e (M) > 0 if and only if M admits PSC.
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Modified Kazdan-Warner problem

Study image R : M1 — C>®(M). Again, M", n > 3, closed and connected.

Theorem (O. Kobayashi)

In case (M) < 0. Then

(i) If Y(M, C) = o(M) for some C € C, then f € R(M) iff either

min f < o(M), or f = o(M).

(i) If for all C € C, Y(M, C) < (M), then f € R(My) iff minf < o(M).

In case o(M) > 0: f € R(M,) if f is non-constant, or f = ¢ < o(M).

Remaining cases intriguing: In case o(M) > 0, and ¢ € [0(M), +0). Is

Cc € R(M1)?

Yes! S. Matsuo ( 2013, Math. Ann., to appear).

Key idea: Any Yamabe metric g isn't just CSC/critical, but also
minimizing in C, so Y(M, C) < o(M). So a Yamabe metric in M has
R(g) < o(M).

S. Matsuo: produce CSC non-Yamabe metrics in M7 by CSC surgery with
volume control (C-Eichmair-Miao), and re-scaling.

Justin Corvino (Lafayette) Deformation and Gluing Constructions October 28-October 31, 2014 25 / 67



CSC gluing with volume constraint

Theorem (C., Eichmair, Miao)

If (M1, g1) and (Ma, g2) are two closed n-manifolds (n > 3) of CSC
R(gi) = c which are suitably non-degenerate, there is a CSC ¢ metric on
My # M, with total volume V(g1) + V(g2), and which equals the original
metrics outside the gluing region.

You can also add a handle this way, preserving total volume.

Remarks: Conformal methods for CSC gluing (Mazzeo-Pollack-Uhlenbeck;
Isenberg-Mazzeo-Pollack; Joyce; etc.) invoke global deformations.

Non-conformal techniques can be used in conjunction with well-established
conformal methods to achieve controlled localized perturbations.

Goal: understand non-degeneracy condition and its role in scalar curvature
deformation. We will explore this in Lecture 2
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Fischer-Marsden Analysis

Fischer and Marsden used Implicit Function Theorem arguments to study
scalar curvature deformation, allowing the metric to move across
conformal classes.

Consider the scalar curvature map g — R(g), which has linearization Lg ,
and formal adjoint Lg given by

Linearization of scalar curvature

o Lg(h) =42 _ Rlg+th) = =Ag(trg(h))+divg(divg(h)) — (h, Ric(g)).
° LZ(f) = —(Agf)g + Hessg(f) — fRic(g).

Convention: Agf = trg(V2f) = trg(Hessgf).

Note that the principle part of L,L7 is (n — l)Aé
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Fischer-Marsden Analysis

L;(f) = —(Agf)g + Hessg(f) — fRic(g).
As LZ, is overdetermined-elliptic, it admits a Hodge
decomposition /Fredholm alternative:

Hodge-type Decomposition

On closed manifolds (or non-compact manifolds with asymptotic
conditions, say) the appropriate function spaces (Sobolev, Holder, possibly
weighted) split as Tm(Lg) @ ker(Ly).

Thus by the IFT, we have

Suppose (M", g) closed, and ker(L;) = {0}. Then there are ¢ > 0 and

C > 0 so that for all S € C*°(M) with ||S||x < €, there is a smooth h with
llAllks2 < CJ||S||k so that g + h is a Riemannian metric with

R(g +h)=R(g)+S.
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Static metrics

From the preceding theorem, we can now focus on the linear obstruction
to local deformation.

Definition

A metric g is called static (vacuum) if it admits a non-trivial solution to
the system Lz(f) = —(Agf)g + Hessg(f) — fRic(g) = 0.

A solution f is called a static potential.

Remarks
e Static metrics are special. For example:
e A static metric has CSC, and in fact the associated (n+ 1)-space-time

warped product metric g = —f2 dt? 4 g is Einstein: Ric(g) = % 8

| \

v
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Static metrics

e Euclidean space with static potentials spanned by the functions 1,

xLoo X

e The flat torus T” with constant static potential.

e The round sphere S”  R"*!, with static potentials given by the span
of the restriction of the coordinate functions x/ . L j=1,...,n+1.

e S x S"1 s static with static potential f(t,w) = sin(t) for the

product metric, where the S factor has metric ﬁdﬂ with
t € [0, 2m].
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Static metrics

Example: Schwarzschild

Defined on R3\ {0}:
4
8s = (]- + m) 8eucl

This metric has zero scalar curvature and is static, with static potential
f(x) = 2L,
() = T2

The warped product gs = —f2dt? + gs gives the Schwarzschild space-time
satisfying Ric(gs) = 0.

The zero set {x: f(x) =0} = {x : [x| = 3} is a minimal (in fact totally
geodesic) sphere.
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A basic connection to the PMT

Proposition (Simple case of PMT rigidity)

If g is a metric on R3 which has R(g) > 0 and for which g = geuq outside
a ball B, then g is flat.

Proof. By forming the torus quotient outside the ball B, g descends to a
metric & on T3 with R(g) > 0. By FM, & must be static, else one may
perturb the scalar curvature up slightly everywhere, which is not allowed
by SY, GL.

So in particular, then, R(g) = 0, and there must be a solution to

0= Lzf = —Azfg + Hessg(f) — fRic(g). Taking the trace and using the
scalar curvature condition we get Agzf = 0, so that f is a non-zero
constant. From L3 f = 0, we have Ric(g) = 0.
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Variation of scalar curvature and volume

There are a number of remarks we want to make about static metrics and
potentials. Since there are similar results to be made about the linear
obstruction for specifying deformations of scalar curvature R(g) and
volume V(g) = Vol(g) jointly, we will economize and just make the
comments for the joint problem.

Variation formulae

e The linearization of the volume g — V/(g) is
d|,_, V(& +th) = [y 3tra(h) dvg.

o If we let ©(g) = (R(g), V(g)), and Sg = DOy, then
Sg(f,a) = Ly(f) + 5 g. (ais a constant.)
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V-static metrics

Recall ©(g) = (R

e A metric g is called V-static if it admits a non-trivial solution to the
system S;(f,a) = —(Agf)g + Hessy(f) — fRic(g) + 35 g = 0.
e A V-static metric has CSC: take the divergence of S;(f,a) = 0 and

use the Bianchi identity (and that 0 is a regular value for a nontrivial
potential, as we'll see).

e Static implies V-static: If f were a static potential, then S;(f,0) = 0.

=EES

e If g is Einstein of CSC R(g) = c, then (1, 2%) is in the kernel of S;-
e The standard sphere S” C R"*! has the maximal-dimensional kernel.
Indeed, the coordinate functions xf’Sn, j=1,...,n+1, restrict to

static potentials, and (1,2(n — 1)) is in the kernel of S;.

v

v
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Scalar curvature and volume

Volume functional on CSC metrics

For a closed manifold M, we let M€ be the space of metrics with constant
scalar curvature (CSC) R(g) = ¢, and let volume function restricted to
ME be V. : M€ — (0, +00).

For a compact manifold-with-boundary Q, if ~ is a metric on 99, then we
let M, denote the space of metrics g on Q with CSC R(g) = ¢, whose

restriction agrees with ~: ’ = .
g Y-8 T(09) Y

For ¢ # 0, critical points of V. correspond to critical points of the
Einstein-Hilbert action M€ > g — [,, R(g) dvg.

e g is critical for V_; if and only if g is Einstein of CSC negative.
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Volume criticality

The V-static condition is does not capture volume criticality on the nose.

Example

o S x S"1 s static with static potential f(t,w) = sin(t) for the
product metric, where the S factor has metric ﬁdﬂ with
t € [0, 2x].

o However, this is clearly not volume-critical, by scaling the S'-factor,
which doesn’t change the CSC (n —1)(n — 2).

We re-write the condition Sg(f,a) =0 as Ly(f) = k g, where k = —3.

Proposition

Metrics in M or M£ which are volume-critical are those which admit
solutions to Lz(f) = kg, with x # 0, assuming the first eigenvalue of
(n —1)Ag + c is positive. Dirichlet conditions are used in the boundary
case (Miao-Tam).
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V-static metrics

The equation S;i(f, a) = 0 reduces to an ODE along geodesics. If «y is a
unit-speed geodesic and h(t) = f(v(t)), then
h'(t) = Hessgf(7/(t),~/(t)), and so

a/2

(1) = (Ric(g) (7 (6). /(1)) — R €Y ne) 22

Using this one can show that on a smooth connected domain, the kernel is
at most (n + 2)-dimensional, and the kernel elements extend smoothly to
the boundary, and that zero is a regular value of a non-trivial element in
the kernel.

We remark that no boundary condition has been imposed here.

Letting a = 0, we have a similar statement for static metrics, where the
associated maximal dimension is n+ 1.

Remark: One can interpret boundary values of static or V-static
potentials, which by the finite-dimensionality of the space of potentials,
must be special.
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Variational formulation for V-static potential

The next result generalizes work of P. Miao and L.-F. Tam, who
considered the static case k = 0.

V-static action

For x a constant, and ¢ a function, we define

E.o=rV(g)— / H ¢ do.
o2

Proposition (C., Eichmair, Miao)

Let k be a constant, and let ¢ be a function so that (¢, k) is not
identically (0,0). Suppose g has CSC R(g) = ¢, and suppose the first
eigenvalue of (n — 1)A, + c is positive. Then g is critical for E, 4, on M
if and only if there is a smooth function f so that

L,f =kKg on Q, f=a¢ on 09
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A volume comparison result

As a last result before we move on to the localized deformation theorem,
we note a volume comparison result first observed by Miao-Tam;
C-Eichmair-Miao removed the spin assumption in higher dimensions, by
avoiding use of the Positive Mass Theorem.

Theorem

Suppose g is a smooth metric of zero scalar curvature on Q, so that there
is a function f with Lgf = g on €, with f = 0 on 0). Let v be the metric
induced on ¥ = 0L, which we assume is connected. We furthermore
assume (X,7y) can be isometrically embedded to a compact strictly convex
hypersurface Xo in R"”. Then V(Q,g) > V(int(Xo), Geuc1), Where equality
holds if and only if (Q, g) is isometric to a standard ball in R".
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Localized Deformation Theorem

Now that we've analyzed the linear obstruction to local deformations, and
have noted that metrics which for which deformations are possibly
obstructed are quite special. In the case when there is no obstruction, we
have the following theorem.

Theorem (C., Eichmair, Miao)

Let Q C (M, g) be a smooth bounded domain. Suppose the kernel of Sg
is trivial on Q. For any Qo CC €, there is an ¢g > 0 and a C > 0 so that
for any o € C2°(Q0) and any 7 € R with |7| + ||o]| co.a < €0, thereis a
smooth metric g + h so that h is supported in Q, and

(R(g +h), V(g +h)) = (R(g) +0,V(g) + 7).
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Localized deformation theorem

Theorem (Localized deformation of scalar curvature), C.

Suppose Q C (M, g) is a smooth bounded domain. Suppose that the
kernel of L3 on Q is trivial (so (€2, g) is not static). For Qo € Q, there is
an €o > 0 so that for any S € C*°(Q) with spt(S) C Qo and [|S]|co. < €0,

there is a smooth metric g 4+ h with spt(h) C Q with
R(g +h)=R(g)+ S and ||h||cza < C||S||co.a-

e This is a localized analogue of the Fischer-Marsden theorem.

e This theorem doesn't help resolve the Min-Oo conjecture on the
hemisphere, since the round sphere is static. Min-Oo conjecture: if g
is a Riemannian metric on S| with R(g) > n(n— 1), so that (9S7,g)
is isometric to the standard unit sphere S"~, and so that oSt is
totally geodesic, then (S, g) is isometric to the standard unit
hemisphere. Brendle, Marques, Neves had to work harder to provide
counterexamples.
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Localized deformations: scalar curvature melting

Lohkamp proved an interesting result in the late nineties.

Lohkamp Theorem

Let (M, g) be Riemannian, and let U C M be open. For any € > 0, and
for any smooth function f with f < R(g) on U, and f = R(g) on M\ U,
there is a smooth metric g. with g = g. on M\ U. and f —e < R(g.) < f
on U, (the e-neighborhood of U). Moreover, one may choose g, arbitrarily
close to g in C°.

In general, one cannot keep strong control on the metrics g.. One might
consider whether one can estimate g — g in terms of f — R(g).

In terms of deforming scalar curvature down through a continuous path,
one might try to specify a continuously varying family of smooth metrics
gt, 8o = g, t > 0, with R(g;) strictly decreasing in t inside some ball B,
say, with g; = g outside B.

Of course, in case the metric g is non-static this follows from work of C.
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Obstruction to locally bumping up scalar curvature

With Lohkamp’s result holding for any metric, one might ask whether we
can still so this melting of scalar curvature at static metrics. For Euclidean
spaces, such metrics have been produced by J. Kim et. al.

Rigidity for the Positive Mass Theorem precludes locally bumping up the
scalar curvature on Euclidean space and on hyperbolic space. It doesn't
just preclude such deformations near the constant curvature metric, it
precludes existence of other metrics which agree with those outside a
compact set and have at least as much scalar curvature. A similar
statement holds for regions of the Schwarzschild metric away from the
minimal sphere (Penrose Inequality).

Obstruction to bumping up

Forthcoming work of J. Qing and W. Yuan establishes some rigidity and
non-rigidity results at static metrics, and, if | understand correctly, shows
that at any static metric, and any point p, then for small enough balls
around p, one cannot have a different metric near g of scalar curvature at
least as much as R(g), which agrees with g outside the ball.
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Proof of Local Deformation: Basic estimates

Basic estimate

The key to obtaining h compactly supported is the form of the operator
Sz: Sz(u,a) = —(Agu)g + Hessgu — u Ric(g) + 5 g. One can then get
an immediate a priori estimate of the form

I1(u; @)l requyxr < C(n, 8,Q) (1S5 (u; )l 2y + (4, @)l vy <r)

valid on any U C Q.

No boundary condition has been imposed.
Proof: trg(Sg(u,a)) = —(n — 1)Agu — uR(g) + 7. Thus the full Hessian
of u can be expressed in terms of S;(u, a) and lower order terms in (u, a).
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Proof of Local Deformation: Basic estimates

Coercivity estimate

In case Q is not V-static, then one can use compactness arguments to

prove the following estimate for small ¢ > 0, where
Q. = {x € Q: dist(x,00) > ¢}:

(4, )l 2y xr < ClISg(u, @)l 2(0.)-

| A\

Weighted estimates

Let p be a smooth, positive function on €2, which near the boundary is
e /9, d(x) = dist(x, 09).

The preceding estimate can be integrated to obtain the weighted L2
estimates:

(s 2)ll gy < ClISE(w, 3)lli2e)-
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Proof of Local Deformation: Linearized problem

Under the assumption that S;i has trivial kernel, solutions to

Sg(h) = (o, ) for (o,7) € Li_l(Q) X R can be obtained from standard
variational arguments. The solution h will be of the form h = pS;(u, a).
The decaying weight p will ensure h extends smoothly by zero across 09Q.

Proposition

Let Q € M be a smooth, bounded domain and assume that Sg has trivial
kernel in H2 () x R. Let (o,7) € le)_l(Q) x R. There is a unique

minimizer (u, a) € H5(2) x R of the functional F, defined on H3(Q2) x R
given by

1
F(u,a) = / <§ | Sz(u, a) 1> p— au) dug — ar.
Q

The minimizer is a weak solution of the equation Sy (pS;(u, a)) = (o, 7)
and satisfies ||(u, a)|[z(@)xr < ClI(o; T)HLi_I(Q)XR'

v
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Proof of the Local Deformation: Linearized problem

Proof. We use the injectivity estimate ||(u, a)HHg(Q)XR < C[[Sg(u, a)H,_%(Q)
to infer that the infimum p < F((0,0)) = 0 of the functional

1
Flua) = [ (315202 o= o) disg —or
Q
> Ol ) gy~ 10 Mgy 7y

is finite. Standard functional analysis then gives a minimizer (u, a), which
is the unique global minimizer, since for (4, ) # (u, a),

t— F((1—t)(u,a)+ t(d,a)) is strictly convex. For the minimizer (u, a),
from p < 0, we get an estimate

1 1, .
5e 10 Boae < [ 5185w.3) P pding = o+ [0 dpg +a7
Q Q
< H(Uv'r)HB_I(Q)xR' 1(u, a)llH2(@)xr

This gives us (1, 3)l ()< < [l T2, (@)xm-
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Comments on pointwise estimates

The proof of the Deformation Theorem proceeds through iterated linear
corrections. We need to keep pointwise control during the iteration.

Weighted Schauder Estimates

The operator p_ngpLz to which we apply these estimates can be

expressed in local coordinates as P = (n — 1)A%2 + > bgD?, and
1B1<3

analogously for the quasilinear operator p~1(R(g + pSg(u,a)) — R(g)). If
we had chosen p to decay like a power of the distance d to the boundary,
then the lower order coefficients would go like |bs| ~ d~(#=15), and a
scale-invariant form of the interior Schauder estimates is standard. In case
the weight p decays exponentially, the lower order coefficients can behave
like |bg| ~ d=2(4=18) near HQ. The best way to handle such behavior is to
choose the right scaling, in order to write interior Schauder estimates on
in terms of interior Schauder estimates on fixed balls.

v
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CSC gluing with volume constraint

We start with a gluing result for manifolds with boundaries. There are two
non-degeneracy conditions—one for the conformal method, and one for
the localized deformation technique discussed in Lecture 2.

Theorem (C., Eichmair, Miao)

Let (My,g1) and (My, g2) be compact manifolds with nonempty
boundaries, and let p; € int(M;) be marked points, and let U; be
neighborhoods of p; which are not V-static. Assume that each metric has
CSC R(gj) = on, where o, € {—n(n—1),0,n(n—1)}. In case o, > 0, we
assume that the first Dirichlet eigenvalue of ((n — 1)Ag + 0,) is positive.

Then there are neighborhoods V; CC U; of p;, and there is a metric g on
My # M, which agrees with g; on each of M;\ V;, so that R(g) = o, and
V(g) = V(e1) + V(e2)
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CSC gluing with volume constraint

Sketch of proof: Let g be g1 or g». R > 0 will be the radius of a
sufficiently small ball around the chosen points. We omit subscripts.
Let & be the round unit metric on S"1.

e Conformally blow up neighborhood of each chosen point in
quasi-normal coordinates where gj;(x) = d;; + Qj(x),
Q;j(0) = 0 = 0Qjj(0), to produce an asymptotically cylindrical end:

r2g =r2dr’ + g+ r2Q,

where (r,0) are spherical coordinates based on the x coordinates.

e For T>>1, let s=—logr+logR — Z. This rescales r = Re=5~7/2,
with r=2dr? = ds. Note that r = R corresponds to s = —%_

Also, let U be defined so that Wiz s r2 near p, interpolates to 1
between Br(p) and Byr(p).

e Then r?g = Wﬁﬁg =ds?2 + g+ e Te 2R2h inside Bgr(p), i.e.
for s > — L. If g = ds? + § is the cylindrical metric, then | V4h|| has
T-independent bound.
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CSC gluing with volume constraint

Sketch of proof, continued

e Now transition smoothly from \U_ﬁg =ds?+5+e Te2R%hin
(-7, —1) to the exact cylindrical metric g = ds®> + & in (—3, —1).

e Do the same for both ends. One one end, take s to —s, glue together
in the exactly cylindrical part. Get a metric y1 on
Cr= [ 2, 2] x §"1 of the form v = ds? + & + e~ T cosh(2s)hr,

where A+ =0 on [—3, 3] xS™ L. [V h7|| bounded mdependent of T.

e Build an approximate solution: Let ¢(t) interpolate from "7 for
0<t< R, tolfort>2R. (¢ is essentially W.) Let x1 7 cut off

from 1 to 0 in the interval [L — 1, 7], while x2 1 cuts off from 1 to 0

going from —% + 1 down to —%.

T

o Let Wr(s,0) = x1,7(s)¥(e > 7 R) + x2,7(s)¥(e5 2 R).
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CSC gluing with volume constraint

Sketch of proof, continued: Recall that v on [—%, %] transitions from

4
V™ r—Z2g = r~2g to the cylindrical metric from one manifold, then back
the other way.
4
e Approximate solution: Wi~ ?~r.
n+2

_4
o ROWG2yr) = 4D LA Wy 4 2 R(w)wr}

oOn[ ?T+ T - 1]><S”1\IIT(50)—2R ;zTcosh( =2 5).
> %] S"~1, the metric y1 = ds® + &, so that
R(fyT) = (n—1)(n—2), while A, V7 = (2 2) V. Thus
4
R(wf,-72’}/T) =0on [_57 j] X Sn_l.

e The approximate solution is thus the two given manifolds joined by
(n—

Schwarzschild neck of mass mr = . The volume is

approximately V(g1) + V(g2).
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CSC gluing with volume constraint

Sketch of proof, continued
e Goal: Solve for conformal factor to return to CSC: solve
N7(V1 +n7) =0 for small 57, where

n+2

NT(f) A,YTf-f- 4(n 1) R(’}/T)f 4(n 1)Unf"

e N7(V7) is exponentially small in T. A contraction mapping
argument will give the solution, once the linearized operator

LT = DNT‘\U is analyzed.

T

4
Lr(f) = A'YTf+ 4(n— )R( )f_4(nn_—21) "Z+§wn of.

e The operators L1 converge locally on punctured My or M, to L,
4
obtained by replacing v by g =WV r—2g and V1 by V.

Justin Corvino (Lafayette) Deformation and Gluing Constructions October 28-October 31, 2014 53/



CSC gluing with volume constraint

Sketch of proof, continued

_4
o Lm0yt gt RE) -l v

e By conformal invariance, since R(g) = op,, we have

~ n+2 ne _
(—Dg + s RE@)n = Vo2 (—Ag + 55500) (V).

e Ln =0 implies, with a little arithmetic, (Ag + 9n ) (\U_ln) =0.

n—1

e The linearized operator has no kernel for large T, by contradiction. If
there were elements 7); of maximum value 1 in the kernel of L, for
T; — 400, then there are two cases to consider.

e Case (i): For infinitely many j, max |n;| is uniformly bounded away
from zero outside the neck, so that a subsequence will determine a
nontrivial solution ) = W~y of (Ag + -2 )/ = 0 (Dirichlet), which
cannot exist (by assumption in case o, > 0).
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CSC gluing with volume constraint

Sketch of proof, continued

o L1 =—Dy + 307 1) ROYT) — (- 21) ,,Z+§lll(" ? converges locally
(n—2)?
.

uniformly on the neck to —Az, + 4(”n 21)R( ) =Nz +
e Case (ii): If ; instead go to zero locally uniformly on the punctured

manifolds, then a subsequence converges to a bounded solution of

(Ag — (n— 2) )n = 0 on the cylinder, which cannot exist.

e A similar argument shows that the inverse Gt is bounded independent
of T.

e We can estimate the solution, in order to estimate the resulting
volume, close to V/(g1) + V(g2).

e We have a family of metrics parametrized by T, with CSC o, with
volume approaching V(g1) + V(g2) and which outside the gluing
region approach gi LI g».

e We now want a localized deformation procedure to get the original
metrics back outside the gluing region, and to correct the volume.
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CSC gluing with volume constraint

e Now, find annuli around each p; which are not V-static. If there were
no such annulus, get a sequence A; of annuli, increasing to the
punctured manifolds, each with non-trivial V-static potentials. The
kernels of L decrease—but by finite dimensionality, then, they must
stabilize. From this, we get a nontrivial solution with an isolated
singularity. The ODE argument recalled in Lecture 2 shows that such
a potential extends smoothly to p;, which contradicts the assumption
that the original manifolds are not V-static.

e For large T, the CSC metric obtained above is close to g; on each
respective annulus, and the volume approaches V(g1) + V(g2).

e Now glue back in the original metrics g; in the non-static annuli. Use
the localized perturbation result to adjust scalar curvature and
volume.
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CSC gluing with volume constraint

As a corollary we obtain the following.

Corollary (C., Eichmair, Miao)

If (M1, g1) and (M2, g2) are two n-manifolds of CSC o, which are not
V-static, there is a family of CSC ¢, metrics v7 on My# M, which have
total volume V/(g1) + V/(g2), and which are equal to the original metrics
outside the gluing region.

To see this: pick small neighborhoods for which ((n — 1)A,, + op) has
positive first Dirichlet eigenvalue.

You can also add a handle this way, preserving total volume.
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Application: Matsuo’s resolution of Modified KW problem

e We now return to a problem introduced the first lecture, the modified
Kazdan-Warner problem, to determine the range of the scalar
curvature mapping on unit volume metrics, as studied by O.
Kobayashi.

e We had discussed that the remaining cases were the cases
R(g) =c>o(M) > 0.

e S. Matsuo recently resolved these cases, by finding CPSC
non-Yamabe metrics through gluing. We outline the proof here.

e We first note the following corollary of the gluing result.
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Application: Matsuo’s resolution of Modified KW problem

If (M1, g1) and (Mz, g») are two n-manifolds of CPSC, with unit volume,
and which are not V-static, there is a CPSC metric g on Mi# M, which
has (R(g))2 = (R(g1))? + (R(g))? and total volume V(g) =1, and
which is equal to the original metrics outside the gluing region.

Proof: Let p; = R(gj) > 0, and g; = p;g;. Then R(g;) = 1 V(gj) = pjg.
By C-E-M, there is a a metric & with R(g) =1, V(&) =

A —2 A .
g = (V(8)) ng satisfies the requirements.

pl +p2 Then
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Application: Matsuo’s resolution of Modified KW problem

Matsuo notes the following criterion for non-degeneracy in his paper. The
goal then is to arrange so that the condition holds.

Suppose (M, g) has CSC. If g is not Einstein and if % ¢ spec(Ag), then
g is not V-static.

Proof: If 0 = Sz(f,a) = —(Agf)g + Hessgf — fRic(g) + g, then tracing

we get
R(g) na
Agf = — (f - 7> .
£ n—1 2
Thus ( — "7") must be zero, else it would be an eigenfunction. Thus f

must be constant, and by the equation Sg(f, a) =0, we see g is Einstein,
unless a = 0, in which case f = 0 too.
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Application: Matsuo’s resolution of Modified KW problem

We now turn to the Main Existence Result, giving building blocks for the
final construction.

Proposition

M?" closed, n > 3, c(M) > 0. There exists p > 0 so that for all r € (0, ],
there is a g € My, R(g) = r, and g is not V-static.

Proof: Since o(M) > 0, there is a metric of PSC on M. There are always
metrics of negative scalar curvature, and consider a path g; between one
of each of these metrics. The first eigenvalue of the conformal Laplacian
L= Nz — ﬁR(gt) is continuous in t, and goes from positive to
negative. There is thus a ty and v > 0 so that £;;u = 0. Thus

4
8t, 1= un—2gy has zero scalar curvature.
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Application: Matsuo’s resolution of Modified KW problem

Proof, continued: Apply Koiso's Local Yamabe Theorem (1979) to obtain
gt € [8:] N M1, each with CSC. We arrange parameter so that R(gy) =0
and R(gt) > 0 for t > 0.

Since the first positive eigenvalue of the Laplacian is also continuous in ¢,
we may assume for small t > 0, 'Lf,(f’ri) is not in the spectrum of Ag,, one of
the conditions required.

If go were not Einstein, then g; is not Einstein for small t. From here we
can conclude.

If go is Einstein, we apply another result of Koiso (1983): there is an
infinite-dimensional connected slice >, in the space of unit volume
metrics around gp, transverse to the action of Diff(M), and a
finite-dimensional real analytic submanifold of 3, that contains all the
Einstein metrics in ¥ 4. As there are non-Einstein PSC and NSC metrics
in Xz, there is a path of non-Einstein metrics a PSC to a NSC metric.
From here the above applies.
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Application: Matsuo’s resolution of Modified KW problem

Now that the gluing construction can be applied, we arrive at the final
step in the proof.

e Let r; > 0 be small enough that for M and S”, there are non-Einstein
metrics of CSC p € (0, r]. Given r > 0, we write rz = rog + (k%rl)g,
for o € (0,r1) and k € Z4 U {0}. Let gy, be a metric on M with
R(gr) = ro and V(g,) = 1. Let g, be a metric on S” with
R(g,)=n and V(g,) =1.

e In case k € Z; (else done), let (Ma, g2) be the C-E-M connect sum
of the disjoint union of k spheres, each with metric kf%grl. Then
(R(g2))? = krlg and V/(g2) = 1. Apply the Corollary of C-E-M to
M#M, = M to get a metric g with ) )

(R(g))? = (R(gn))? + (R(g2))? = rg + krf =r? and V(g) = 1.

e So R(g)=r, V(g) =1. But r > 0 was arbitrary!
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Other applications

Other applications of the gluing include applications to constructing
interesting solutions of the Einstein constraint equations, and constructing
more complicated counterexamples to the Min-Oo conjecture. Given the
time, let's focus on the Min-Oo examples.

Recall the Min-Oo conjecture: if g is a Riemannian metric on S, or more
generally on M with R(g) > n(n— 1), so that (OM, g) is isometric to the
standard unit sphere S, and so that M is totally geodesic, then (M, g)
is isometric to the standard unit hemisphere. Brendle, Marques, Neves
provide counterexamples on S'! that are identical to the standard sphere
metric in a neighborhood of the equator, and for which

{R(g) > n(n—1)} #0.

We remark that a number of rigidity results hold, such as on S} in case
the scalar curvature bound is replaced by Ricci curvature (Hang-Wang),
and in case g is near the round metric & and V/(g) > V(&) (Miao-Tam).
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Other applications

In light of the previous comment, the following corollary might be
interesting.

There exists counterexamples to the Min-Oo conjecture with arbitrarily
large volume.

Proof: Any counterexample which is the round sphere metric near the
equation cannot be V-static (e.g. analyticity). One can then choose a
small geodesic ball B(p, p) C S on which the scalar curvature is n(n — 1),
and for which the exterior of B(p, §) is not V-static, and for which the
first Dirichlet eigenvalue of Az + n is positive. One can glue two copies
together, using the C-E-M CSC gluing resulting in a metric with scalar
curvature at least n(n — 1), with double the total volume of the single
counterexample. Since the metrics agree with the round metric near the
equator, one end can be capped off smoothly. This construction can be
repeated.
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Other applications

Remark: One could also apply Gromov-Lawson technique to
Brendle-Marques-Neves examples, where the scalar curvature is strictly
bigger than n(n — 1). Remark: K. Akutagawa notes that results of O.
Kobayashi can also be used.

There exists counterexamples to the Min-Oo conjecture with non-trivial
topology.

Proof: Take a counterexample of Min-Oo as above, and add a CSC
handle. Or, consider metrics on St x S"1 or S" /T, with scalar curvature
at least n(n — 1), with constant scalar curvature n(n — 1) in an open
subset. Such metrics exists by Kazdan-Warner, and can be chosen to be
non V-static (e.g. non-CSC).

Justin Corvino (Lafayette) Deformation and Gluing Constructions ~ October 28-October 31, 2014 66 / 67



Open problems

A couple open problems came up in discussions with Eichmair and Miao:
e Are there any CSC counterexamples to the Min-Oo conjecture?
e Are there static counterexamples to the Min-Oo conjecture?

THANK YOU: A big thank you to the organizers, for the invitation and
gracious hospitality in Tokyo.
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