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Propagation of cracks is a phenomenon which leads to the brittle failure of
materials. Analysis of the crack growth has been a major subject of fracture
mechanics since Griffith’s work [2] in 1920. After that the formulation of
fracture mechanics began with Irwin [3] and his associates around 1950’s.
And the continuum field approach to fracture of solids was launched with
the introduction of the elastic stress intensity factor K; as a crack tip field
characterizing parameter by Irwin (1957)[3]. In a 2-dimensional elastic body
K; (i=1, 2) is defined by coefficients of the expansion of the stress in the
neighborhood of the crack tip, where K; and K5 correspond to normal and
tangential deformation along the crack surface respectively. He proposed that
a crack begins to grow in a cracked body with limited plastic deformation
when the elastic stress intensity factor reaches at a value called the fracture
toughness of the material. Irwin also introduced the energy release rate GG
which means a rate of the energy, per unit length along the crack edge, that
is supplied by the elastic energy in the body and by the loading system in
creating the new fracture surface. Then, he showed that the energy release
rate is described by the elastic stress intensity factor under the state of plane
strain.

1
G = (K + K3), (1)

where £ is Young’s modulus. However, about a problem of determining
the direction of crack propagation in the elastic plate there only exist many
criteria from engineering sense and there are hardly any mathematical results.
In particular, three famous criteria of them are the following:

1. Mazximum stress criterion is to find the angle 0; such that the stress
of the 6, direction, as the tip of an initial crack is the origin, attains
the maximum value in any directions,

2. Maximum enerqgy release rate criterion is to find the angle 6y such
that

G(6>) = max G(0), 2)

3. Local symmetry criterion is to find the angle 03 such that

Kz(es) = 0. (3)



Unfortunately, we cannot know which criterion is true because it is very
difficult to measure the angle of crack propagation by experiment. Although
the difference among three criteria is discussed in [1] and [4], it seems to
remain an open problem. In the case of applying 1 we can precisely calculate
the angle 6, from the initial stress field near the tip of a crack. In the cases
of applying 2 and 3 we must calculate the energy release rate G' at the tip of
a crack. Then, we need to seek the solution in the elastic plate with virtual
kinked crack extension (see Figure 1) because G is defined by the released
potential energy as the crack increases a unit length. Accordingly, in this talk
we consider the formulation of the kinked crack problem in a 2-dimensional
elastic body and the procedure for solving it.
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Figure 1: Kinked crack extension
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Background
Eevwords
+ Fracturemechanics
+ Crack
+ Brittle fracture
+ Gniffith Theory
(Energy balance criterion)

{ The released potential energy resulted
from the extension of the crack)

= (The increment of the surface energy)

G:Energy release rate = 7 :Fracture toughness

The direction of crack propagation (path) 7
—3 cntenta —
1. Mamimurm stress criterion

O, :The stress of the &-direction at the crack tip

Tg, = MAX Ty, T4 = 0

2. Mazimum energy release rate critenion

G(6, )= max G (6)




3. Local symmetry cnitenon

Ezpansion of the stress near the crack tip
1 1

o=K;r ih@)+ Er k(804 Olr)
K4:The stress intensity factors

E;:The normal deformation

along the crack surface (mode 1)
E,: The tangential deformation

along the crack surface (mode 2)

K 18,)=0
Guestion
Arel.2 and 3. equivalent?
1. =axact

Z. 2. =Virtual lunked crack extension

Formulation of the problem
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Fig 1:Einked crack extension (-1=m<1)




Problem
(DThe equilibrium ecuations

@ Free traction condition on the crack
+ - = =
CyV,=0zV, 0

# : The unit outward norm al

@Uniform loads at infinity
T

Airy’ s stress function (I7)

i) FU 37

=—0Dn == i A ——
ax, ax,8x, ax;

D = Aw=¢
Goursat (P, x) , Muskhelishvili (', W)’ s stress function
U=ReZDZ )+ 3Z)f (Z=X,+iX;)
s; +i 2;; =PZI+ZPMZI+T(Z| WiZl= %
o, + 0y = AU = 2|2 )+ DUZ )| 4 Re(@(Z )

@D =@ DIZ)+ZDNZ)+ V(2 )= Const.




Do am

i
&

)

1% x"-
/ % Y om LT
1..;"..-:-:-;/’ F
7 - B L L

. | T

=
L

.4 |

Conformal mapping Z=w(z)
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Behavior of ¢ and ¥ on &

i ) Ez’ﬁ:l _ E—aﬁ

¢ : Infinitely differentiable
#: Simple pole

¢’ .t Weakly singular

lim (z—¢™ Jp'(z)=0

I
Y

Reduction to an integral equation

@Uniform loads at infinity
dz)=Tz+0(), ¥(Z)=T'Z+0()

real const: [ = l—[ﬂl‘f’ +|:T;°~:]
l Z=wiz) 4

complexconst T = %l:r.l'm —ﬂ""_’:l-l-iﬂp.

® @zl=TRe™z+ Ol wlz)=T"Re™ z+ Oll)




wiz |

Applying lz—*lz+¢¥| to the both sides of @),
lz—e¥ lz4+e™ gz 14z -2 J||rz +e7#)
v wlz )

@z )

+{E—£"’EJ|,[2 +£'i"ﬂ}yﬂz!=ﬂ'[z—e"ﬁ]lrz +eF|

Adding fi(z)=-lz-e” lz+ e (CRe ™" z+ o))
T+ T Re™* z+0(1))
Applying Cauchy’s integral theorem to @, we get
i PR T F . R R AT PR
lz—e* {Z+e'“"g]¢3f_z]'—l £ I{I il = h'ﬂ'[f,!:ﬂ
| g Hi-z)

= flz) for zell,
¢

where 5.()- [£8ar+ (z-ev Jzses {PRe <24 001)
- Z

By virtue of Plemelj’s Formula, Zz€ L =z C,

Expansion im pow ers of the crack extension

MNoting that B §+ o)
L2
*.,ll'.S_+ I"__.-'[S:],

¥ [l—m]
o= -
V-m E\l+m
-
HJ=mux +D[5:]-

||.-|3
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Changing of variable z=a""
which maps C'to [-1, 1], we can get

Andersson s (1969) ormula:

K ls -1k, s |= 27 e le* _19_ E3 [wff E:.efﬁ i—%

Smgular integro-chfferential equation
Example : Aircraft wings of finite span
i -2 ]| ;

Blxl m —ap—x
Where 22 - the span of the wing

mblx |

Bix|= : fi_II:*’fIV{I'iIII_].,

"!"-_I! : the chord of the profile

Dix) - the circulation of the airflow around this profile
alx | the geometncal angle of incidence

I - the velocity of the airfl ow at infinity
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Smeular mtegral equation

Ey= Cixl;rlxl+D—vpiﬂ :’mtla’H—i Mt it \di= fix|
I

The dominant part of the operator K
it

Ep=Clxlplxls
L et

Dix
vﬂl
=i

Assmme : C(x) TD(x) donot vanish anvwhere on _[— a,a|
Eegular Fredholm equation

Ax)+ [ ket le)at = 7(x)

Comparison of 3 criteria

InJ E. Leblond (1989) the expansion of the stress
intensity factors B (s) (p=1, 2) at the extended
crack tipin powers of 515 of the general form

1 3
K, s|=K, +K§£+K;s+a[sﬂ},

"'Eh_'.||—l

K; = qul_m Iﬁfq. Fred i Gp[m 17

K the stress intensity factors at the onginal crack ip 0
T non-singular stress at the onginal crack tip 0
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"2. Mammum energy release rate criterion

In the state of the plane stress,

1.4 .4 .
(E:Young's modulus) G z Ells i+ K, 5

« 0K,  _« 0K,
K, I ——=— ).
ot it

= S-S At
F[*__n{mr H}n{ 13% ﬁ;}’”’d

F[:-.ni=— 4JTJT 2:']'13]' 5w +G[m]

348 3 30 384

B 2% 5 32 4r 115 1)
Elma 4+—}"’{ z}“{__"_ 7200 153 ]

"Companson of 2. and 3. Local symmetry criterion

K=0 = K'E+K'EKE—D.
o
K,=0 = Koy
e

FomE+F,mE, =0 = FimkE+FKinE=0

¢ > r |
Mlm | * Ay m

Fg]_l:m ! Fggl.m I

F 7 e e )
*;_':"'g ETH [4;;-3;}»4{1nf—23—”+— ' +0(m' )
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*1. Mazimum stress cntenon

f;'l—]ﬂ}:lﬂfzfrrcrﬂ, Kﬂ:r—}u 2R,
s B s,

Rl Em}\ { ]—1——111 %’” i
——-suEm} u{}mr] 3 ?Jr : ?;ﬁgﬁ” 1)

F‘[pi__ uEm}\ u_[}.rur] & ?im +%’;Dm +hm' |

Fﬁﬂ:acn{n—;ﬁ}ﬁm{ 5 ]=1 g m +631;;m'—542§;ﬁn +0m |

1. &=
Finding the angle which 1s determined by conditions

-

max &. K, =0
i

#* it
I KP = Kp~ the 3 critena are equivalent ||

g =
E-X& ,
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Future work

Mathematical (Theoretical) evidence
What happens 1f two different types of
singularity join ?

Expansion to the case of general loads

Nonlinear problem
(Pl:a.f::tin:il:j,-'~ Large deformation, .. )

Expansion to the case of 3-D domain
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