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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each “end” component of is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(Rn −Dn)/Γi, where Γi ⊂ SO(n), such that
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gjk = δjk + O(|x|1−
n
2−ε)

Digjk = O(|x|−
n
2−ε), s ∈ L1
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE
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and

• αE is the volume (n− 1)-from induced by the
Euclidean metric.

Seems to depend on choice of coordinates!
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Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” of t = 0 hy-
persurface in (n + 1)-dimensional Schwarzschild

g = −
(

1− 2m
%n−2

)
dt2+

(
1− 2m

%n−2

)−1

d%2+%2hSn−1
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gravitational field far from an isolated source.

In any dimension, reproduces “mass” of t = 0 hy-
persurface in (n + 1)-dimensional Schwarzschild

g =

(
1− 2m

%n−2

)−1

d%2+%2hSn−1

Scalar-flat-Kähler Burns metric on C̃2 ⊂ C2×CP1:

ω =
i

2
∂∂̄ [u + 3m log u] , u = |z1|2 + |z2|2

also has mass m .
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ALE counter-examples.

Scalar-flat Kähler metrics

on line bundles L→ CP1 of Chern-class ≤ −3.
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Mass of ALE Kähler manifolds?

Scalar-flat Kähler case?

Lemma. Any ALE Kähler manifold has only
one end.

Several different proofs are known.

Several are anlaytic:

each end is pseudo-convex at infinity.

Another is more topological:

intersection form on H2 of compactification.
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Mass of ALE Kähler manifolds?

Scalar-flat Kähler case?

Lemma. Any ALE Kähler manifold has only
one end.

Upshot:

Mass of an ALE Kähler manifold is unambiguous.

Does not depend on the choice of an end!
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We begin with the scalar-flat Kähler case.

Theorem A. The mass of an ALE scalar-flat
Kähler manifold is a topological invariant.

That is, m(M, g, J) is completely determined by

• the smooth manifold M ,

• the first Chern class c1 = c1(M,J) ∈ H2(M)
of the complex structure, and

• the Kähler class [ω] ∈ H2(M) of the metric.

In fact, we will see that there is an explicit formula
for the mass in terms of these data!
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The explicit formula reproduces the mass in cases
where it previously had been laboriously computed
from the definition. But it also allows one to quickly
read it off quite generally.

For example, the mass is zero for an ALE Ricci-flat
Kähler manifold. Arezzo asked whether, conversely,
an ALE scalar-flat Kähler manifold with zero mass
must be Ricci-flat. The answer is, No!

Theorem B. There are infinitely many topolog-
ical types of ALE scalar-flat Kähler surfaces that
have zero mass, but are not Ricci-flat.

(Discovered independently by Rollin, Singer, & Şuvaina,
using different methods.)

124



Explicit formula depends on a topological fact:

125



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. x Then the natural map

126



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. x Then the natural map

127



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

128



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

129



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

130



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

131



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Here

H
p
c (M) :=

ker d : Epc (M)→ Ep+1
c (M)

dEp−1
c (M)

132



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Here

H
p
c (M) :=

ker d : Epc (M)→ Ep+1
c (M)

dEp−1
c (M)

where

Epc (M) := {Smooth, compactly supported p-forms on M}.
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Then H
p
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• dµ = metric volume form;

• c1 = c1(M,J) ∈ H2(M) is first Chern class;

• [ω] ∈ H2(M) is Kähler class of (g, J); and

• 〈 , 〉 is pairing between H2
c (M) and H2m−2(M).
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(2m− 1)πm

(m− 1)!
m(M, g) = − 4π

(m− 1)!
〈♣(c1), [ω]m−1〉+

∫
M
sgdµg
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For a compact Kähler manifold (M2m, g, J),

∫
M
sgdµg =

4π

(m− 1)!
〈c1, [ω]m−1〉
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For a compact Kähler manifold (M2m, g, J),

0 = − 4π

(m− 1)!
〈c1, [ω]m−1〉 +

∫
M
sgdµg
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For an ALE Kähler manifold (M2m, g, J),

(2m− 1)πm

(m− 1)!
m(M, g) = − 4π

(m− 1)!
〈♣(c1), [ω]m−1〉+

∫
M
sgdµg

So the mass is a “boundary correction” to the topo-
logical formula for the total scalar curvature.
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We can now state our mass formula:

Theorem C. Any ALE Kähler manifold (M, g, J)
of complex dimension m has mass given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.

So Theorem A is an immediate consequence!
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Rough Idea of Proof:

Special Case: Suppose

•m = 2, n = 4;

• Scalar flat: s ≡ 0; and

• Complex structure J standard at infinity:

(M −K, J) ≈bih (C2 −B4)/Γ.

Since g is Kähler, the complex coordinates

(z1, z2) = (x1 + ix2, x3 + ix4)

are harmonic. So xj are harmonic, too, and

gjk
(
gj`,k − gjk,`

)
ν`αE = −?d log

(√
det g

)
+O(%−3−ε).
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = (∂ − ∂̄)
(
log
√

det g
)
, so that
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = (∂ − ∂̄)
(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = (∂ − ∂̄)
(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − lim
%→∞

1

6π2

∫
S%/Γ

θ ∧ ω
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = (∂ − ∂̄)
(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − lim
%→∞

1

6π2

∫
S%/Γ

θ ∧ ω

However, since s = 0,

d(θ ∧ ω) = ρ ∧ ω =
s

4
ω2 = 0.
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = (∂ − ∂̄)
(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − 1

6π2

∫
S%/Γ

θ ∧ ω

189



Let f : M → R be smooth cut-off function:
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.

So

m(M, g) = − 1

3π
〈♣(c1), ω〉

as claimed.
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Theorem D. Any AE Kähler manifold with non-
negative scalar curvature has non-negative mass:
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ture has non-negative mass:
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.

Moreover, m = 0⇐⇒ (M, g) is Euclidean space.

Proof actually shows something stronger!
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Theorem E. Let (M, g, J) be an AE Kähler man-
ifold with scalar curvature s ≥ 0. Then (M,J)
carries a canonical divisor D that is expressed
as a sum

∑
jnjDj of compact complex hyper-

surfaces with positive integer coefficients, with
the property that

⋃
jDj 6= ∅ whenever (M,J) 6=

Cm. In terms of this divisor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
jnjVol (Dj)

with = ⇐⇒ (M, g, J) is scalar-flat Kähler.
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