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20. A complex equifocal submanifold



A complex equifocal submanifold

A complex equifocal submanifold

G/K : a symmetric space of non-compact type
f:M — G/K : an embedding

v : a normal vector of f

A, : the shape operator of f

R : the curvature tensor of G/ K R(v) := R(-,v)v

~» : the normal geodesic of M with v/ (0) = v



A complex equifocal submanifold

A complex equifocal submanifold

Yx : (str.) M-Jacobi fd along v, s.t. Y(0) = X (€ T, M)

Yx is described as
Yx(s) = Py, (Qu(s)X)

( P%|[0’s] : the parallel translation along vy|[o,s) )

:= cos(s v)) — sin(sy/ R(v)) o
Qyv(s) := cos(s\/R(v)) \/R—”(v) A,



A complex equifocal submanifold

A complex equifocal submanifold

Definition

so (€ R) :a focal radius of M along -,
ﬁ Y»(s0) : a focal point of M along -,
(<)

Assume that M has flat section. Then

so (€ R) :a focal radius of M along -,
<= KerQ,(so) # {0}




A complex equifocal submanifold

A complex equifocal submanifold

Assume that M has flat section.

sin(z/R(v)C)
vV R(v)C

QS (z) := cos(zy/ R(v)T) — 0 AS (2 €C)

Definition(K. (Kyushu J.M.-2004))

zo (€ C) :a complex focal radius of M along -,
<= Ker Q,(20) # {0}




A complex equifocal submanifold

A complex equifocal submanifold

Assume that f : M <— G/K is real analytic.

f€: M® — GY/KC : the complexification of f

Fact(K. (Tokyo J.M.-2005))

zo (€ C) :a complex focal radius of M along ~,
<= ~%(z0) : a focal point of MC along s — 5 (s20)




A complex equifocal submanifold

A complex equifocal submanifold

’YSO’U—{—t() Jv

/
M vy

J :the complex structure of G/ K*
fyi(f ~R? or R x St
zo = So + toi : a complex focal radius along ~,,



A complex equifocal submanifold

A complex equifocal submanifold

Ysov+toJv (1)
Vs
Ysov+toJv V%
G/K
*




A complex equifocal submanifold

A complex equifocal submanifold

Definition(K. (Kyushu J.M.-2004))

M : a complex equifocal submanifold

e the normal holonomy group of M is trivial
e M has flat section
def e for any parallel normal vector field v,
the complex focal radii along 7, is indep. of =




21. A non-Euclidean type focal point
on the ideal boundary



A non-Euclidean type focal point on the ideal boundary

A non-Euclidean type focal point on the ideal boundary

v : a unit normal vector of M at =
~Yv(00) :the asymptotic class of the geodesic
Yo i [0,00) = M s.t. v/ (0) =v

G/K (o) : the ideal boundary of G/K
(i.e., the set of all asymptotic classes of
geodesics v : [0,00) — G/K's)



A non-Euclidean type focal point on the ideal boundary

A non-Euclidean type focal point on the ideal boundary

Definition(K. (Kyungpook M.J.-2010))
If there exists a M-Jacobi field Y along ~ s.t.

Y
o YOI _ o

8§—00 S
then we call v, (co) a focal point of M on the ideal
boundary G/ K (o0).
In particular, if there exists a M-Jacobi fd Y along ~
s.t. lim ¥ =0 and Sec(v, Y (0)) # 0,
S—>00

s
then we call ~,(oc0) a non-Euclidean type focal point
of M on the ideal boundary G/ K (c0).




A non-Euclidean type focal point on the ideal boundary

A non-Euclidean type focal point on the ideal boundary

M = §™1(&) C H™(c)

Sm—l((—:)

H™(c)
(H™(c))(o0)

a M-Jacobi field

There exists no focal point on the ideal boundary



A non-Euclidean type focal point on the ideal boundary

A non-Euclidean type focal point on the ideal boundary

M = R™=1 C H™(c)

Rm—l

H™(c)
(H™(c))(o0)

There exists a focal point on the ideal boundary



A non-Euclidean type focal point on the ideal boundary

A non-Euclidean type focal point on the ideal boundary

M = H™ (&) C H™(c)

Hm—l (E)

H™(c)
(H™(c))(o0)
a M-Jacobi field

Yo

There exists no focal point on the ideal boundary



22. The mean curvature flow for a certain kind
of complex equifocal submanifold



The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of

complex equifocal submanifold

G/K : a symmetric space of non-compact type

M :a curvature-adapted complex equifocal submanifold
in G/K admitting no non-Euclidean focal point on
the ideal boundary

Assume that M admits focal submanifolds.

Ej :one of the lowest dimensional focal submanifolds of M

Fj is a reflective submanifold.




The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

Without loss of generelity, we may assume eK € Fj.
p:=Tex(G/K), p':=T;Fi
b : a maximal abelian subspace of p’

a : a maximal abelian subspace of p containing b

p=ad ( @ pa> : the root space decomposition
OLEA+

w.r.t. a

A= {alp|a € A s.t. afp # 0}



The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

M; : the mean curvature flow for M

Theorem 22.1(K. (Kodai M.J.-to appear))

Assume that

codim M = rank(G/K) and dim(p, N p’) > 1dim pq,.

Then the following statements (i) and (ii) hold:

(i) M is not minimal and M; collapses to a focal submfd
F of M in finite time.

(ii) If the natural fibration of M onto F is spherical,
then M, is of type | singularity.




The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

Example.
G/K :a symmetric space of non-compact type
0 : involution of G s.t. (Fix0)o C K C Fix6

H : a symmetric subgroup of G
(i.e., 3o :inv. of G s.t. (Fixo)o C H C Fixo)

H ~ G/K is called a Hermann type action.



The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of

complex equifocal submanifold

Principal orbits of a Hermann type action are
curvature-adapted complex equifocal submanifold
admitting no non-Euclidean type focal point on
the ideal boundary.

We can find many examlpes of a submanifold satisfying
all the conditions in Theorem 22.1 among principal orbits

of Hermann type actions.



The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

Theorem 22.2(K. (Kodai M.J.-to appear)).
Under the hypothesis of Theorem 22.1, assume that
Fj is a one-point set.
F : a focal submfd of M which is not a one-point set
F; : the mean curvature flow for F'

Then
(i) F is not minimal and F; collapses to a focal submfd F’

of M in finite time.
(ii) If the natural fibration of F' onto F' is spherical,
then F; is of type | singularity.




The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

t F'
(t—T1) non—min.
F! —  F?
(t—T2) non—min.

F1_ t.
t (t—)Tk){p}

F! : a focal submanifold of M
F' : a focal submanifold of Fi~1 (i =2,... ,k—1)



The mean curvature flow for a certain kind of complex equifocal submanifold

M = (7TO¢)_1(M) — HO([07 1]39)
1@

G
Ao

M — G/K

M : a curvature-adpated complex equifocal submanifold
admitting no non-Euclidean type focal point
on the ideal boundary

= M: reg. proper complex isoparametric submanifold



The mean curvature flow for a certain kind of complex equifocal submanifold

The mean curvature flow for a certain kind of
complex equifocal submanifold

M < H°([0,1], g) M — H°([0,1],¢%)
Lo L 9"
G G©
i 1 =t

M — G/K ............ — _1\4'(C s G(C/K(C



23. Proper complex isoparametric
submanifolds in a pseudo-Hilbert space



Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

V : an oo-dimensional pseudo-Hilbert space

f : M — V : aFredholm submanifold
i.e., codim M < oo, f is a proper map
and the shape operators are cpt op.
for certain kind of inner product



Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

M : a complex isoparametric submanifold
e the normal holonomy group of M is trivial
e for any parallel normal vec. fd. v of M,
def the complex principal curvatures for v,

are independent of x € M.




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

M : a proper complex isoparametric submanifold
e M is complex isoparametric
e for any normal vector v of M,
def AC is diagonalized with respect to
a pseudo-orthonormal base




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

f: M — V : a proper complex isoparametric submfd
xg €E M

The focal set of M at x( consists of finite pieces of
hyperplanes ({l,|a =1,--- ,k}) in T, M.

The reflections w.r.t. I;’s generate a discrete group,
that is, a Coxeter group. This group is called

the real Coxeter group of M.



Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

M : Fredholm submfd with proper shape operators
e M is a Fredholm submanifold

e for any normal vector v of M,
def AC is diagonalized with respect to

a pseudo-orthonormal base




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

M : a Fredholm submfd with proper shape operators

M : regularizable

Vv € T+M,

I Tr, AS (< o0), ITr(AS)? (< o)
T‘I'TAS = Zmiui

(2
SPeCAg = {Nz'z: 1529"'}
def |i| > |piq1| or
“lpil = |pita| & Rep > Repitqr”
or “|pi| = |pi+1| & Rep; = Re priqq
& Im p; = —Im p; 14 > 0”

m; : the multiplicity of u;




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

M :a regularizable submanifold with proper shape
perators

Tr AC, Tr (AS)2 € R \

Definition.

H cT(T+M) < (H,v) = Tr,AS (Vv € T+ M)
(<}

This is called the regularized mean curvature vector of M.




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

V : an oco-dimensional pseudo-Hilbert space
f : M — V : regularizable submanifold with
proper shape op.
ft:M—V(0<t<T) : C>-family of regularizable
submfds with proper shape op.
f:Mx[0,T) >V
ﬁ” f(wat) = fi(z) ((z,t) € M x [0,T))



Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds

in a pseudo-Hilbert space

Definition
ft (0 <t < T) :amean curvature flow
<~ - =H; (0<t<T)

(H¢ :the regularized mean curv. vec. of f)

For any regularizable submanifold f : M — V with

proper shape op., does the mean curvature flow
for f uniquely exist in short time?




Proper complex isoparametric submanifolds in a pseudo-Hilbert space

Proper complex isoparametric submanifolds
in a pseudo-Hilbert space

G/K : a symmtric space of non-compact type

M : a curvature-adapted complex equifocal submanifold
in G/K admitting no non-Euclidean type focal point
on the ideal boundary

M := (WOgb)_l(M) (— HO([Oa 1], 9))

o Misa reg. proper complex isoparametric submanifold.

e There uniquely exists the mean curvature flow for M
in short time.




24. The outline of the proof
of Theorems 22.1 and 22.2



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

M :a curvature-adapted complex equifocal submanifold
in G/ K admitting no non-Euclidean type focal point
on the ideal boundary

Assume that M admits focal submanifolds.
F;, I\, po, p’ : as in Section 22

M; : the mean curvature flow for M



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Theorem 22.1.

Assume that codim M = rank(G/K) and that

dim(ps N p’) > 2dim p,. Then

(i) M is not minimal and M; collapses to a focal submfd
F of M in finite time.

(ii) If the natural fibration of M onto F is spherical,
then M; has type | singularity.




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

M : a curvature-adapted proper complex equifocal
submanifold as in Theorem 22.1

M, : the mean curvature flow for M

M := (7 o ¢)~L(M).



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

M, := (m o ¢) 1 (M) is the mean curvature flow
for M.

The investigation of the flow M; is reduced to that of the
flow Mt.



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

xg €E M
uo € (w0 ¢) " (o) (C M)

C (c TUJBM) : the fund. domain of the real Coxeter gr.
of M containing ug

X :a tangent vector field on C

Xy 1= (H Juotw (W € C)
H™ : the reg. mean curv. vec. of ng(M)

def

H
o
7N ¢ the end — point map for
ap.n v. f.wst. w,, =w




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

{1} : a local one-parameter transformation gr. of X
&(t) := 1+(0) (O :the zero vector of TdBMv)

é(Vt) : the parallel n.v.f. of M s.t. é(vt)u0 = &(t)

Mt = n@(ﬂ)

Proof of (i) of Theorem 22.1.

M, = (w0 ¢) (M) = (r 0 ¢)(ngg; (M))

= Mmogy. (o) (M)




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Lem24.2 — Lem24.1
X———>&(———>M———> M

M :a curv.-adapted complex equifocal submfd
admitting no non-Euclidean type focal point
on the ideal boundary

—— > M :a reg. proper complex isoparametric submfd



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

A :the shape tensor of M

(T, M)C = S? E¥ (common eigensp. decomp. of AC's
2 u

(v € (T-M)C))

AL (TEM)C — C = AS|py = A¥(v)id (v € T M)
(S)

AY € ((TM)C)* \




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

By ordering E*’'s (u € M) suitably, we may assume that
VielI(:=1,),
E; : u— E} (u € M) : C-distribution
complex curvature distribution
Xi € D((THM)S)) <= (i) == A} (u€ M)
complex principal curvature
n; € P(T*M)°) <= i =(n;,7) ((€1)

complex curvature normal



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

A :the set of all complex principal curvatures of M

U A, (1) = "the focal set of MC at u”
AEA

The focal set of MC at u consists of finite pieces of

infinite families of parallel complex hyperplanes
in T-(MC).




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

From these facts, we have

7 Aa
A=U01-2* ljez
a=1{1+baj'3 € }
(Aa € T(((TEM)S)*), by € C s.t. |ba| > 1)




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

A'Y :={B € A |pagnyp #{0}}

AT =B e A |pgnp™ # {0}}

Let A, ={@i|iel}, A'Y ={B;|i€l},

and A ={B;]ieI_}.



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

From codim M = rank(G/K) & dim(po Np’) > 1dimp,,
we have I_ C I, = I and the following fact:

{bi—i—gw — aF s J

Bt
bi+ (j + 3)mv/—1
[/3\? : the parallel section of ((TM)C)*
s (BF)ug = B

1€l _, jEZ

biER




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

C = {w € TLM|Bi(w) < b; (i € I+ = I)}




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

For simplicity, we set

I+ . B¢ . . .
>‘ij "= bitgm/—1 ('L € I+ =1, j¢€ Z)
R T

Ej]' : the complex curv. distribution corr. to ;\j;

EZ; : the complex curv. distribution corr. to :\1_]

mj’ := dim E.;

gy My = dlmEij



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Xy =Y m} coth(b; — B;(w))s}

iEI-}-

+ Z m; tanh(b; — 51‘(“’)):33

1el_

(8 = (8t = i)




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Proof of (ii) of Theorem 22.1

p € C®(C)
= p(w) := — ; mj' log sinh(b; — B;(w))
i€l
— Z m; log cosh(b; — B;(w)) (w € C)
el

Then we have
gradp =X, and p : downward convex
Also we have

p(w) — oo (w — 8C)



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

the graph of p



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Hence we see that
p has no minimal point.
On the other hand, we can show the following fact:
d® : a polynomial map of Td;ﬂ onto R" (7 := codim M)
ot <I>|5(: C — R") : into homeomorphism
o ®,.X : a polynomial vec. fd.
From these facts, we see that

the integral curve £(t) of X starting at O
converges to a pt. w; of AC in finite time.



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Since M is not minimal,

0 # w; and the flow £(t) of X starting O
converges to a point w; of dC in finite time T.

Since M; = (M),

Nrop)« (€®))
M; collapses to the focal submanifold 1(04), (@) (M)
in the time T. g.e.d.



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Theorem 22.2.

Under the hypothesis of Theorem 22.1, assume that

Fj is a one-point set.
F : a focal submfd of M which is not a one-point set
F; : the mean curvature flow for F'
Then
(i) F is not minimal and F; collapses to a focal submfd F”’
of M in finite time.
(ii) If the natural fibration of F' onto F’ is spherical,

then F; is of type | singularity.




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

o : the stratum of 9C passing F
F; : the mean curv. flow for F
& :the simplex of 8C s.t. expL(6) = o

wop :a point of (o)°

.t exp™(wp) is the only intersection point
" | of Fand o



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

F,, :the focal submanifold of M thr. w € (o)°
(i.e., Fy := ng(M))

H™ :the reg. mean curvature vector of Fy,

(Hw)uo-l-w : tangent to (0)°

Definition

X7 :atang. vec. fd. on (5)°
= X7 = (H")uptw (w € ()°)




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

IY? :={i € I1.(= I) | Bi(wo) = b}
Since F' in not the lowest-dim. focal submfd of M, we have
I \IY #0
Since Fj is a one-point set, we have

I_ =20

Lemma 24 .4.

X3 = > mjcoth(b; — Bi(w))B (w e (5)°)
i€l \I}°

(8t oz (80 =)




The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Proof of (i) of Theorem 22.2

p7 € C=(3)
o . + :
= (w) := — Z m; logsinh(b; — 3;(w))
i€l \I°
(w € (7)°)
Then we see that
grad p° = X and p is downward convex.
Also we see that
p°(w) —» oo (w — 87)

p° (tw) — —oo (t — oo) for each w € (5)°



The outline of the proof of Theorems 22.1 and 22.2

The outline of the proof of Theorems 22.1 and 22.2

Hence we see that
p% has no minimal point.
Furthermore, we can show that
the integral curve £(t) of X7 starting at wy
converges to a pt. w; of 9 in finite time T.
Since F; = n(ﬂo¢)*(@)(M)’
F} collapses to the lower dim. focal submanifold
n(ﬁod,)*(ﬁl)(M) in the time T.

g.e.d.



