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Section Method
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Fibonacci Chain

S S S S SLLLLLLLLS

Aperiodic sequence of two segments, S and L.

L/S=τ=1.618... 

• Inflation construction, S → L and L → LS 
      S, LS, LSL, LSLLS, LSLLSLSL, LSLLSLSLLSLLS, ....

• 1D Section of 2D periodic structure (Section Method)

........

....
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

2D space :

2D space

Fibonacci Chain by Section Method

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Unit vector:



© 2020 Tsunetomo Yamada

d2

d1

External space

Parallel space

Internal space

Perpendicular space

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

⌧ =
1 +

p
5

2<latexit sha1_base64="XKLPSfrFCtJb34SS0vS1Mwu5wCE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQShJVexGKLhxWcE+oAllMp20QycPZ26EEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceLxZcgWV9G4Wl5ZXVteJ6aWNza3vH3N1rqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrid++4FJxaPwDsYxcwMyCLnPKQEt9cwDB0hy5fiS0NQ+ddS9hPQiy9Jq1jPLVsWaAi8SOydllKPRM7+cfkSTgIVABVGqa1sxuCmRwKlgWclJFIsJHZEB62oakoApN52+kOFjrfSxH0ldIeCp+nsiJYFS48DTnQGBoZr3JuJ/XjcBv+amPIwTYCGdLfITgSHCkzxwn0tGQYw1IVRyfSumQ6LjAJ1aSYdgz7+8SFrVin1Wqd6el+u1PI4iOkRH6ATZ6BLV0Q1qoCai6BE9o1f0ZjwZL8a78TFrLRj5zD76A+PzBzrzl0s=</latexit>

2D space : 2D lattice vector : di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

✓
<latexit sha1_base64="wjlet/D87hWoalbxR0JScOLbDxU=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/FsO5nQiUpguLLRWEqKcZ0/jodCg0c5dQSxrWwt1I+ZppxtAGVbAje6svrpF2relfV2v11pVHP4yiSM3JOLolHbkiD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fokOPIg==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

Lattice const. =2D lattice :

2D lattice vector :

External Internal

di = de
i + di

i
<latexit sha1_base64="J2ONHyj1nUvtIUaprykNhObdYZg=">AAACHXicbVDJSgNBEO1xjXGLevQyGARBCDMxYC5CwIvHCGaBZBx6OjVJk56F7hoxDPMjXvwVLx4U8eBF/Bs7y8EkPih4/V4VXfW8WHCFlvVjrKyurW9s5rby2zu7e/uFg8OmihLJoMEiEcm2RxUIHkIDOQpoxxJo4AloecPrsd96AKl4FN7hKAYnoP2Q+5xR1JJbqHQRHtHz017mpjy7mn/ep5CdL0o8cwtFq2RNYC4Te0aKZIa6W/jq9iKWBBAiE1Spjm3F6KRUImcCsnw3URBTNqR96Gga0gCUk06uy8xTrfRMP5K6QjQn6t+JlAZKjQJPdwYUB2rRG4v/eZ0E/aqT8jBOEEI2/chPhImROY7K7HEJDMVIE8ok17uabEAlZagDzesQ7MWTl0mzXLIvSuXbSrFWncWRI8fkhJwRm1ySGrkhddIgjDyRF/JG3o1n49X4MD6nrSvGbOaIzMH4/gV98KSe</latexit>

2D lattice

=1.61803...
✓
d1

d2

◆
=

a2Dp
⌧2 + 1

✓
⌧ �1
1 ⌧

◆✓
a1
a2

◆

<latexit sha1_base64="KfvqDgadbAdhevbikGBVz1UcwQo="></latexit>

di =
mX

i=1

Qijaj
<latexit sha1_base64="G2vfMmTmIfIsar648h23IGcEyEk=">AAACGnicbVDLSsNAFJ34rPUVdekmWARXJamC3RQKbly2YB/Q1jKZTtppZ5IwcyOWkO9w46+4caGIO3Hj3zhpI2jrgWHOnHsud+5xQ84U2PaXsbK6tr6xmdvKb+/s7u2bB4dNFUSS0AYJeCDbLlaUM582gAGn7VBSLFxOW+7kKq237qhULPBvYBrSnsBDn3mMYNBS33S6QO/B9eJB0o9ZUumqSNzGIn1UnKSur3HyY8FaHSd9s2AX7RmsZeJkpIAy1PrmR3cQkEhQHwjHSnUcO4RejCUwwmmS70aKhphM8JB2NPWxoKoXz1ZLrFOtDCwvkPr4YM3U3x0xFkpNhaudAsNILdZS8b9aJwKv3IuZH0ZAfTIf5EXcgsBKc7IGTFICfKoJJpLpv1pkhCUmoNPM6xCcxZWXSbNUdM6LpfpFoVrO4sihY3SCzpCDLlEVXaMaaiCCHtATekGvxqPxbLwZ73PripH1HKE/MD6/AWuGovE=</latexit>

di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Unit vector:
tan ✓ =

1

⌧
<latexit sha1_base64="Cl+Zae/UV1sKiUaQXBuVa/+pDu8=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5JUwV6EghePFewHNKFstpt26WYTdidCCcGLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtHaeKshaNRay6AdFMcMlawEGwbqIYiQLBOsH4Zup3HpjSPJb3MEmYH5Gh5CGnBIzUt489INKDEQNy7YWK0MzNM6Oled+uOFVnBrxM3IJUUIFm3/7yBjFNIyaBCqJ1z3US8DOigFPB8rKXapYQOiZD1jNUkohpP5u9kOMzowxwGCtTEvBM/T2RkUjrSRSYzojASC96U/E/r5dCWPczLpMUmKTzRWEqMMR4mgcecMUoiIkhhCpubsV0REwQYFIrmxDcxZeXSbtWdS+qtbvLSqNexFFCJ+gUnSMXXaEGukVN1EIUPaJn9IrerCfrxXq3PuatK1Yxc4T+wPr8AdKNl6w=</latexit>

Fibonacci Chain by Section Method
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

⌧ =
1 +

p
5

2<latexit sha1_base64="XKLPSfrFCtJb34SS0vS1Mwu5wCE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQShJVexGKLhxWcE+oAllMp20QycPZ26EEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceLxZcgWV9G4Wl5ZXVteJ6aWNza3vH3N1rqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrid++4FJxaPwDsYxcwMyCLnPKQEt9cwDB0hy5fiS0NQ+ddS9hPQiy9Jq1jPLVsWaAi8SOydllKPRM7+cfkSTgIVABVGqa1sxuCmRwKlgWclJFIsJHZEB62oakoApN52+kOFjrfSxH0ldIeCp+nsiJYFS48DTnQGBoZr3JuJ/XjcBv+amPIwTYCGdLfITgSHCkzxwn0tGQYw1IVRyfSumQ6LjAJ1aSYdgz7+8SFrVin1Wqd6el+u1PI4iOkRH6ATZ6BLV0Q1qoCai6BE9o1f0ZjwZL8a78TFrLRj5zD76A+PzBzrzl0s=</latexit>

2D space : 2D lattice vector : di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

✓
<latexit sha1_base64="wjlet/D87hWoalbxR0JScOLbDxU=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/FsO5nQiUpguLLRWEqKcZ0/jodCg0c5dQSxrWwt1I+ZppxtAGVbAje6svrpF2relfV2v11pVHP4yiSM3JOLolHbkiD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fokOPIg==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

Lattice const. =2D lattice :

2D lattice vector :

External Internal

di = de
i + di

i
<latexit sha1_base64="J2ONHyj1nUvtIUaprykNhObdYZg=">AAACHXicbVDJSgNBEO1xjXGLevQyGARBCDMxYC5CwIvHCGaBZBx6OjVJk56F7hoxDPMjXvwVLx4U8eBF/Bs7y8EkPih4/V4VXfW8WHCFlvVjrKyurW9s5rby2zu7e/uFg8OmihLJoMEiEcm2RxUIHkIDOQpoxxJo4AloecPrsd96AKl4FN7hKAYnoP2Q+5xR1JJbqHQRHtHz017mpjy7mn/ep5CdL0o8cwtFq2RNYC4Te0aKZIa6W/jq9iKWBBAiE1Spjm3F6KRUImcCsnw3URBTNqR96Gga0gCUk06uy8xTrfRMP5K6QjQn6t+JlAZKjQJPdwYUB2rRG4v/eZ0E/aqT8jBOEEI2/chPhImROY7K7HEJDMVIE8ok17uabEAlZagDzesQ7MWTl0mzXLIvSuXbSrFWncWRI8fkhJwRm1ySGrkhddIgjDyRF/JG3o1n49X4MD6nrSvGbOaIzMH4/gV98KSe</latexit>

2D lattice

Occupation domain :

=1.61803...
✓
d1

d2

◆
=

a2Dp
⌧2 + 1

✓
⌧ �1
1 ⌧

◆✓
a1
a2

◆

<latexit sha1_base64="KfvqDgadbAdhevbikGBVz1UcwQo="></latexit>

di =
mX

i=1

Qijaj
<latexit sha1_base64="G2vfMmTmIfIsar648h23IGcEyEk=">AAACGnicbVDLSsNAFJ34rPUVdekmWARXJamC3RQKbly2YB/Q1jKZTtppZ5IwcyOWkO9w46+4caGIO3Hj3zhpI2jrgWHOnHsud+5xQ84U2PaXsbK6tr6xmdvKb+/s7u2bB4dNFUSS0AYJeCDbLlaUM582gAGn7VBSLFxOW+7kKq237qhULPBvYBrSnsBDn3mMYNBS33S6QO/B9eJB0o9ZUumqSNzGIn1UnKSur3HyY8FaHSd9s2AX7RmsZeJkpIAy1PrmR3cQkEhQHwjHSnUcO4RejCUwwmmS70aKhphM8JB2NPWxoKoXz1ZLrFOtDCwvkPr4YM3U3x0xFkpNhaudAsNILdZS8b9aJwKv3IuZH0ZAfTIf5EXcgsBKc7IGTFICfKoJJpLpv1pkhCUmoNPM6xCcxZWXSbNUdM6LpfpFoVrO4sihY3SCzpCDLlEVXaMaaiCCHtATekGvxqPxbLwZ73PripH1HKE/MD6/AWuGovE=</latexit>

di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

d2

d1

Internal space

Perpendicular space

External space

Parallel space

2D lattice

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Unit vector:

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

l =
⌧2p
1 + ⌧2

a
<latexit sha1_base64="z+5gZeSsplqyks0QaeZBUCfAY3I=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQEoSRVsBuh4MZlBfuAJpbJdNIOnTycuRFKyBe48VfcuFDErWt3/o3TNoi2HrhwOOde7r3HiwVXYFlfxtLyyuraemGjuLm1vbNr7u23VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGlxO/fc+k4lF4A+OYuQEZhNznlICWemZZXDi+JDRNHSBJdlvNUkfdSUjtkx8lIz2zZFWsKfAisXNSQjkaPfPT6Uc0CVgIVBClurYVg5sSCZwKlhWdRLGY0BEZsK6mIQmYctPpOxkua6WP/UjqCgFP1d8TKQmUGgee7gwIDNW8NxH/87oJ+DU35WGcAAvpbJGfCAwRnmSD+1wyCmKsCaGS61sxHRKdDugEizoEe/7lRdKqVuzTSvX6rFSv5XEU0CE6QsfIRueojq5QAzURRQ/oCb2gV+PReDbejPdZ65KRzxygPzA+vgFQiZzf</latexit>

l
<latexit sha1_base64="IQI5CCePH2BemG5gCWkYbhJyXjQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUFINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A0lWM6g==</latexit>

tan ✓ =
1

⌧
<latexit sha1_base64="Cl+Zae/UV1sKiUaQXBuVa/+pDu8=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5JUwV6EghePFewHNKFstpt26WYTdidCCcGLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtHaeKshaNRay6AdFMcMlawEGwbqIYiQLBOsH4Zup3HpjSPJb3MEmYH5Gh5CGnBIzUt489INKDEQNy7YWK0MzNM6Oled+uOFVnBrxM3IJUUIFm3/7yBjFNIyaBCqJ1z3US8DOigFPB8rKXapYQOiZD1jNUkohpP5u9kOMzowxwGCtTEvBM/T2RkUjrSRSYzojASC96U/E/r5dCWPczLpMUmKTzRWEqMMR4mgcecMUoiIkhhCpubsV0REwQYFIrmxDcxZeXSbtWdS+qtbvLSqNexFFCJ+gUnSMXXaEGukVN1EIUPaJn9IrerCfrxXq3PuatK1Yxc4T+wPr8AdKNl6w=</latexit>

Fibonacci Chain by Section Method
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d2

d1

L S L S L L L L LS S S External space

Parallel space

Internal space

Perpendicular space

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

⌧ =
1 +

p
5

2<latexit sha1_base64="XKLPSfrFCtJb34SS0vS1Mwu5wCE=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQShJVexGKLhxWcE+oAllMp20QycPZ26EEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceLxZcgWV9G4Wl5ZXVteJ6aWNza3vH3N1rqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrid++4FJxaPwDsYxcwMyCLnPKQEt9cwDB0hy5fiS0NQ+ddS9hPQiy9Jq1jPLVsWaAi8SOydllKPRM7+cfkSTgIVABVGqa1sxuCmRwKlgWclJFIsJHZEB62oakoApN52+kOFjrfSxH0ldIeCp+nsiJYFS48DTnQGBoZr3JuJ/XjcBv+amPIwTYCGdLfITgSHCkzxwn0tGQYw1IVRyfSumQ6LjAJ1aSYdgz7+8SFrVin1Wqd6el+u1PI4iOkRH6ATZ6BLV0Q1qoCai6BE9o1f0ZjwZL8a78TFrLRj5zD76A+PzBzrzl0s=</latexit>

2D space : 2D lattice vector : di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

✓
<latexit sha1_base64="wjlet/D87hWoalbxR0JScOLbDxU=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqYI8FLx4r2A9oQ9lsJ+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5nfudJ9BGxOoBpwn4ERspEQrO0ErtPo4B2aBccavuAnSdeDmpkBzNQfmrP4x5GoFCLpkxPc9N0M+YRsElzEr91EDC+ISNoGepYhEYP1tcO6MXVhnSMNa2FNKF+nsiY5Ex0yiwnRHDsVn15uJ/Xi/FsO5nQiUpguLLRWEqKcZ0/jodCg0c5dQSxrWwt1I+ZppxtAGVbAje6svrpF2relfV2v11pVHP4yiSM3JOLolHbkiD3JEmaRFOHskzeSVvTuy8OO/Ox7K14OQzp+QPnM8fokOPIg==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

Lattice const. =2D lattice :

2D lattice vector :

External Internal

di = de
i + di

i
<latexit sha1_base64="J2ONHyj1nUvtIUaprykNhObdYZg=">AAACHXicbVDJSgNBEO1xjXGLevQyGARBCDMxYC5CwIvHCGaBZBx6OjVJk56F7hoxDPMjXvwVLx4U8eBF/Bs7y8EkPih4/V4VXfW8WHCFlvVjrKyurW9s5rby2zu7e/uFg8OmihLJoMEiEcm2RxUIHkIDOQpoxxJo4AloecPrsd96AKl4FN7hKAYnoP2Q+5xR1JJbqHQRHtHz017mpjy7mn/ep5CdL0o8cwtFq2RNYC4Te0aKZIa6W/jq9iKWBBAiE1Spjm3F6KRUImcCsnw3URBTNqR96Gga0gCUk06uy8xTrfRMP5K6QjQn6t+JlAZKjQJPdwYUB2rRG4v/eZ0E/aqT8jBOEEI2/chPhImROY7K7HEJDMVIE8ok17uabEAlZagDzesQ7MWTl0mzXLIvSuXbSrFWncWRI8fkhJwRm1ySGrkhddIgjDyRF/JG3o1n49X4MD6nrSvGbOaIzMH4/gV98KSe</latexit>

2D lattice

Occupation domain :

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

=1.61803...
✓
d1

d2

◆
=

a2Dp
⌧2 + 1

✓
⌧ �1
1 ⌧

◆✓
a1
a2

◆

<latexit sha1_base64="KfvqDgadbAdhevbikGBVz1UcwQo="></latexit>

di =
mX

i=1

Qijaj
<latexit sha1_base64="G2vfMmTmIfIsar648h23IGcEyEk=">AAACGnicbVDLSsNAFJ34rPUVdekmWARXJamC3RQKbly2YB/Q1jKZTtppZ5IwcyOWkO9w46+4caGIO3Hj3zhpI2jrgWHOnHsud+5xQ84U2PaXsbK6tr6xmdvKb+/s7u2bB4dNFUSS0AYJeCDbLlaUM582gAGn7VBSLFxOW+7kKq237qhULPBvYBrSnsBDn3mMYNBS33S6QO/B9eJB0o9ZUumqSNzGIn1UnKSur3HyY8FaHSd9s2AX7RmsZeJkpIAy1PrmR3cQkEhQHwjHSnUcO4RejCUwwmmS70aKhphM8JB2NPWxoKoXz1ZLrFOtDCwvkPr4YM3U3x0xFkpNhaudAsNILdZS8b9aJwKv3IuZH0ZAfTIf5EXcgsBKc7IGTFICfKoJJpLpv1pkhCUmoNPM6xCcxZWXSbNUdM6LpfpFoVrO4sihY3SCzpCDLlEVXaMaaiCCHtATekGvxqPxbLwZ73PripH1HKE/MD6/AWuGovE=</latexit>

di(i = 1, 2)
<latexit sha1_base64="f5af8guKb82lNNCbhcHjS2Jc1U8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJqmA3QsGNywr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3Tx0KrBy4czrmXe+/xEsEVWNaXUVhaXlldK66XNja3tnfM3b22ilNJWYvGIpZdjygmeMRawEGwbiIZCT3BOt7oauJ37phUPI5uYZwwJySDiAecEtCSax70gd2DF2R+7mY8xxV+aZ/WTlyzbFWtKfBfYs9JGc3RdM3Pvh/TNGQRUEGU6tlWAk5GJHAqWF7qp4olhI7IgPU0jUjIlJNN78/xsVZ8HMRSVwR4qv6cyEio1Dj0dGdIYKgWvYn4n9dLIag7GY+SFFhEZ4uCVGCI8SQM7HPJKIixJoRKrm/FdEgkoaAjK+kQ7MWX/5J2rWqfVWs35+VGfR5HER2iI1RBNrpADXSNmqiFKHpAT+gFvRqPxrPxZrzPWgvGfGYf/YLx8Q2sBZUs</latexit>

Fibonacci chain
・Aperiodic

Unit vector:

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

l =
⌧2p
1 + ⌧2

a
<latexit sha1_base64="z+5gZeSsplqyks0QaeZBUCfAY3I=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQEoSRVsBuh4MZlBfuAJpbJdNIOnTycuRFKyBe48VfcuFDErWt3/o3TNoi2HrhwOOde7r3HiwVXYFlfxtLyyuraemGjuLm1vbNr7u23VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGlxO/fc+k4lF4A+OYuQEZhNznlICWemZZXDi+JDRNHSBJdlvNUkfdSUjtkx8lIz2zZFWsKfAisXNSQjkaPfPT6Uc0CVgIVBClurYVg5sSCZwKlhWdRLGY0BEZsK6mIQmYctPpOxkua6WP/UjqCgFP1d8TKQmUGgee7gwIDNW8NxH/87oJ+DU35WGcAAvpbJGfCAwRnmSD+1wyCmKsCaGS61sxHRKdDugEizoEe/7lRdKqVuzTSvX6rFSv5XEU0CE6QsfIRueojq5QAzURRQ/oCb2gV+PReDbejPdZ65KRzxygPzA+vgFQiZzf</latexit>

l
<latexit sha1_base64="IQI5CCePH2BemG5gCWkYbhJyXjQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUFINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A0lWM6g==</latexit>

tan ✓ =
1

⌧
<latexit sha1_base64="Cl+Zae/UV1sKiUaQXBuVa/+pDu8=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5JUwV6EghePFewHNKFstpt26WYTdidCCcGLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtHaeKshaNRay6AdFMcMlawEGwbqIYiQLBOsH4Zup3HpjSPJb3MEmYH5Gh5CGnBIzUt489INKDEQNy7YWK0MzNM6Oled+uOFVnBrxM3IJUUIFm3/7yBjFNIyaBCqJ1z3US8DOigFPB8rKXapYQOiZD1jNUkohpP5u9kOMzowxwGCtTEvBM/T2RkUjrSRSYzojASC96U/E/r5dCWPczLpMUmKTzRWEqMMR4mgcecMUoiIkhhCpubsV0REwQYFIrmxDcxZeXSbtWdS+qtbvLSqNexFFCJ+gUnSMXXaEGukVN1EIUPaJn9IrerCfrxXq3PuatK1Yxc4T+wPr8AdKNl6w=</latexit>

Fibonacci Chain by Section Method
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b'

c

c'

Point density = 

2D unit cell contains all the 
information on the local 
configuration.

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

l/a2
<latexit sha1_base64="unHlyhAqfqQMDh2Rz+XOMNoidWs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02qYI8FLx4rmFpoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmGfdZIhPdDqnhUijuo0DJ26nmNA4lfwhHNzP/4YlrIxJ1j+OUBzEdKBEJRtFKvrygj7VeueJW3TnIKvFyUoEczV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8OoHkyESjPkii0WRZkkmJDZ56QvNGcox5ZQpoW9lbAh1ZShzadkQ/CWX14lrVrVu6zW7q4qjXoeRxFO4BTOwYNraMAtNMEHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPHfuOMg==</latexit>

l
<latexit sha1_base64="IQI5CCePH2BemG5gCWkYbhJyXjQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUFINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A0lWM6g==</latexit>

a
<latexit sha1_base64="QpdaHAtULVhjrSKI0wwDhZf7M2g=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXiftasW7rlSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwamM3w==</latexit>

External space

O

a
b

c''

Fibonacci Chain by Section Method
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

L S

A B

Fibonacci Chain by Section Method

When do we have a point "B" on the right 
side of a point "A" at a distance L? 
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

L S

A B In
te

rn
al

 
sp

ac
e

Intersection between the 
projections of OD1 and 2 
onto internal space.OD1

OD2

Existence domain of the 
configuration L:

Fibonacci Chain by Section Method

When do we have a point "B" on the right 
side of a point "A" at a distance L? 
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S

A B In
te

rn
al

 
sp

ac
e

Intersection between the 
projections of OD1 and 3 
onto internal space.OD1

OD3

Existence domain of the 
configuration S:

L

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Fibonacci Chain by Section Method

When do we have a point "B" on the right 
side of a point "A" at a distance S? 
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Existence domain of the 
configuration L:

Existence domain of the 
configuration S:

The frequency of the configuration in the 
finite structure is proportional to the size of 
intersection.

L : S = τ : 1

Fibonacci Chain by Section Method
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Existence domain of the 
configuration L:

Existence domain of the 
configuration S:

Decoration of Fibonacci chain
S L

The frequency of the configuration in the 
finite structure is proportional to the size of 
intersection.

L : S = τ : 1

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Fibonacci Chain by Section Method
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a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Existence domain of the 
configuration L:

Existence domain of the 
configuration S:

Decoration of Fibonacci chain
S L

The frequency of the configuration in the 
finite structure is proportional to the size of 
intersection.

L : S = τ : 1

Fibonacci Chain by Section Method
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Diffraction Pattern of Fibonacci Chain
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2D structure in 
direct space

2D structure in 
reciprocal space

Diffraction PatternFibonacci chain

Section Projection

FT

FT-1

FT

FT-1

① ②

③

Diffraction Pattern of Fibonacci Chain
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Diffraction Pattern

2D decorated structure:

Atomic (or electron) density distribution cab be expressed as a convolution 
product between the lattice and the occupation domain (OD).

rj
<latexit sha1_base64="bRBmXpzNnZRID1QoqZuIOdtYyZg=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mqYI8FLx4r2FZoQ9lsJ+3azSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGN9HzADUihooUAJ94kGFgUSOsH4euZ3HkEbEas7nCTgR2yoRCg4Qyv1eghPGISZnvYf+uWKW3XnoKvEy0mF5Gj2y1+9QczTCBRyyYzpem6CfsY0Ci5hWuqlBhLGx2wIXUsVi8D42fzmKT2zyoCGsbalkM7V3xMZi4yZRIHtjBiOzLI3E//zuimGdT8TKkkRFF8sClNJMaazAOhAaOAoJ5YwroW9lfIR04yjjalkQ/CWX14l7VrVu6jWbi8rjXoeR5GckFNyTjxyRRrkhjRJi3CSkGfySt6c1Hlx3p2PRWvByWeOyR84nz+fsJII</latexit>

: Position of j-th OD

: Shape function that represents j-th OD

G(rij)
<latexit sha1_base64="JReY0512bAiC8cIpgKtLhMU56Gg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXRmKCF9KiiRxJPOgRE/lIoDbbZQsr222zO1VJ5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM82POFNj2t5FbWV1b38hvFra2d3b3zOJ+S0WJJLRJIh7Jjo8V5UzQJjDgtBNLikOf07Y/upj67XsqFYvEDYxj6oZ4IFjACAYteWbxstwD+gh+kMrJLfPuTjyzZFfsGaxl4mSkhDI0PPOr149IElIBhGOluo4dg5tiCYxwOin0EkVjTEZ4QLuaChxS5aaz0yfWsVb6VhBJXQKsmfp7IsWhUuPQ150hhqFa9Kbif143gaDmpkzECVBB5ouChFsQWdMcrD6TlAAfa4KJZPpWiwyxxAR0WgUdgrP48jJpVSvOaaV6fVaq17I48ugQHaEyctA5qqMr1EBNRNADekav6M14Ml6Md+Nj3pozspkD9AfG5w/7/5PK</latexit>

G(rij)
<latexit sha1_base64="JReY0512bAiC8cIpgKtLhMU56Gg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXRmKCF9KiiRxJPOgRE/lIoDbbZQsr222zO1VJ5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM82POFNj2t5FbWV1b38hvFra2d3b3zOJ+S0WJJLRJIh7Jjo8V5UzQJjDgtBNLikOf07Y/upj67XsqFYvEDYxj6oZ4IFjACAYteWbxstwD+gh+kMrJLfPuTjyzZFfsGaxl4mSkhDI0PPOr149IElIBhGOluo4dg5tiCYxwOin0EkVjTEZ4QLuaChxS5aaz0yfWsVb6VhBJXQKsmfp7IsWhUuPQ150hhqFa9Kbif143gaDmpkzECVBB5ouChFsQWdMcrD6TlAAfa4KJZPpWiwyxxAR0WgUdgrP48jJpVSvOaaV6fVaq17I48ugQHaEyctA5qqMr1EBNRNADekav6M14Ml6Md+Nj3pozspkD9AfG5w/7/5PK</latexit>

0

1

Gj(r
i
j)

<latexit sha1_base64="mFTAepQVrM53B504+pSula2rYMc=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQxCvITdKJhjwIMeI5gHJOsyO5lNJpl9MNMrhiX+ihcPinj1Q7z5N06SPWhiQUNR1U13lxcLrsCyvo3c2vrG5lZ+u7Czu7d/YB4etVSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2xlczv/3ApOJReAeTmDkBGYTc55SAllyzeO2Oyj1gj+D5qZzec3d05polq2LNgVeJnZESytBwza9eP6JJwEKggijVta0YnJRI4FSwaaGXKBYTOiYD1tU0JAFTTjo/fopPtdLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/ed0E/JqT8jBOgIV0schPBIYIz5LAfS4ZBTHRhFDJ9a2YDokkFHReBR2CvfzyKmlVK/Z5pXp7UarXsjjy6BidoDKy0SWqoxvUQE1E0QQ9o1f0ZjwZL8a78bFozRnZTBH9gfH5A4SGlKc=</latexit>

⇢(r) = �(r� rn1,n2) ⇤
X

j

Gj(r
i
j)rj

<latexit sha1_base64="c91XxAocgKDT6y17igPiqiVD0Nk="></latexit>

①

ODLattice ⇤<latexit sha1_base64="cTMIyW8ERGi+Pvv0mpsMphOMRbs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWMF+wFtKJvtpl26m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqxtsslrHuBdRwKSLeRoGS9xLNqQok7wbTu9zvPnFtRBw94izhvqLjSISCUcylATU4rFTdmrsAWSdeQapQoDWsfA1GMUsVj5BJakzfcxP0M6pRMMnn5UFqeELZlI5539KIKm78bHHrnFxaZUTCWNuKkCzU3xMZVcbMVGA7FcWJWfVy8T+vn2LY8DMRJSnyiC0XhakkGJP8cTISmjOUM0so08LeStiEasrQxlO2IXirL6+TTr3mXdfqDzfVZqOIowTncAFX4MEtNOEeWtAGBhN4hld4c5Tz4rw7H8vWDaeYOYM/cD5/ABxdjkA=</latexit>

Structure =
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Diffraction Pattern

Fourier transformation of 2D decorated structure:

FT ODLattice ⇤<latexit sha1_base64="cTMIyW8ERGi+Pvv0mpsMphOMRbs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWMF+wFtKJvtpl26m4TdiVBC/4IXD4p49Q9589+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqxtsslrHuBdRwKSLeRoGS9xLNqQok7wbTu9zvPnFtRBw94izhvqLjSISCUcylATU4rFTdmrsAWSdeQapQoDWsfA1GMUsVj5BJakzfcxP0M6pRMMnn5UFqeELZlI5539KIKm78bHHrnFxaZUTCWNuKkCzU3xMZVcbMVGA7FcWJWfVy8T+vn2LY8DMRJSnyiC0XhakkGJP8cTISmjOUM0so08LeStiEasrQxlO2IXirL6+TTr3mXdfqDzfVZqOIowTncAFX4MEtNOEeWtAGBhN4hld4c5Tz4rw7H8vWDaeYOYM/cD5/ABxdjkA=</latexit>

( ) = FT ODLattice( )) FT (

gj(h
i
j) = l sin(⇡lhi)/(⇡lhi)

<latexit sha1_base64="56kXyx6uVWKIHJzzuC630ESPUDU=">AAACK3icbVBNS8NAEN34WetX1aOXxSK0l5pUwV6EohePFWwVmho22027drMJuxOxhP4fL/4VD3rwA6/+D7dpD1p9MPB4b4aZeX4suAbbfrfm5hcWl5ZzK/nVtfWNzcLWdktHiaKsSSMRqWufaCa4ZE3gINh1rBgJfcGu/MHZ2L+6Y0rzSF7CMGadkPQkDzglYCSvcNrzbksusHvwg7Q/uuHebflEuJrLkhtzLHDmqTDzygf/iV6haFfsDPgvcaakiKZoeIVntxvRJGQSqCBatx07hk5KFHAq2CjvJprFhA5Ij7UNlSRkupNmv47wvlG6OIiUKQk4U39OpCTUehj6pjMk0Nez3lj8z2snENQ6KZdxAkzSyaIgERgiPA4Od7liFMTQEEIVN7di2ieKUDDx5k0IzuzLf0mrWnEOK9WLo2K9No0jh3bRHiohBx2jOjpHDdREFD2gJ/SK3qxH68X6sD4nrXPWdGYH/YL19Q1xPafD</latexit>

．

d⇤
1

<latexit sha1_base64="mlxoyQ8JsL8jPzEWZWcBR4gFUZ8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgLkpSBbssuHFZwT6gjWEymbRDJw9mbqQl5FfcuFDErT/izr9x2mahrQcuHM65l3vv8RLBFVjWt1Ha2Nza3invVvb2Dw6PzONqV8WppKxDYxHLvkcUEzxiHeAgWD+RjISeYD1vcjv3e09MKh5HDzBLmBOSUcQDTgloyTWrQ2BT8ILMz93Mzh+zy9w1a1bdWgCvE7sgNVSg7ZpfQz+macgioIIoNbCtBJyMSOBUsLwyTBVLCJ2QERtoGpGQKSdb3J7jc634OIilrgjwQv09kZFQqVno6c6QwFitenPxP2+QQtB0Mh4lKbCILhcFqcAQ43kQ2OeSURAzTQiVXN+K6ZhIQkHHVdEh2Ksvr5Nuo25f1Rv317VWs4ijjE7RGbpANrpBLXSH2qiDKJqiZ/SK3ozceDHejY9la8koZk7QHxifP2v+lKY=</latexit>

d⇤
2

<latexit sha1_base64="irpbcF7Iu+DvlmPW3nunGWEZ2cY=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRZBPJSkCvZY8OKxgv2ANobNZtMu3WzC7kRaQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ5yecKbDtb6O0sbm1vVPereztHxwemcfVropTSWiHxDyWfR8rypmgHWDAaT+RFEc+pz1/cjv3e09UKhaLB5gl1I3wSLCQEQxa8szqEOgU/DALci9r5I/ZZe6ZNbtuL2CtE6cgNVSg7ZlfwyAmaUQFEI6VGjh2Am6GJTDCaV4ZpoommEzwiA40FTiiys0Wt+fWuVYCK4ylLgHWQv09keFIqVnk684Iw1itenPxP2+QQth0MyaSFKggy0Vhyi2IrXkQVsAkJcBnmmAimb7VImMsMQEdV0WH4Ky+vE66jbpzVW/cX9dazSKOMjpFZ+gCOegGtdAdaqMOImiKntErejNy48V4Nz6WrSWjmDlBf2B8/gBth5Sn</latexit>

h
<latexit sha1_base64="iK2sHPtXjaZ6VFS2g//jwUZnswo=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KkkV7LHgxWMF+4FtKJvtpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZn77EbQRsbrHSQJ+xIZKhIIztNJDD+EJgzAbTfulsltx56CrxMtJmeRo9EtfvUHM0wgUcsmM6Xpugn7GNAouYVrspQYSxsdsCF1LFYvA+Nn84ik9t8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjU/EypJERRfLApTSTGms/fpQGjgKCeWMK6FvZXyEdOMow2paEPwll9eJa1qxbusVO+uyvVaHkeBnJIzckE8ck3q5JY0SJNwosgzeSVvjnFenHfnY9G65uQzJ+QPnM8fDNiRIQ==</latexit>

2D Reciprocal Space

External space

Internal space

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

d⇤
1 = d⇤e

1 + d⇤i
1

d⇤
2 = d⇤e

2 + d⇤i
2

<latexit sha1_base64="RR3CAQ2o8LaPsvC6OP4Fer+aBzA=">AAACYXicbZFLS8NAFIUn8dn6inXZzWARRKEkUdCNILhxWcHaQlPLZHrTDk4ezNyIJeRPunPjxj/i9LFQ44WBw3fv4c6cCTMpNLruh2WvrW9sbm3X6ju7e/sHzmHjSae54tDlqUxVP2QapEigiwIl9DMFLA4l9MKXu3m/9wpKizR5xFkGw5hNEhEJztCgkfMWILxhGBXjclR45XNxVt5UEJTnFSZKGgT1n9ivuv1/3P7SPXJabttdFK0KbyVaZFWdkfMejFOex5Agl0zrgedmOCyYQsEllPUg15Ax/sImMDAyYTHoYbFIqKQnhoxplCpzEqQL+tNRsFjrWRyayZjhVP/tzeF/vUGO0fWwEEmWIyR8uSjKJcWUzuOmY6GAo5wZwbgS5q6UT5liHM2n1E0I3t8nV8WT3/Yu2v7DZev2ehXHNmmSY3JKPHJFbsk96ZAu4eTTWrf2rH3ry67Zjt1YjtrWynNEfpXd/AaTn7l7</latexit>

gj(h
i
j) = l sin(⇡lhi)/(⇡lhi)

<latexit sha1_base64="56kXyx6uVWKIHJzzuC630ESPUDU=">AAACK3icbVBNS8NAEN34WetX1aOXxSK0l5pUwV6EohePFWwVmho22027drMJuxOxhP4fL/4VD3rwA6/+D7dpD1p9MPB4b4aZeX4suAbbfrfm5hcWl5ZzK/nVtfWNzcLWdktHiaKsSSMRqWufaCa4ZE3gINh1rBgJfcGu/MHZ2L+6Y0rzSF7CMGadkPQkDzglYCSvcNrzbksusHvwg7Q/uuHebflEuJrLkhtzLHDmqTDzygf/iV6haFfsDPgvcaakiKZoeIVntxvRJGQSqCBatx07hk5KFHAq2CjvJprFhA5Ij7UNlSRkupNmv47wvlG6OIiUKQk4U39OpCTUehj6pjMk0Nez3lj8z2snENQ6KZdxAkzSyaIgERgiPA4Od7liFMTQEEIVN7di2ieKUDDx5k0IzuzLf0mrWnEOK9WLo2K9No0jh3bRHiohBx2jOjpHDdREFD2gJ/SK3qxH68X6sD4nrXPWdGYH/YL19Q1xPafD</latexit>

②

h = hd⇤
1 + kd⇤

2
<latexit sha1_base64="/EARftW/wCeFvja/sBLqJuahFYw=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAIolCSKNiNUHDjsoK9QBvLZDpph04uzJyIJeQ93Pgqblwo4kpw4ds4TSPU1h8Gfr5zDmfO70acSTDNb62wtLyyulZcL21sbm3v6Lt7TRnGgtAGCXko2i6WlLOANoABp+1IUOy7nLbc0dWk3rqnQrIwuIVxRB0fDwLmMYJBoZ5ud4E+gOslw/Ry+Ov7aS+x0rvkJD0dzTI7Yz29bFbMTMaisXJTRrnqPf2z2w9J7NMACMdSdiwzAifBAhjhNC11Y0kjTEZ4QDvKBtin0kmy21LjSJG+4YVCvQCMjM5OJNiXcuy7qtPHMJTztQn8r9aJwas6CQuiGGhApou8mBsQGpOgjD4TlAAfK4OJYOqvBhligQmoOEsqBGv+5EXTtCvWWcW+OS/XqnkcRXSADtExstAFqqFrVEcNRNAjekav6E170l60d+1j2lrQ8pl99Efa1w83h6K4</latexit>

h = he + hi
<latexit sha1_base64="Pif4HnnWfdNLfEIVDp8EGo5aPpI=">AAACEXicbZDLSgMxFIYz9VbrbdSlm8EiFIQyUwW7EQpuXFawF2hryaRn2tDMheSMWIZ5BTe+ihsXirh15863Mb2AtfWHwJf/nENyfjcSXKFtfxuZldW19Y3sZm5re2d3z9w/qKswlgxqLBShbLpUgeAB1JCjgGYkgfqugIY7vBrXG/cgFQ+DWxxF0PFpP+AeZxS11TULbYQHdL1kkF7+4l0C6en8laddM28X7YmsZXBmkCczVbvmV7sXstiHAJmgSrUcO8JOQiVyJiDNtWMFEWVD2oeWxoD6oDrJZKPUOtFOz/JCqU+A1sSdn0ior9TId3WnT3GgFmtj879aK0av3El4EMUIAZs+5MXCwtAax2P1uASGYqSBMsn1Xy02oJIy1CHmdAjO4srLUC8VnbNi6eY8XynP4siSI3JMCsQhF6RCrkmV1Agjj+SZvJI348l4Md6Nj2lrxpjNHJI/Mj5/APHfnvI=</latexit>

h, k: Miller Index

F (k) = �(k� hh,k)
1

V

X

j

gj(h
i
j) exp(2⇡ihh,k · rj)

<latexit sha1_base64="2/o+5c1/2QmmZBNeq69aeojWn88="></latexit>

di · d⇤
j

<latexit sha1_base64="/ogsLCmEJQM3zoBL0JBlgLaXcko=">AAACDHicbVDLSsNAFJ3UV62vqks3g0UQFyWpgl0W3LisYB/QxDCZTNqxkwczN2IJ/QA3/oobF4q49QPc+TdO24DaemDgcM653LnHSwRXYJpfRmFpeWV1rbhe2tjc2t4p7+61VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGFxO/c8ek4nF0DaOEOSHpRzzglICW3HLFBnYPXpD5Y5djm/ox4B/pJjsZu7c6ZVbNKfAisXJSQTmabvnT9mOahiwCKohSPctMwMmIBE4FG5fsVLGE0CHps56mEQmZcrLpMWN8pBUfB7HULwI8VX9PZCRUahR6OhkSGKh5byL+5/VSCOpOxqMkBRbR2aIgFRhiPGkG+1wyCmKkCaGS679iOiCSUND9lXQJ1vzJi6Rdq1qn1drVWaVRz+soogN0iI6Rhc5RA12iJmohih7QE3pBr8aj8Wy8Ge+zaMHIZ/bRHxgf34rYm+Q=</latexit>

1(i = j)
<latexit sha1_base64="uxAOnJohymEMvSonJNZ5jyhPba4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBXMRAl48RjAPSJYwO5lNxszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNi9YDjhPsRHSgRCkbRSi2PlMXN43mvWHIr7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5udOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2JY9SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6xc3F+VatUsjjycwCmUwYNrqMEd1KEBDEbwDK/w5iTOi/PufCxac042cwx/4Hz+AKKVjmw=</latexit>

0(i 6= j)
<latexit sha1_base64="xJqGC1GBVnq5RIJOBN9cnGWSn3g=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexWwR4LXjxWsB+wXUo2nW1js8maZIWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjtpapotCikkvVDYkGzgS0DDMcuokCEoccOuH4ZuZ3nkBpJsW9mSQQxGQoWMQoMVbyXVxhPQGP+OGiXyq7VXcOvEq8nJRRjma/9NUbSJrGIAzlRGvfcxMTZEQZRjlMi71UQ0LomAzBt1SQGHSQzU+e4nOrDHAklS1h8Fz9PZGRWOtJHNrOmJiRXvZm4n+en5qoHmRMJKkBQReLopRjI/HsfzxgCqjhE0sIVczeiumIKEKNTaloQ/CWX14l7VrVu6zW7q7KjXoeRwGdojNUQR66Rg10i5qohSiS6Bm9ojfHOC/Ou/OxaF1z8pkT9AfO5w+KD5AW</latexit>

{=



© 2020 Tsunetomo Yamada

1D Reciprocal Space
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te
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ity

d⇤
1

<latexit sha1_base64="mlxoyQ8JsL8jPzEWZWcBR4gFUZ8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgLkpSBbssuHFZwT6gjWEymbRDJw9mbqQl5FfcuFDErT/izr9x2mahrQcuHM65l3vv8RLBFVjWt1Ha2Nza3invVvb2Dw6PzONqV8WppKxDYxHLvkcUEzxiHeAgWD+RjISeYD1vcjv3e09MKh5HDzBLmBOSUcQDTgloyTWrQ2BT8ILMz93Mzh+zy9w1a1bdWgCvE7sgNVSg7ZpfQz+macgioIIoNbCtBJyMSOBUsLwyTBVLCJ2QERtoGpGQKSdb3J7jc634OIilrgjwQv09kZFQqVno6c6QwFitenPxP2+QQtB0Mh4lKbCILhcFqcAQ43kQ2OeSURAzTQiVXN+K6ZhIQkHHVdEh2Ksvr5Nuo25f1Rv317VWs4ijjE7RGbpANrpBLXSH2qiDKJqiZ/SK3ozceDHejY9la8koZk7QHxifP2v+lKY=</latexit>

d⇤
2

<latexit sha1_base64="irpbcF7Iu+DvlmPW3nunGWEZ2cY=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRZBPJSkCvZY8OKxgv2ANobNZtMu3WzC7kRaQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ5yecKbDtb6O0sbm1vVPereztHxwemcfVropTSWiHxDyWfR8rypmgHWDAaT+RFEc+pz1/cjv3e09UKhaLB5gl1I3wSLCQEQxa8szqEOgU/DALci9r5I/ZZe6ZNbtuL2CtE6cgNVSg7ZlfwyAmaUQFEI6VGjh2Am6GJTDCaV4ZpoommEzwiA40FTiiys0Wt+fWuVYCK4ylLgHWQv09keFIqVnk684Iw1itenPxP2+QQth0MyaSFKggy0Vhyi2IrXkQVsAkJcBnmmAimb7VImMsMQEdV0WH4Ky+vE66jbpzVW/cX9dazSKOMjpFZ+gCOegGtdAdaqMOImiKntErejNy48V4Nz6WrSWjmDlBf2B8/gBth5Sn</latexit>

h
<latexit sha1_base64="iK2sHPtXjaZ6VFS2g//jwUZnswo=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KkkV7LHgxWMF+4FtKJvtpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZn77EbQRsbrHSQJ+xIZKhIIztNJDD+EJgzAbTfulsltx56CrxMtJmeRo9EtfvUHM0wgUcsmM6Xpugn7GNAouYVrspQYSxsdsCF1LFYvA+Nn84ik9t8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjU/EypJERRfLApTSTGms/fpQGjgKCeWMK6FvZXyEdOMow2paEPwll9eJa1qxbusVO+uyvVaHkeBnJIzckE8ck3q5JY0SJNwosgzeSVvjnFenHfnY9G65uQzJ+QPnM8fDNiRIQ==</latexit>

2D Reciprocal SpaceInternal space

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

gj(h
i
j) = l sin(⇡lhi)/(⇡lhi)

<latexit sha1_base64="56kXyx6uVWKIHJzzuC630ESPUDU=">AAACK3icbVBNS8NAEN34WetX1aOXxSK0l5pUwV6EohePFWwVmho22027drMJuxOxhP4fL/4VD3rwA6/+D7dpD1p9MPB4b4aZeX4suAbbfrfm5hcWl5ZzK/nVtfWNzcLWdktHiaKsSSMRqWufaCa4ZE3gINh1rBgJfcGu/MHZ2L+6Y0rzSF7CMGadkPQkDzglYCSvcNrzbksusHvwg7Q/uuHebflEuJrLkhtzLHDmqTDzygf/iV6haFfsDPgvcaakiKZoeIVntxvRJGQSqCBatx07hk5KFHAq2CjvJprFhA5Ij7UNlSRkupNmv47wvlG6OIiUKQk4U39OpCTUehj6pjMk0Nez3lj8z2snENQ6KZdxAkzSyaIgERgiPA4Od7liFMTQEEIVN7di2ieKUDDx5k0IzuzLf0mrWnEOK9WLo2K9No0jh3bRHiohBx2jOjpHDdREFD2gJ/SK3qxH68X6sD4nrXPWdGYH/YL19Q1xPafD</latexit>

Diffraction Pattern

Projection a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

③

External space

d⇤
1 = d⇤e

1 + d⇤i
1

d⇤
2 = d⇤e

2 + d⇤i
2

<latexit sha1_base64="RR3CAQ2o8LaPsvC6OP4Fer+aBzA=">AAACYXicbZFLS8NAFIUn8dn6inXZzWARRKEkUdCNILhxWcHaQlPLZHrTDk4ezNyIJeRPunPjxj/i9LFQ44WBw3fv4c6cCTMpNLruh2WvrW9sbm3X6ju7e/sHzmHjSae54tDlqUxVP2QapEigiwIl9DMFLA4l9MKXu3m/9wpKizR5xFkGw5hNEhEJztCgkfMWILxhGBXjclR45XNxVt5UEJTnFSZKGgT1n9ivuv1/3P7SPXJabttdFK0KbyVaZFWdkfMejFOex5Agl0zrgedmOCyYQsEllPUg15Ax/sImMDAyYTHoYbFIqKQnhoxplCpzEqQL+tNRsFjrWRyayZjhVP/tzeF/vUGO0fWwEEmWIyR8uSjKJcWUzuOmY6GAo5wZwbgS5q6UT5liHM2n1E0I3t8nV8WT3/Yu2v7DZev2ehXHNmmSY3JKPHJFbsk96ZAu4eTTWrf2rH3ry67Zjt1YjtrWynNEfpXd/AaTn7l7</latexit>

h = hd⇤
1 + kd⇤

2
<latexit sha1_base64="/EARftW/wCeFvja/sBLqJuahFYw=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAIolCSKNiNUHDjsoK9QBvLZDpph04uzJyIJeQ93Pgqblwo4kpw4ds4TSPU1h8Gfr5zDmfO70acSTDNb62wtLyyulZcL21sbm3v6Lt7TRnGgtAGCXko2i6WlLOANoABp+1IUOy7nLbc0dWk3rqnQrIwuIVxRB0fDwLmMYJBoZ5ud4E+gOslw/Ry+Ov7aS+x0rvkJD0dzTI7Yz29bFbMTMaisXJTRrnqPf2z2w9J7NMACMdSdiwzAifBAhjhNC11Y0kjTEZ4QDvKBtin0kmy21LjSJG+4YVCvQCMjM5OJNiXcuy7qtPHMJTztQn8r9aJwas6CQuiGGhApou8mBsQGpOgjD4TlAAfK4OJYOqvBhligQmoOEsqBGv+5EXTtCvWWcW+OS/XqnkcRXSADtExstAFqqFrVEcNRNAjekav6E170l60d+1j2lrQ8pl99Efa1w83h6K4</latexit>

h = he + hi
<latexit sha1_base64="Pif4HnnWfdNLfEIVDp8EGo5aPpI=">AAACEXicbZDLSgMxFIYz9VbrbdSlm8EiFIQyUwW7EQpuXFawF2hryaRn2tDMheSMWIZ5BTe+ihsXirh15863Mb2AtfWHwJf/nENyfjcSXKFtfxuZldW19Y3sZm5re2d3z9w/qKswlgxqLBShbLpUgeAB1JCjgGYkgfqugIY7vBrXG/cgFQ+DWxxF0PFpP+AeZxS11TULbYQHdL1kkF7+4l0C6en8laddM28X7YmsZXBmkCczVbvmV7sXstiHAJmgSrUcO8JOQiVyJiDNtWMFEWVD2oeWxoD6oDrJZKPUOtFOz/JCqU+A1sSdn0ior9TId3WnT3GgFmtj879aK0av3El4EMUIAZs+5MXCwtAax2P1uASGYqSBMsn1Xy02oJIy1CHmdAjO4srLUC8VnbNi6eY8XynP4siSI3JMCsQhF6RCrkmV1Agjj+SZvJI348l4Md6Nj2lrxpjNHJI/Mj5/APHfnvI=</latexit>

h, k: Miller Index
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Phason Strain and its Consequences on 
Diffraction Pattern 
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Fibonacci Chain under Phason Strain

✓
d0

1

d0
2

◆
=

a2Dp
⌧2 + 1

✓
⌧ 1̄
1 ⌧

◆✓
1 u
0 1

◆✓
a1
a2

◆

<latexit sha1_base64="Zk3f9b0gMG0GQV0S3Ky4UqEQmL0="></latexit>

Phason matrix :

1/1 Approximant

T i =

✓
Id U i

0 Id

◆

<latexit sha1_base64="fgLCpg8M1FBfwCgjdR+MdLyH424=">AAACJ3icbVDLSgMxFM34rOOr6tJNsCiuykwV7EYpuNFdhb6gU0smc9uGZjJDkhHL0L9x46+4EVREl/6J6QPR1gOBwzn33tx7/JgzpR3n01pYXFpeWc2s2esbm1vb2Z3dmooSSaFKIx7Jhk8UcCagqpnm0IglkNDnUPf7lyO/fgdSsUhU9CCGVki6gnUYJdpI7exF5TZlw3Pb86HLRBqHREt2P7Sv22kwxEe4OrI9z3YMH2u2ByL4qWtnc07eGQPPE3dKcmiKcjv74gURTUIQmnKiVNN1Yt1KidSMcjDTEwUxoX3ShaahgoSgWun4ziE+NEqAO5E0T2g8Vn93pCRUahD6ptLs11Oz3kj8z2smulNspUzEiQZBJx91Eo51hEeh4YBJoJoPDCFUMrMrpj0iCdUmWtuE4M6ePE9qhbx7ki/cnOZKxWkcGbSPDtAxctEZKqErVEZVRNEDekKv6M16tJ6td+tjUrpgTXv20B9YX9/TtaVH</latexit>

U i
<latexit sha1_base64="W0mAZrrOC1uC5J2+Rhfa7/nmaLc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkdu63n1BpHssHM00wiOhI8iFn1FjJ9x8zPuuXK27VXYCsEy8nFcjR7Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtjp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AzrQcZlkhqUbLlomApiYjL/nAy4QmbE1BLKFLe3EjamijJj8ynZELzVl9dJq1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTfCBAYdneIU3RzovzrvzsWwtOPnMKfyB8/kD7IuOug==</latexit>

Fibonacci lattice

Unit vectors under phason strain

’

’

a1
<latexit sha1_base64="G5KE14GTGj0Oh+vuWtGD7D/SwY0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKexGwRwDXjxGMA9I1jA76U2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoUhxaPZKS6HtMgRQgtFCihGytggSeh402uZ37nAZQWUXiH0xjcgI1C4QvO0Ej3fYQn9PyUZYPUyQblil2156CrxMlJheRoDspf/WHEkwBC5JJp3XPsGN2UKRRcQlbqJxpixidsBD1DQxaAdtP51Rk9M8qQ+pEyFSKdq78nUhZoPQ080xkwHOtlbyb+5/US9OtuKsI4QQj5YpGfSIoRnUVAh0IBRzk1hHElzK2Uj5liHE1QJROCs/zyKmnXqs5FtXZ7WWnU8ziK5IScknPikCvSIDekSVqEE0WeySt5sx6tF+vd+li0Fqx85pj8gfX5A/ujkso=</latexit>

a2
<latexit sha1_base64="utrxihzR+/YZjCtES1vVHkyyy9U=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSRVsMeCF48V7Ae0sWy2k3bpZhN2J2oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeHwuu0XG+rcLa+sbmVnG7tLO7t39QPjxq6yhRDFosEpHq+lSD4BJayFFAN1ZAQ19Ax59cz/zOAyjNI3mH0xi8kI4kDzijaKT7PsIT+kFKs0FaywblilN15rBXiZuTCsnRHJS/+sOIJSFIZIJq3XOdGL2UKuRMQFbqJxpiyiZ0BD1DJQ1Be+n86sw+M8rQDiJlSqI9V39PpDTUehr6pjOkONbL3kz8z+slGNS9lMs4QZBssShIhI2RPYvAHnIFDMXUEMoUN7fabEwVZWiCKpkQ3OWXV0m7VnUvqrXby0qjnsdRJCfklJwTl1yRBrkhTdIijCjyTF7Jm/VovVjv1seitWDlM8fkD6zPH/0okss=</latexit>

Linear phason strain

d0
i =

mX

i=1

Qija
0
j =

mX

i=1

(QT i)ijaj
<latexit sha1_base64="nhlqjQ9os8nUymtyfHdLR4gN5qQ="></latexit>

Determine the phason matrix for q/p approximant.Q1

(1,1)
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Diffraction Pattern under Phason Strain

 
d⇤0

1
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2
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a⇤p
⌧2 + 1

✓
⌧ 1̄
1 ⌧

◆✓
1 0
�u 1

◆✓
a1
a2

◆

<latexit sha1_base64="qS83jw/04Zj5eJyuQYWaoMYqfv0="></latexit>

1/1 ApproximantFibonacci chain

U i
<latexit sha1_base64="W0mAZrrOC1uC5J2+Rhfa7/nmaLc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkdu63n1BpHssHM00wiOhI8iFn1FjJ9x8zPuuXK27VXYCsEy8nFcjR7Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtjp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AzrQcZlkhqUbLlomApiYjL/nAy4QmbE1BLKFLe3EjamijJj8ynZELzVl9dJq1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTfCBAYdneIU3RzovzrvzsWwtOPnMKfyB8/kD7IuOug==</latexit>

T e =

✓
Id 0
�Ũ i Id

◆

<latexit sha1_base64="4nbCqmDen8VvbglhmhnY8/aRfq4="></latexit>

d⇤0

i =
mX

i=1

(MT e)ijaj
<latexit sha1_base64="LVfIahPopI+PZuFBWWpUqbgk6vc="></latexit>

By the phason strain, how the external and internal components 
of a reflection HK changes?

d⇤
1

<latexit sha1_base64="mlxoyQ8JsL8jPzEWZWcBR4gFUZ8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgLkpSBbssuHFZwT6gjWEymbRDJw9mbqQl5FfcuFDErT/izr9x2mahrQcuHM65l3vv8RLBFVjWt1Ha2Nza3invVvb2Dw6PzONqV8WppKxDYxHLvkcUEzxiHeAgWD+RjISeYD1vcjv3e09MKh5HDzBLmBOSUcQDTgloyTWrQ2BT8ILMz93Mzh+zy9w1a1bdWgCvE7sgNVSg7ZpfQz+macgioIIoNbCtBJyMSOBUsLwyTBVLCJ2QERtoGpGQKSdb3J7jc634OIilrgjwQv09kZFQqVno6c6QwFitenPxP2+QQtB0Mh4lKbCILhcFqcAQ43kQ2OeSURAzTQiVXN+K6ZhIQkHHVdEh2Ksvr5Nuo25f1Rv317VWs4ijjE7RGbpANrpBLXSH2qiDKJqiZ/SK3ozceDHejY9la8koZk7QHxifP2v+lKY=</latexit>

d⇤
2

<latexit sha1_base64="irpbcF7Iu+DvlmPW3nunGWEZ2cY=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRZBPJSkCvZY8OKxgv2ANobNZtMu3WzC7kRaQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ5yecKbDtb6O0sbm1vVPereztHxwemcfVropTSWiHxDyWfR8rypmgHWDAaT+RFEc+pz1/cjv3e09UKhaLB5gl1I3wSLCQEQxa8szqEOgU/DALci9r5I/ZZe6ZNbtuL2CtE6cgNVSg7ZlfwyAmaUQFEI6VGjh2Am6GJTDCaV4ZpoommEzwiA40FTiiys0Wt+fWuVYCK4ylLgHWQv09keFIqVnk684Iw1itenPxP2+QQth0MyaSFKggy0Vhyi2IrXkQVsAkJcBnmmAimb7VImMsMQEdV0WH4Ky+vE66jbpzVW/cX9dazSKOMjpFZ+gCOegGtdAdaqMOImiKntErejNy48V4Nz6WrSWjmDlBf2B8/gBth5Sn</latexit>

d⇤0

2
<latexit sha1_base64="rn9e58hmaAzmXI4B43Qbsu+CH9U=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHFRUmqYJcFNy4r2Ae0MUwmk3bo5MHMjRhC/BU3LhRx64e482+cPhbaeuDC4Zx7ufceLxFcgWV9Gyura+sbm6Wt8vbO7t6+eXDYUXEqKWvTWMSy5xHFBI9YGzgI1kskI6EnWNcbX0/87gOTisfRHWQJc0IyjHjAKQEtuWZlAOwRvCD3CzevF/f5+WnhmlWrZk2Bl4k9J1U0R8s1vwZ+TNOQRUAFUapvWwk4OZHAqWBFeZAqlhA6JkPW1zQiIVNOPj2+wCda8XEQS10R4Kn6eyInoVJZ6OnOkMBILXoT8T+vn0LQcHIeJSmwiM4WBanAEONJEtjnklEQmSaESq5vxXREJKGg8yrrEOzFl5dJp16zL2r128tqszGPo4SO0DE6Qza6Qk10g1qojSjK0DN6RW/Gk/FivBsfs9YVYz5TQX9gfP4A1MCU2A==</latexit>

d⇤0

1
<latexit sha1_base64="RKgIxB20Hq+QYA2AAWBN6iOW7xQ=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsIjioiRVsMuCG5cV7APaGCaTSTt0MgkzN2II8VfcuFDErR/izr9x+lho64ELh3Pu5d57/IQzBbb9baysrq1vbJa2yts7u3v75sFhR8WpJLRNYh7Lno8V5UzQNjDgtJdIiiOf064/vp743QcqFYvFHWQJdSM8FCxkBIOWPLMyAPoIfpgHhZc7xX1+flp4ZtWu2VNYy8SZkyqao+WZX4MgJmlEBRCOleo7dgJujiUwwmlRHqSKJpiM8ZD2NRU4osrNp8cX1olWAiuMpS4B1lT9PZHjSKks8nVnhGGkFr2J+J/XTyFsuDkTSQpUkNmiMOUWxNYkCStgkhLgmSaYSKZvtcgIS0xA51XWITiLLy+TTr3mXNTqt5fVZmMeRwkdoWN0hhx0hZroBrVQGxGUoWf0it6MJ+PFeDc+Zq0rxnymgv7A+PwB0zaU1w==</latexit>

h
<latexit sha1_base64="iK2sHPtXjaZ6VFS2g//jwUZnswo=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KkkV7LHgxWMF+4FtKJvtpF262YTdiVhC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZn77EbQRsbrHSQJ+xIZKhIIztNJDD+EJgzAbTfulsltx56CrxMtJmeRo9EtfvUHM0wgUcsmM6Xpugn7GNAouYVrspQYSxsdsCF1LFYvA+Nn84ik9t8qAhrG2pZDO1d8TGYuMmUSB7YwYjsyyNxP/87ophjU/EypJERRfLApTSTGms/fpQGjgKCeWMK6FvZXyEdOMow2paEPwll9eJa1qxbusVO+uyvVaHkeBnJIzckE8ck3q5JY0SJNwosgzeSVvjnFenHfnY9G65uQzJ+QPnM8fDNiRIQ==</latexit> h0

<latexit sha1_base64="evWO2F59H3Qb4Kg4xKfrl7ljECk=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE9laQK9ljw4rGC/YA2lM120i7d7IbdiVhCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXJoIb9LxvZ219Y3Nru7BT3N3bPzgsHR23jEo1gyZTQulOSA0ILqGJHAV0Eg00DgW0w/HtzG8/gjZcyQecJBDEdCh5xBlFK3V7CE8YRtloetEvlb2KN4e7SvyclEmORr/01RsolsYgkQlqTNf3EgwyqpEzAdNiLzWQUDamQ+haKmkMJsjmJ0/dc6sM3EhpWxLdufp7IqOxMZM4tJ0xxZFZ9mbif143xagWZFwmKYJki0VRKlxU7ux/d8A1MBQTSyjT3N7qshHVlKFNqWhD8JdfXiWtasW/qlTvr8v1Wh5HgZySM3JJfHJD6uSONEiTMKLIM3klbw46L86787FoXXPymRPyB87nD3EzkVI=</latexit>

h = hd⇤
1 + kd⇤

2
<latexit sha1_base64="/EARftW/wCeFvja/sBLqJuahFYw=">AAACG3icbZDLSsNAFIYn9VbrLerSTbAIolCSKNiNUHDjsoK9QBvLZDpph04uzJyIJeQ93Pgqblwo4kpw4ds4TSPU1h8Gfr5zDmfO70acSTDNb62wtLyyulZcL21sbm3v6Lt7TRnGgtAGCXko2i6WlLOANoABp+1IUOy7nLbc0dWk3rqnQrIwuIVxRB0fDwLmMYJBoZ5ud4E+gOslw/Ry+Ov7aS+x0rvkJD0dzTI7Yz29bFbMTMaisXJTRrnqPf2z2w9J7NMACMdSdiwzAifBAhjhNC11Y0kjTEZ4QDvKBtin0kmy21LjSJG+4YVCvQCMjM5OJNiXcuy7qtPHMJTztQn8r9aJwas6CQuiGGhApou8mBsQGpOgjD4TlAAfK4OJYOqvBhligQmoOEsqBGv+5EXTtCvWWcW+OS/XqnkcRXSADtExstAFqqFrVEcNRNAjekav6E170l60d+1j2lrQ8pl99Efa1w83h6K4</latexit>

h = he + hi
<latexit sha1_base64="Pif4HnnWfdNLfEIVDp8EGo5aPpI=">AAACEXicbZDLSgMxFIYz9VbrbdSlm8EiFIQyUwW7EQpuXFawF2hryaRn2tDMheSMWIZ5BTe+ihsXirh15863Mb2AtfWHwJf/nENyfjcSXKFtfxuZldW19Y3sZm5re2d3z9w/qKswlgxqLBShbLpUgeAB1JCjgGYkgfqugIY7vBrXG/cgFQ+DWxxF0PFpP+AeZxS11TULbYQHdL1kkF7+4l0C6en8laddM28X7YmsZXBmkCczVbvmV7sXstiHAJmgSrUcO8JOQiVyJiDNtWMFEWVD2oeWxoD6oDrJZKPUOtFOz/JCqU+A1sSdn0ior9TId3WnT3GgFmtj879aK0av3El4EMUIAZs+5MXCwtAax2P1uASGYqSBMsn1Xy02oJIy1CHmdAjO4srLUC8VnbNi6eY8XynP4siSI3JMCsQhF6RCrkmV1Agjj+SZvJI348l4Md6Nj2lrxpjNHJI/Mj5/APHfnvI=</latexit>

h0 = hd⇤0

1 + kd⇤0

2
<latexit sha1_base64="pikPgt+pgaDKK/xLsVIQOLPj5PQ=">AAACHnicbZDLSsNAFIYn9VbrLerSTbBIRaEkVbEboeDGZQV7gTaWyXTSDJ1cmDkRS8iTuPFV3LhQRHClb+O0jVCrPwz8851zmDm/E3EmwTS/tNzC4tLySn61sLa+sbmlb+80ZRgLQhsk5KFoO1hSzgLaAAactiNBse9w2nKGl+N6644KycLgBkYRtX08CJjLCAaFevpZF+g9OG7ipaUL7+fST3uJld4mR6X0eDgLK1PY04tm2ZzI+GuszBRRpnpP/+j2QxL7NADCsZQdy4zATrAARjhNC91Y0giTIR7QjrIB9qm0k8l6qXGgSN9wQ6FOAMaEzk4k2Jdy5Duq08fgyfnaGP5X68TgVu2EBVEMNCDTh9yYGxAa46yMPhOUAB8pg4lg6q8G8bDABFSiBRWCNb/yX9OslK2TcuX6tFirZnHk0R7aR4fIQueohq5QHTUQQQ/oCb2gV+1Re9betPdpa07LZnbRL2mf34avo0s=</latexit>

h0 = he0 + hi0
<latexit sha1_base64="85KflWkNGuIjZYzTKyR47FTnHeE=">AAACFHicbZDLSgMxFIYz9VbrrerSzWCRCoUyUwW7EQpuXFawF2hryaRn2tDMheSMWIZ5CDe+ihsXirh14c63Mb2AtfWHwJf/nENyficUXKFlfRupldW19Y30ZmZre2d3L7t/UFdBJBnUWCAC2XSoAsF9qCFHAc1QAvUcAQ1neDWuN+5BKh74tzgKoePRvs9dzihqq5sttBEe0HHjQZK//OW7GPJJYf7O80k3m7OK1kTmMtgzyJGZqt3sV7sXsMgDH5mgSrVsK8ROTCVyJiDJtCMFIWVD2oeWRp96oDrxZKnEPNFOz3QDqY+P5sSdn4ipp9TIc3SnR3GgFmtj879aK0K33Im5H0YIPps+5EbCxMAcJ2T2uASGYqSBMsn1X002oJIy1DlmdAj24srLUC8V7bNi6eY8VynP4kiTI3JMTolNLkiFXJMqqRFGHskzeSVvxpPxYrwbH9PWlDGbOSR/ZHz+ADl+n4U=</latexit>

Phason matrix :

Unit vectors under phason strain

Linear phason strain

Q2
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a
⇤

p
⌧2 + 1

(⌧H +K)
<latexit sha1_base64="52111G1b+/qrAX8rqUyfxryaa2g=">AAACEHicbZC7SgNBFIZn4y3GW9TSZjCI0UDYjYIpAzYBmwjmAtkkzE5mkyGzF2fOCmHZR7DxVWwsFLG1tPNtnFwKTfxh4OM/53Dm/E4ouALT/DZSK6tr6xvpzczW9s7uXnb/oKGCSFJWp4EIZMshignuszpwEKwVSkY8R7CmM7qe1JsPTCoe+HcwDlnHIwOfu5wS0FYve2q7ktCYdM+T2Fb3EuLYBhIl3VLBSpL8hHG1cHPWy+bMojkVXgZrDjk0V62X/bL7AY085gMVRKm2ZYbQiYkETgVLMnakWEjoiAxYW6NPPKY68fSgBJ9op4/dQOrnA566vydi4ik19hzd6REYqsXaxPyv1o7ALXdi7ocRMJ/OFrmRwBDgSTq4zyWjIMYaCJVc/xXTIdEJgc4wo0OwFk9ehkapaF0US7eXuUp5HkcaHaFjlEcWukIVVEU1VEcUPaJn9IrejCfjxXg3PmatKWM+c4j+yPj8AfyKnHk=</latexit>
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⇤

p
⌧2 + 1

(�H + ⌧K)
<latexit sha1_base64="6wF7/k5sSkP/V3s1QKXiVc71f3o=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSBEg2E3CqYM2ARsIpgHZJMwO5lNhsw+nLkrhGV/wcZfsbFQxNbOzr9x8ig08cCFM+fcy9x7nFBwBab5baRWVtfWN9Kbma3tnd297P5BQwWRpKxOAxHIlkMUE9xndeAgWCuUjHiOYE1ndD3xmw9MKh74dzAOWccjA5+7nBLQUi+bt11JaEy6Z0lsq3sJcWwDiZJuqWAlSf68Wpg88c1pL5szi+YUeJlYc5JDc9R62S+7H9DIYz5QQZRqW2YInZhI4FSwJGNHioWEjsiAtTX1icdUJ55elOATrfSxG0hdPuCp+nsiJp5SY8/RnR6BoVr0JuJ/XjsCt9yJuR9GwHw6+8iNBIYAT+LBfS4ZBTHWhFDJ9a6YDomOCHSIGR2CtXjyMmmUitZFsXR7mauU53Gk0RE6RnlkoStUQVVUQ3VE0SN6Rq/ozXgyXox342PWmjLmM4foD4zPH3IFnLA=</latexit>

a
⇤

p
⌧2 + 1

(�H + ⌧K)
<latexit sha1_base64="6wF7/k5sSkP/V3s1QKXiVc71f3o=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSBEg2E3CqYM2ARsIpgHZJMwO5lNhsw+nLkrhGV/wcZfsbFQxNbOzr9x8ig08cCFM+fcy9x7nFBwBab5baRWVtfWN9Kbma3tnd297P5BQwWRpKxOAxHIlkMUE9xndeAgWCuUjHiOYE1ndD3xmw9MKh74dzAOWccjA5+7nBLQUi+bt11JaEy6Z0lsq3sJcWwDiZJuqWAlSf68Wpg88c1pL5szi+YUeJlYc5JDc9R62S+7H9DIYz5QQZRqW2YInZhI4FSwJGNHioWEjsiAtTX1icdUJ55elOATrfSxG0hdPuCp+nsiJp5SY8/RnR6BoVr0JuJ/XjsCt9yJuR9GwHw6+8iNBIYAT+LBfS4ZBTHWhFDJ9a6YDomOCHSIGR2CtXjyMmmUitZFsXR7mauU53Gk0RE6RnlkoStUQVVUQ3VE0SN6Rq/ozXgyXox342PWmjLmM4foD4zPH3IFnLA=</latexit>

a
⇤

p
⌧2 + 1

(⌧H +K)� u
a
⇤

p
⌧2 + 1

(�H + ⌧K)
<latexit sha1_base64="FvKnMH7GX8PXvc20Zbf9WMgplsc="></latexit>

Phason strain leads to shift of reflection 
positions from their deal positions.

�h = he0 � he = �uhi
<latexit sha1_base64="NZU+VPePsn8FoaSvx4gPVsd6Dt0=">AAACKnicbZDLSgMxFIYz3q23UZdugkV0Y5mpgt0UKrpwWcHaQltLJj1jQzMXkjNiGeZ53Pgqblwoxa0PYloLtuoPgS//OYfk/F4shUbHGVpz8wuLS8srq7m19Y3NLXt751ZHieJQ45GMVMNjGqQIoYYCJTRiBSzwJNS9/sWoXn8ApUUU3uAghnbA7kPhC87QWB37vHUJEhltITyi56e9rPyDdykcZscz96x8nEwbIuvYeafgjEX/gjuBPJmo2rFfW92IJwGEyCXTuuk6MbZTplBwCVmulWiIGe+ze2gaDFkAup2OV83ogXG61I+UOSHSsTs9kbJA60Hgmc6AYU//ro3M/2rNBP1SOxVhnCCE/PshP5EUIzrKjXaFAo5yYIBxJcxfKe8xxTiadHMmBPf3yn/htlhwTwrF69N8pTSJY4XskX1yRFxyRirkilRJjXDyRF7IG3m3nq1Xa2h9fLfOWZOZXTIj6/ML3KWpXg==</latexit>

HK reflection Finbonacci lattice Finonacci lattice under phason strain

External 
component

Internal

component

By the phason strain, how the external and internal components 
of a reflection HK change?

Q2

Diffraction Pattern under Phason Strain

2D Reciprocal Space

Internal space

External space
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e.g. Zn-Mg-Y Quasicrystal

Létoublon, A., I. et al. Materials Science and Engineering: A 294 (2000): 127-130.

Diffraction Pattern under Phason Strain
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Part 2,

 Icosahedral Quasicrystals (iQCs)
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Metallic Phase with Long-Range Orientational Order and No
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We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951

Point Group m3̄5̄
<latexit sha1_base64="hXlq2p4SyFpSUCp4WihBVXd03SE=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGomJJ9KCRo4kXjxiImACDdkuW9iwu212tybY9Jd48aAxXv0p3vw3LqUHBV8ymZf3ZrKzL4gZVdp1v63SxubW9k55t7K3f3BYtY+OeypKJCZdHLFIPgRIEUYF6WqqGXmIJUE8YKQfzG4Wfv+RSEUjca/nMfE5mggaUoy0kUZ2lQ8DJNNmlrerbGTX3Lqbw1knXkFqUKAzsr+G4wgnnAiNGVJq4Lmx9lMkNcWMZJVhokiM8AxNyMBQgThRfpofnjnnRhk7YSRNCe3k6u+NFHGl5jwwkxzpqVr1FuJ/3iDRYctPqYgTTQRePhQmzNGRs0jBGVNJsGZzQxCW1Nzq4CmSCGuTVcWE4K1+eZ30GnWvWW/cXdbarSKOMpzCGVyAB9fQhlvoQBcwJPAMr/BmPVkv1rv1sRwtWcXOCfyB9fkDx4+TIg==</latexit>

Number of symmetry operation, 120

6

10

15

Mirror

Inversion

Identity

Icosahedral Symmetry

Shechtman, D., Blech, I., Gratias, D., & Cahn, J. W. (1984). PRL, 53(20), 1951.
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Diffraction from iQCs
Shechtman, D., Blech, I., Gratias, D., & Cahn, J. W. (1984). PRL, 53(20), 1951.
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Metallic Phase with Long-Range Orientational Order and No
Translational Symmetry
D. Shechtman and I. Blech
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and
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We have observed a metallic solid (Al—14-at. /o-Mn) with long-range orientationai order,
but with icosahedral point group symmetry, which is inconsistent with lattice translations. Its
diffraction spots are as sharp as those of crystals but cannot be indexed to any Bravais lattice.
The solid is metastable and forms from the melt by a first-order transition.

PACS numbers: 61.50.Em, 61.55.Hg, 64.70.Ew

We report herein the existence of a metallic solid
which diffracts electrons like a single crystal but has
point group symmetery rn35 (icosahedral) which is
inconsistent with lattice translations. If the speci-
men is rotated through the angles of this point
group (Fig. 1), selected-area electron diffraction
patterns clearly display the six fivefold, ten three-
fold, and fifteen twofold axes characteristic' of
icosahedral symmetry (Fig. 2). Grains up to 2 p, m
in size with this structure form in rapidly cooled al-
loys of Al with 10—14 at. '/0 Mn, Fe, or Cr. We will
refer to the phase as the icosahedral phase. Micro-
diffraction from many different volume elements of
a grain and dark-field imaging from various diffrac-
tion spots confirm that entire grains have long-
range orientational order. If the orientational order
decays with distance, its correlation length is far
greater than the grain size. We have thus a solid
metallic phase with no translational order and with
with long-range orientational order.
The remarkable sharpness of the diffraction spots

(Fig. 2) indicates a high coherency in the spatial in-
terference, comparable to the one usually encoun-
tered in crystals. The diffraction data are qualita-
tively well fitted by a model consisting of a random
packing of nonoverlapping parallel icosahedra at-
tached by edges. The invariance of the local orien-
tational symmetry from site to site and the finite
number of possible translations between two adja-
cent icosahedra seem to be sufficient for insuring
highly coherent interferences. Icosahedra are a
common packing unit in intermetallic crystals with
the smaller transition element at the center sur-

rounded by twelve larger atoms arranged like the
corners of an icosahedron. The symmetries of the
crystals dictate that the several icosqhedra in a unit
cell have different orientations and allow them to
be distorted, leaving the overall crystal consistent
with the well-known crystallographic point and
space groups. Even though icosahedral symmetry is
of great importance as an approximate site sym-
metry in crystals, it cannot survive the imposition
of lattice translations: Crystals cannot and do not
exhibit the icosahedral point group symmetry.
Elementary crystallography indicates that fivefold

FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

1951
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6D lattice of iQCs

Lattice type

Primitive

Body-centered

Face-centered Fm3̄5̄
<latexit sha1_base64="RBXc+kkgqOeo8TfF1pRO9u6SjRs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSStYo8FQTxWsLXQhrLZbtqlu5uwuymUkH/ixYMiXv0n3vw3btMctPXBMI/3ZtjZF8SMKu2631ZpY3Nre6e8W9nbPzg8so9PuipKJCYdHLFI9gKkCKOCdDTVjPRiSRAPGHkKprcL/2lGpKKReNTzmPgcjQUNKUbaSEPbvuODAMm0keXtOhvaVbfm5nDWiVeQKhRoD+2vwSjCCSdCY4aU6nturP0USU0xI1llkCgSIzxFY9I3VCBOlJ/ml2fOhVFGThhJU0I7ufp7I0VcqTkPzCRHeqJWvYX4n9dPdNj0UyriRBOBlw+FCXN05CxicEZUEqzZ3BCEJTW3OniCJMLahFUxIXirX14n3XrNa9TqD1fVVrOIowxncA6X4MENtOAe2tABDDN4hld4s1LrxXq3PpajJavYOYU/sD5/AFrvk3I=</latexit>

Im3̄5̄
<latexit sha1_base64="il7Igy6V/GchygNxER/lMGu8OfI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSStYo8FL3qrYGuhDWWz3bRLdzdhd1MoIf/EiwdFvPpPvPlv3KY5aOuDYR7vzbCzL4gZVdp1v63SxubW9k55t7K3f3B4ZB+fdFWUSEw6OGKR7AVIEUYF6WiqGenFkiAeMPIUTG8X/tOMSEUj8ajnMfE5GgsaUoy0kYa2fc8HAZJpI8vbdTa0q27NzeGsE68gVSjQHtpfg1GEE06Exgwp1ffcWPspkppiRrLKIFEkRniKxqRvqECcKD/NL8+cC6OMnDCSpoR2cvX3Roq4UnMemEmO9EStegvxP6+f6LDpp1TEiSYCLx8KE+boyFnE4IyoJFizuSEIS2pudfAESYS1CatiQvBWv7xOuvWa16jVH66qrWYRRxnO4BwuwYMbaMEdtKEDGGbwDK/wZqXWi/VufSxHS1axcwp/YH3+AF+ok3U=</latexit>

Pm3̄5̄
<latexit sha1_base64="glHgEU9XPUQc31SXt8EKk/JKllI=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZJWscuCG5cV7APaUCbTSTt0ZhJmJoUS8iduXCji1j9x5984TbPQ1gOXezjnXubOCWJGlXbdb6u0tb2zu1ferxwcHh2f2KdnXRUlEpMOjlgk+wFShFFBOppqRvqxJIgHjPSC2f3S782JVDQST3oRE5+jiaAhxUgbaWTbbT4MkEwbWd5us5FddWtuDmeTeAWpQoH2yP4ajiOccCI0ZkipgefG2k+R1BQzklWGiSIxwjM0IQNDBeJE+Wl+eeZcGWXshJE0JbSTq783UsSVWvDATHKkp2rdW4r/eYNEh00/pSJONBF49VCYMEdHzjIGZ0wlwZotDEFYUnOrg6dIIqxNWBUTgrf+5U3Srde8Rq3+eFNtNYs4ynABl3ANHtxBCx6gDR3AMIdneIU3K7VerHfrYzVasoqdc/gD6/MHaq2TfA==</latexit>

h1h2h3h4h5h6
<latexit sha1_base64="hy05bzIE6JOe+LJIA0u+Cr/sxcg=">AAAB+3icbVBNTwIxEO3iF+LXikcvjcTEE9kFVI4kXjxiIkgCm6ZbCm3odjdt10g2/BUvHjTGq3/Em//GAntQ8CWTvLw3k5l5YSK4Np737RQ2Nre2d4q7pb39g8Mj97jc1XGqCO2QWMSqF2JNBZe0Y7gRtJcoiqNQ0IdwcjP3Hx6p0jyW92aa0CDCY8lHnGBjJeSWGfIZqjFUZ6jB0CVDV8iteFVvAbhO/JxUQI42cr8Gw5ikEZWGCKx13/cSE2RYGU4EnZUGqaYJJhM8pn1LJY6oDrLF7TN4bpUhHMXKljRwof6eyHCk9TQKbWeEDdOr3lz8z+unZtQMMi6T1FBJlotGqYAmhvMg4JArSoyYWoKJ4vZWSBhWmBgbV8mG4K++vE66tapfr9buGpVWM4+jCE7BGbgAPrgGLXAL2qADCHgCz+AVvDkz58V5dz6WrQUnnzkBf+B8/gA0iZM4</latexit>

Reflection condition

all

all even for all odd

6X

i=1

hi = 2n
<latexit sha1_base64="cxqv0z8GRX0mY/zjKclsaqF0qYg=">AAACAXicbVDLSgMxFL1TX7W+qm4EN8EiuCozVbSbQsGNywr2Ae1YMmmmDU1mhiQjlGHc+CtuXCji1r9w59+YtrPQ1gOXezjnXpJ7vIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DlgpjSWiThDyUHQ8ryllAm5ppTjuRpFh4nLa98fXUbz9QqVgY3OlJRF2BhwHzGcHaSP3iUU/F4j65TPsJqznpyLQU1VDFWCW7bM+AlomTkRJkaPSLX71BSGJBA004Vqrr2JF2Eyw1I5ymhV6saITJGA9p19AAC6rcZHZBik6NMkB+KE0FGs3U3xsJFkpNhGcmBdYjtehNxf+8bqz9qpuwIIo1Dcj8IT/mSIdoGgcaMEmJ5hNDMJHM/BWREZaYaBNawYTgLJ68TFqVsnNertxelOrVLI48HMMJnIEDV1CHG2hAEwg8wjO8wpv1ZL1Y79bHfDRnZTuH8AfW5w+Q9ZZF</latexit>

for 

h1h2h3h4h5h6
<latexit sha1_base64="hy05bzIE6JOe+LJIA0u+Cr/sxcg=">AAAB+3icbVBNTwIxEO3iF+LXikcvjcTEE9kFVI4kXjxiIkgCm6ZbCm3odjdt10g2/BUvHjTGq3/Em//GAntQ8CWTvLw3k5l5YSK4Np737RQ2Nre2d4q7pb39g8Mj97jc1XGqCO2QWMSqF2JNBZe0Y7gRtJcoiqNQ0IdwcjP3Hx6p0jyW92aa0CDCY8lHnGBjJeSWGfIZqjFUZ6jB0CVDV8iteFVvAbhO/JxUQI42cr8Gw5ikEZWGCKx13/cSE2RYGU4EnZUGqaYJJhM8pn1LJY6oDrLF7TN4bpUhHMXKljRwof6eyHCk9TQKbWeEDdOr3lz8z+unZtQMMi6T1FBJlotGqYAmhvMg4JArSoyYWoKJ4vZWSBhWmBgbV8mG4K++vE66tapfr9buGpVWM4+jCE7BGbgAPrgGLXAL2qADCHgCz+AVvDkz58V5dz6WrQUnnzkBf+B8/gA0iZM4</latexit>

for 
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F and I lattices

32 centering translations:

(0, 0, 0, 0, 0, 0)

( 12 ,
1
2 , 0, 0, 0, 0)

( 12 , 0,
1
2 , 0, 0, 0)

<latexit sha1_base64="DAQesqk91r1nD6wnb3LIK337XOs=">AAACRHicdVDNS8MwHE39nPWr6tFLcAgTxmin4I4DLx4nuA9ox0izdAtL05Kkwij947z4B3jzL/DiQRGvYrYVcR++EHh57/1I8vyYUals+8VYW9/Y3Nou7Ji7e/sHh9bRcUtGicCkiSMWiY6PJGGUk6aiipFOLAgKfUba/uhm4rcfiJA04vdqHJNuiAacBhQjpaWe5Zbs8u+68Dyz5KlAIJw6WVrNynOHf1P2ipxO9ayiXbGngMvEyUkR5Gj0rGevH+EkJFxhhqR0HTtW3RQJRTEjmeklksQIj9CAuJpyFBLZTaclZPBcK30YREJvruBU/TuRolDKcejrZIjUUC56E3GV5yYqqHVTyuNEEY5nFwUJgyqCk0ZhnwqCFRtrgrCg+q0QD5GuQ+neTV2Cs/jlZdKqVpzLSvXuqliv5XUUwCk4AyXggGtQB7egAZoAg0fwCt7Bh/FkvBmfxtcsumbkMydgDsb3D+gFq5I=</latexit>

...

(0, 0, 0, 0, 0, 0)
<latexit sha1_base64="nIoGCv2KXUkCyb6dCJZObk4pH4I=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEqSJmpgl0W3LisYB/QDiWTZtrQJDMmmUIZ+h1uXCji1o9x59+YtoNo67lcOJxzL7k5QcyZNq775aytb2xubed28rt7+weHhaPjpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hbmt8ZUaRbJBzOJqS/wQLKQEWys5Jfcy5+66BWKbtmdA60SLyNFyFDvFT67/YgkgkpDONa647mx8VOsDCOcTvPdRNMYkxEe0I6lEguq/XR+9BSdW6WPwkjZlgbN1d8bKRZaT0RgJwU2Q73szcT/vE5iwqqfMhknhkqyeChMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOUvr5JmpexdlSv318VaNYsjB6dwBiXw4AZqcAd1aACBR3iCF3h1xs6z8+a8L0bXnGznBP7A+fgGdKCPQw==</latexit>

( 12 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 )

<latexit sha1_base64="HRD1gQab/AX8ljpKMwEwIa5Y1cc=">AAACOHicpVDLSgMxFM3UV62vUZdugkWoIGWmCnZZcOPOCvYBbSmZNNOGZjJDckcow3yWGz/DnbhxoYhbv8C0nYW27jxw4eSce8m9x4sE1+A4z1ZuZXVtfSO/Wdja3tnds/cPmjqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW88dXUb90zpXko72ASsV5AhpL7nBIwUt++KXXBV4QmbppU0rP/Pk77dtEpOzPgZeJmpIgy1Pv2U3cQ0jhgEqggWndcJ4JeQhRwKlha6MaaRYSOyZB1DJUkYLqXzA5P8YlRBtgPlSkJeKb+nEhIoPUk8ExnQGCkF72p+JfXicGv9hIuoxiYpPOP/FhgCPE0RTzgilEQE0MIVdzsiumImBjAZF0wIbiLJy+TZqXsnpcrtxfFWjWLI4+O0DEqIRddohq6RnXUQBQ9oBf0ht6tR+vV+rA+5605K5s5RL9gfX0DfcCtYg==</latexit>

2 centering translations:

Body-centered (I) latticeFace-centered (F) lattice
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How to determine lattice vectors of iQCs

Indexing of diffraction pattern

6D reciprocal lattice

6D reciprocal lattice 
vector

6D lattice vectors

d⇤
i = d⇤e

i + d⇤i
i

<latexit sha1_base64="/j3nWtOCTnMi0Hi2nsMGpZSgsGk=">AAACI3icbZDLSsNAFIYnXmu9VV26CRZBFEpSBYsgFNy4rGAv0NYymZy0QycXZk7EEvIubnwVNy6U4saF7+K0zUJbfxj4+c45nDm/Ewmu0LK+jKXlldW19dxGfnNre2e3sLffUGEsGdRZKELZcqgCwQOoI0cBrUgC9R0BTWd4M6k3H0EqHgb3OIqg69N+wD3OKGrUK1x1EJ7Q8RI37SU8fUhO0+sFBOnZAuNpr1C0StZU5qKxM1MkmWq9wrjjhiz2IUAmqFJt24qwm1CJnAlI851YQUTZkPahrW1AfVDdZHpjah5r4ppeKPUL0JzS3xMJ9ZUa+Y7u9CkO1HxtAv+rtWP0Kt2EB1GMELDZIi8WJobmJDDT5RIYipE2lEmu/2qyAZWUoY41r0Ow509eNI1yyT4vle8uitVKFkeOHJIjckJsckmq5JbUSJ0w8kxeyTv5MF6MN2NsfM5al4xs5oD8kfH9A6B5pq4=</latexit>

di = de
i + di

i
<latexit sha1_base64="J2ONHyj1nUvtIUaprykNhObdYZg=">AAACHXicbVDJSgNBEO1xjXGLevQyGARBCDMxYC5CwIvHCGaBZBx6OjVJk56F7hoxDPMjXvwVLx4U8eBF/Bs7y8EkPih4/V4VXfW8WHCFlvVjrKyurW9s5rby2zu7e/uFg8OmihLJoMEiEcm2RxUIHkIDOQpoxxJo4AloecPrsd96AKl4FN7hKAYnoP2Q+5xR1JJbqHQRHtHz017mpjy7mn/ep5CdL0o8cwtFq2RNYC4Te0aKZIa6W/jq9iKWBBAiE1Spjm3F6KRUImcCsnw3URBTNqR96Gga0gCUk06uy8xTrfRMP5K6QjQn6t+JlAZKjQJPdwYUB2rRG4v/eZ0E/aqT8jBOEEI2/chPhImROY7K7HEJDMVIE8ok17uabEAlZagDzesQ7MWTl0mzXLIvSuXbSrFWncWRI8fkhJwRm1ySGrkhddIgjDyRF/JG3o1n49X4MD6nrSvGbOaIzMH4/gV98KSe</latexit>

d⇤e
i

<latexit sha1_base64="RnC1tUcl02oOL6w1A+IRgwktzhA=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0EQD2EmCuYY8OIxglkgGYeeTk3SpGehu0YchvFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebHgCi3r2yisrW9sbhW3Szu7e/sH5cOjjooSyaDNIhHJnkcVCB5CGzkK6MUSaOAJ6HqT66nffQCpeBTeYRqDE9BRyH3OKGrJLVcGCI/o+dkwdzOe32fnkLvlqlWzZjBXib0gVbJAyy1/DYYRSwIIkQmqVN+2YnQyKpEzAXlpkCiIKZvQEfQ1DWkAyslmx+fmqVaGph9JXSGaM/X3REYDpdLA050BxbFa9qbif14/Qb/hZDyME4SQzRf5iTAxMqdJmEMugaFINaFMcn2rycZUUoY6r5IOwV5+eZV06jX7ola/vaw2G4s4iuSYnJAzYpMr0iQ3pEXahJGUPJNX8mY8GS/Gu/Exby0Yi5kK+QPj8weHq5VN</latexit>

a⇤
<latexit sha1_base64="ePrDOArgOn6I33Z+VT9WVjxjsq8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkCvZY8OKxgqmFNpbJdtsu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFWU+jUWs2iFqJrhkvuFGsHaiGEahYA/h+GbmPzwxpXks780kYUGEQ8kHnKKxko+P2cW0V664VXcOskq8nFQgR7NX/ur2Y5pGTBoqUOuO5yYmyFAZTgWblrqpZgnSMQ5Zx1KJEdNBNj92Ss6s0ieDWNmShszV3xMZRlpPotB2RmhGetmbif95ndQM6kHGZZIaJuli0SAVxMRk9jnpc8WoERNLkCpubyV0hAqpsfmUbAje8surpFWrepfV2t1VpVHP4yjCCZzCOXhwDQ24hSb4QIHDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AZ8wjoc=</latexit>

a = 1
2a⇤

<latexit sha1_base64="fp7SfGNiXueqR86/wsAsEEHbCnc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQDyWpgr0IBS8eK9gPaGOZbDft0s0m7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJRIgltkohHsuODopwJ2tRMc9qJJYXQ57Ttj6+nfvuBSsUicacnMfVCGAoWMALaSH27BFc9HUggqZulVbg/y/p22ak4M+Bl4uakjHI0+vZXbxCRJKRCEw5KdV0n1l4KUjPCaVbsJYrGQMYwpF1DBYRUeens9AyfGGWAg0iaEhrP1N8TKYRKTULfdIagR2rRm4r/ed1EBzUvZSJONBVkvihIONYRnuaAB0xSovnEECCSmVsxGYEJQpu0iiYEd/HlZdKqVtzzSvX2olyv5XEU0BE6RqfIRZeojm5QAzURQY/oGb2iN+vJerHerY9564qVzxyiP7A+fwCra5OV</latexit>

(i = 1, ..., 6)
<latexit sha1_base64="aD6mZqhQVLImcqNwmBrODV7NSDA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQglJK9qLUPDisYL9gDaUzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzPNjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sd3c7/zRKVikXjU05h6IR4JFjCCtZH6ZXbrVmxk25Xry0Gx5NjOAmiduBkpQYbmoPjVH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcubp6hC6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooO6lzIRJ5oKslwUJBzpCM0DQEMmKdF8aggmkplbERljiYk2MRVMCO7qy+ukXbXdml19uCo16lkceTiDcyiDCzfQgHtoQgsIxPAMr/BmJdaL9W59LFtzVjZzCn9gff4AbOGPTA==</latexit>

h1h2h3h4h5h6
<latexit sha1_base64="hy05bzIE6JOe+LJIA0u+Cr/sxcg=">AAAB+3icbVBNTwIxEO3iF+LXikcvjcTEE9kFVI4kXjxiIkgCm6ZbCm3odjdt10g2/BUvHjTGq3/Em//GAntQ8CWTvLw3k5l5YSK4Np737RQ2Nre2d4q7pb39g8Mj97jc1XGqCO2QWMSqF2JNBZe0Y7gRtJcoiqNQ0IdwcjP3Hx6p0jyW92aa0CDCY8lHnGBjJeSWGfIZqjFUZ6jB0CVDV8iteFVvAbhO/JxUQI42cr8Gw5ikEZWGCKx13/cSE2RYGU4EnZUGqaYJJhM8pn1LJY6oDrLF7TN4bpUhHMXKljRwof6eyHCk9TQKbWeEDdOr3lz8z+unZtQMMi6T1FBJlotGqYAmhvMg4JArSoyYWoKJ4vZWSBhWmBgbV8mG4K++vE66tapfr9buGpVWM4+jCE7BGbgAPrgGLXAL2qADCHgCz+AVvDkz58V5dz6WrQUnnzkBf+B8/gA0iZM4</latexit>

Miller index
Lattice constant

(i = 1, ..., 6)
<latexit sha1_base64="aD6mZqhQVLImcqNwmBrODV7NSDA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQglJK9qLUPDisYL9gDaUzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzPNjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sd3c7/zRKVikXjU05h6IR4JFjCCtZH6ZXbrVmxk25Xry0Gx5NjOAmiduBkpQYbmoPjVH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcubp6hC6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooO6lzIRJ5oKslwUJBzpCM0DQEMmKdF8aggmkplbERljiYk2MRVMCO7qy+ukXbXdml19uCo16lkceTiDcyiDCzfQgHtoQgsIxPAMr/BmJdaL9W59LFtzVjZzCn9gff4AbOGPTA==</latexit>

(i = 1, ..., 6)
<latexit sha1_base64="aD6mZqhQVLImcqNwmBrODV7NSDA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahQglJK9qLUPDisYL9gDaUzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzPNjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sd3c7/zRKVikXjU05h6IR4JFjCCtZH6ZXbrVmxk25Xry0Gx5NjOAmiduBkpQYbmoPjVH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcubp6hC6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooO6lzIRJ5oKslwUJBzpCM0DQEMmKdF8aggmkplbERljiYk2MRVMCO7qy+ukXbXdml19uCo16lkceTiDcyiDCzfQgHtoQgsIxPAMr/BmJdaL9W59LFtzVjZzCn9gff4AbOGPTA==</latexit>

External Internal

Reflection condition

Lattice type; P, F or I

di =
6X

j=1

Qijaj
<latexit sha1_base64="ofFjZ2DfrVhwci7DvIPLlPr/tpc=">AAACGnicbVDLSsNAFJ3UV62vqks3wSK4KkkV7aZQcOOyBfuAJobJZNJOO3kwcyOWkO9w46+4caGIO3Hj3zh9CNp6YODMOecyc48bcybBML603Mrq2vpGfrOwtb2zu1fcP2jLKBGEtkjEI9F1saSchbQFDDjtxoLiwOW0446uJn7njgrJovAGxjG1A9wPmc8IBiU5RdMCeg+un3qZk7KsZskkuE0v1GVYM7Om0obZTwRP1MwployyMYW+TMw5KaE5Gk7xw/IikgQ0BMKxlD3TiMFOsQBGOM0KViJpjMkI92lP0RAHVNrpdLVMP1GKp/uRUCcEfar+nkhxIOU4cFUywDCQi95E/M/rJeBX7ZSFcQI0JLOH/ITrEOmTnnSPCUqAjxXBRDD1V50MsMAEVJsFVYK5uPIyaVfK5lm50jwv1avzOvLoCB2jU2SiS1RH16iBWoigB/SEXtCr9qg9a2/a+yya0+Yzh+gPtM9vE/iiuw==</latexit>

d⇤
i =

6X

j=1

Mijaj
<latexit sha1_base64="co9BryORO2lNHUjw2HBJ6gXns10=">AAACHnicbVDLSgMxFM34rPU16tLNYBHERZmpr24KBTduhAr2AZ22ZDKZNm3mQXJHLMN8iRt/xY0LRQRX+jemD0FbDwROzjmX5B4n4kyCaX5pC4tLyyurmbXs+sbm1ra+s1uTYSwIrZKQh6LhYEk5C2gVGHDaiATFvsNp3Rlcjvz6HRWShcEtDCPa8nE3YB4jGJTU0c9soPfgeImbtpPjtJOwtGTL2G8n5+rSL1nptdL66U8Mj9S0o+fMvDmGMU+sKcmhKSod/cN2QxL7NADCsZRNy4yglWABjHCaZu1Y0giTAe7SpqIB9qlsJeP1UuNQKa7hhUKdAIyx+nsiwb6UQ99RSR9DT856I/E/rxmDV2wlLIhioAGZPOTF3IDQGHVluExQAnyoCCaCqb8apIcFJqAazaoSrNmV50mtkLdO8oWb01y5OK0jg/bRATpCFrpAZXSFKqiKCHpAT+gFvWqP2rP2pr1PogvadGYP/YH2+Q03L6Rf</latexit>

Choice of         is not unique.d⇤e
i

<latexit sha1_base64="RnC1tUcl02oOL6w1A+IRgwktzhA=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0EQD2EmCuYY8OIxglkgGYeeTk3SpGehu0YchvFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebHgCi3r2yisrW9sbhW3Szu7e/sH5cOjjooSyaDNIhHJnkcVCB5CGzkK6MUSaOAJ6HqT66nffQCpeBTeYRqDE9BRyH3OKGrJLVcGCI/o+dkwdzOe32fnkLvlqlWzZjBXib0gVbJAyy1/DYYRSwIIkQmqVN+2YnQyKpEzAXlpkCiIKZvQEfQ1DWkAyslmx+fmqVaGph9JXSGaM/X3REYDpdLA050BxbFa9qbif14/Qb/hZDyME4SQzRf5iTAxMqdJmEMugaFINaFMcn2rycZUUoY6r5IOwV5+eZV06jX7ola/vaw2G4s4iuSYnJAzYpMr0iQ3pEXahJGUPJNX8mY8GS/Gu/Exby0Yi5kK+QPj8weHq5VN</latexit>
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6D reciprocal lattice vectors

0

BBBBBB@

d⇤
1

d⇤
2

d⇤
3

d⇤
4

d⇤
5

d⇤
6

1

CCCCCCA
=

a⇤p
⌧2 + 1

0

BBBBBB@

1 ⌧ 0 ⌧ �1 0
⌧ 0 1 �1 0 ⌧
⌧ 0 1 �1 0 �⌧
0 1 �⌧ 0 ⌧ 1
�1 ⌧ 0 �⌧ �1 0
0 1 ⌧ 0 ⌧ �1

1

CCCCCCA

0

BBBBBB@

a1
a2
a3
a4
a5
a6

1

CCCCCCA

<latexit sha1_base64="GkhZ1VnL06+pZNVTqlKzpj5MTFA="></latexit>

d⇤
i (i = 1, 2, ..., 6)

<latexit sha1_base64="2tkgjNnG6ToIL2WIl+xpyRbN28Q=">AAACCXicbVDJSgNBEO2JW4zbqEcvjUGIEoaZKJqLEPDiMYJZIImhp9OTNOlZ6K4RwzBXL/6KFw+KePUPvPk3dpaDJj4oeLxXRVU9NxJcgW1/G5ml5ZXVtex6bmNza3vH3N2rqzCWlNVoKELZdIliggesBhwEa0aSEd8VrOEOr8Z+455JxcPgFkYR6/ikH3CPUwJa6pq4DewBXC/ppXfJSdpNeIoL/NIploqWZRXPj7tm3rbsCfAicWYkj2aods2vdi+ksc8CoIIo1XLsCDoJkcCpYGmuHSsWETokfdbSNCA+U51k8kmKj7TSw14odQWAJ+rviYT4So18V3f6BAZq3huL/3mtGLxyJ+FBFAML6HSRFwsMIR7HgntcMgpipAmhkutbMR0QSSjo8HI6BGf+5UVSL1nOqVW6OctXyrM4sugAHaICctAFqqBrVEU1RNEjekav6M14Ml6Md+Nj2poxZjP76A+Mzx9t85go</latexit>

a1,a2,a3,a4,a5,a6
<latexit sha1_base64="gJSmg/NJ8TVxnO82rIiBOOmMOD4=">AAACQnicbVC7TsMwFHXKq5RXgJElokJiQFXSFuhYiYWxSPSB2qhyXKe16jxk3yCqKN/Gwhew8QEsDCDEyoDbZmhajmTpPO6V7eOEnEkwzTctt7a+sbmV3y7s7O7tH+iHRy0ZRILQJgl4IDoOlpQznzaBAaedUFDsOZy2nfHNNG8/UiFZ4N/DJKS2h4c+cxnBoKy+/tAD+gSOG+OkH1vJxaIsZ2UlK6tZeZmVV0lfL5olcwZjlVgpKaIUjb7+2hsEJPKoD4RjKbuWGYIdYwGMcJoUepGkISZjPKRdRX3sUWnHswoS40w5A8MNhDo+GDN3cSPGnpQTz1GTHoaRXM6m5n9ZNwK3ZsfMDyOgPplf5EbcgMCY9mkMmKAE+EQRTARTbzXICAtMQLVeUCVYy19eJa1yyaqUynfVYr2W1pFHJ+gUnSMLXaM6ukUN1EQEPaN39Im+tBftQ/vWfuajOS3dOUYZaL9/qvCzxg==</latexit>

a1,a2,a3
<latexit sha1_base64="ohDMS3Dmw+z/Ggy+1XnCQHm9B9c=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCStYJcFNy4r2Ae0oUymk3boZBJmbsQS8hNu/BU3LhRxK7jzb5y2WdjWAwPnnnMvd+7xY8E1OM6Ptba+sbm1Xdgp7u7tHxzaR8ctHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v74Zuq3H5jSPJL3MImZF5Kh5AGnBIzUty97wB7BD1KS9VM3Wygri2U169slp+zMgFeJm5MSytHo29+9QUSTkEmggmjddZ0YvJQo4FSwrNhLNIsJHZMh6xoqSci0l86uyvC5UQY4iJR5EvBM/TuRklDrSeibzpDASC97U/E/r5tAUPNSLuMEmKTzRUEiMER4GhEecMUoiIkhhCpu/orpiChCwQRZNCG4yyevklal7FbLlburUr2Wx1FAp+gMXSAXXaM6ukUN1EQUPaEX9IberWfr1fqwPueta1Y+c4IWYH39Aj/QoBY=</latexit>

a4,a5,a6
<latexit sha1_base64="aL9g2BNVB/xw/KmuRPKRhQP18/Y=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCS1apcFNy4r2Ae0IUymk3bo5MHMjVhCfsKNv+LGhSJuBXf+jdM2C9t6YODcc+7lzj1eLLgCy/oxVlbX1jc2C1vF7Z3dvX3z4LClokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6mfjtByYVj8J7GMfMCcgg5D6nBLTkmuc9YI/g+SnJ3LSazZWX8+VV5polq2xNgZeJnZMSytFwze9eP6JJwEKggijVta0YnJRI4FSwrNhLFIsJHZEB62oakoApJ51eleFTrfSxH0n9QsBT9e9ESgKlxoGnOwMCQ7XoTcT/vG4Cfs1JeRgnwEI6W+QnAkOEJxHhPpeMghhrQqjk+q+YDokkFHSQRR2CvXjyMmlVyvZFuXJXLdVreRwFdIxO0Bmy0TWqo1vUQE1E0RN6QW/o3Xg2Xo0P43PWumLkM0doDsbXL04EoB8=</latexit>

： Reciprocal lattice vector

：orthogonal base vector

expand external space
expand internal space

a⇤
<latexit sha1_base64="6QgZ6Kb6zCOUwaUr5Wk4zgtSZ9M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgHsJuFMwx4MVjRPOAZA29k9lkyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFWUNGotYtQPUTHDJGoYbwdqJYhgFgrWC0c3Mbz0xpXksH8w4YX6EA8lDTtFY6R4fL3rFklt25yCrxMtICTLUe8Wvbj+macSkoQK17nhuYvwJKsOpYNNCN9UsQTrCAetYKjFi2p/MT52SM6v0SRgrW9KQufp7YoKR1uMosJ0RmqFe9mbif14nNWHVn3CZpIZJulgUpoKYmMz+Jn2uGDVibAlSxe2thA5RITU2nYINwVt+eZU0K2Xvsly5uyrVqlkceTiBUzgHD66hBrdQhwZQGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB2sKNew==</latexit>

：lattice constant of reciprocal lattice

M
<latexit sha1_base64="RXjTeAawjOxPGRhv9AgF6pnOX84=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMTVv0pl0lqULLlojAVxMRk/jUZcIXMiIkllClubyVsRBVlxmZTsCF4qy+vk1al7F2VK43rUq2axZGHMziHS/DgBmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6NZjMs=</latexit>

Yamamoto, Akiji, "Crystallography of quasiperiodic crystals."Acta Cryst. A 52, 4, 509-560, (1996)

d⇤
i (i = 1, 2, ..., 6)

<latexit sha1_base64="2tkgjNnG6ToIL2WIl+xpyRbN28Q=">AAACCXicbVDJSgNBEO2JW4zbqEcvjUGIEoaZKJqLEPDiMYJZIImhp9OTNOlZ6K4RwzBXL/6KFw+KePUPvPk3dpaDJj4oeLxXRVU9NxJcgW1/G5ml5ZXVtex6bmNza3vH3N2rqzCWlNVoKELZdIliggesBhwEa0aSEd8VrOEOr8Z+455JxcPgFkYR6/ikH3CPUwJa6pq4DewBXC/ppXfJSdpNeIoL/NIploqWZRXPj7tm3rbsCfAicWYkj2aods2vdi+ksc8CoIIo1XLsCDoJkcCpYGmuHSsWETokfdbSNCA+U51k8kmKj7TSw14odQWAJ+rviYT4So18V3f6BAZq3huL/3mtGLxyJ+FBFAML6HSRFwsMIR7HgntcMgpipAmhkutbMR0QSSjo8HI6BGf+5UVSL1nOqVW6OctXyrM4sugAHaICctAFqqBrVEU1RNEjekav6M14Ml6Md+Nj2poxZjP76A+Mzx9t85go</latexit>
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x x

y y

z z

a1 a2

a3

a4
a5

a6

External space Internal space

d⇤i
1

<latexit sha1_base64="1XNQrL5zR1p1+Be5OYDN+VymQVw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgLkpSBbssuHFZwT6gjWEynbRDJw9mbsQQ4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WCK7Csb6O0tr6xuVXeruzs7u0fmIdHXRUlkrIOjUQk+x5RTPCQdYCDYP1YMhJ4gvW86fXM7z0wqXgU3kEaMycg45D7nBLQkmtWh8AewfOzUe5mdn6fnfPcNWtW3ZoDrxK7IDVUoO2aX8NRRJOAhUAFUWpgWzE4GZHAqWB5ZZgoFhM6JWM20DQkAVNONj8+x6daGWE/krpCwHP190RGAqXSwNOdAYGJWvZm4n/eIAG/6WQ8jBNgIV0s8hOBIcKzJPCIS0ZBpJoQKrm+FdMJkYSCzquiQ7CXX14l3Ubdvqg3bi9rrWYRRxkdoxN0hmx0hVroBrVRB1GUomf0it6MJ+PFeDc+Fq0lo5ipoj8wPn8AN4+VGQ==</latexit>

d⇤i
2

<latexit sha1_base64="YZnTsDvJnu0aN2ZoeHvl+UAACWA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgLkpSBbssuHFZwT6gjWEynbRDJw9mbsQQ4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WCK7Csb6O0tr6xuVXeruzs7u0fmIdHXRUlkrIOjUQk+x5RTPCQdYCDYP1YMhJ4gvW86fXM7z0wqXgU3kEaMycg45D7nBLQkmtWh8AewfOzUe5mjfw+O+e5a9asujUHXiV2QWqoQNs1v4ajiCYBC4EKotTAtmJwMiKBU8HyyjBRLCZ0SsZsoGlIAqacbH58jk+1MsJ+JHWFgOfq74mMBEqlgac7AwITtezNxP+8QQJ+08l4GCfAQrpY5CcCQ4RnSeARl4yCSDUhVHJ9K6YTIgkFnVdFh2Avv7xKuo26fVFv3F7WWs0ijjI6RifoDNnoCrXQDWqjDqIoRc/oFb0ZT8aL8W58LFpLRjFTRX9gfP4AORmVGg==</latexit>

d⇤i
3

<latexit sha1_base64="aOsBTX99vIaMnT/S3S1xmR/j2u8=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHERUlawS4LblxWsA9oY5hMJ+3QyYOZGzGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eLHgCizr21hb39jc2i7tlHf39g8OzaPjrooSSVmHRiKSfY8oJnjIOsBBsH4sGQk8wXre9Hrm9x6YVDwK7yCNmROQcch9TgloyTUrQ2CP4PnZKHezRn6fXfDcNatWzZoDrxK7IFVUoO2aX8NRRJOAhUAFUWpgWzE4GZHAqWB5eZgoFhM6JWM20DQkAVNONj8+x2daGWE/krpCwHP190RGAqXSwNOdAYGJWvZm4n/eIAG/6WQ8jBNgIV0s8hOBIcKzJPCIS0ZBpJoQKrm+FdMJkYSCzqusQ7CXX14l3XrNbtTqt5fVVrOIo4RO0Ck6Rza6Qi10g9qogyhK0TN6RW/Gk/FivBsfi9Y1o5ipoD8wPn8AOqOVGw==</latexit>

d⇤i
4

<latexit sha1_base64="P7pkO3i/P0JhgsZKBsvCY0re21Y=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHERUlqwS4LblxWsA9oY5hMJ+3QyYOZGzGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eLHgCizr21hb39jc2i7tlHf39g8OzaPjrooSSVmHRiKSfY8oJnjIOsBBsH4sGQk8wXre9Hrm9x6YVDwK7yCNmROQcch9TgloyTUrQ2CP4PnZKHezRn6fXfDcNatWzZoDrxK7IFVUoO2aX8NRRJOAhUAFUWpgWzE4GZHAqWB5eZgoFhM6JWM20DQkAVNONj8+x2daGWE/krpCwHP190RGAqXSwNOdAYGJWvZm4n/eIAG/6WQ8jBNgIV0s8hOBIcKzJPCIS0ZBpJoQKrm+FdMJkYSCzqusQ7CXX14l3XrNvqzVbxvVVrOIo4RO0Ck6Rza6Qi10g9qogyhK0TN6RW/Gk/FivBsfi9Y1o5ipoD8wPn8APC2VHA==</latexit>

d⇤i
5

<latexit sha1_base64="EjBC3aM6jbgWCCk13sCdL75a4FM=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5JUxR4LXjxWsB/QxrDZbNqlm03YnYglxL/ixYMiXv0h3vw3btsctPXBwOO9GWbm+QlnCmz721hZXVvf2Cxtlbd3dvf2zYPDjopTSWibxDyWPR8rypmgbWDAaS+RFEc+p11/fD31uw9UKhaLO5gk1I3wULCQEQxa8szKAOgj+GEW5F52md9nZyz3zKpds2ewlolTkCoq0PLMr0EQkzSiAgjHSvUdOwE3wxIY4TQvD1JFE0zGeEj7mgocUeVms+Nz60QrgRXGUpcAa6b+nshwpNQk8nVnhGGkFr2p+J/XTyFsuBkTSQpUkPmiMOUWxNY0CStgkhLgE00wkUzfapERlpiAzqusQ3AWX14mnXrNOa/Vby+qzUYRRwkdoWN0ihx0hZroBrVQGxE0Qc/oFb0ZT8aL8W58zFtXjGKmgv7A+PwBPbeVHQ==</latexit>

d⇤i
6

<latexit sha1_base64="kNNxRIrWBmT7GxyL0YxBwReK6kc=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5JU0R4LXjxWsB/QxrDZbNqlm03YnYglxL/ixYMiXv0h3vw3btsctPXBwOO9GWbm+QlnCmz721hZXVvf2Cxtlbd3dvf2zYPDjopTSWibxDyWPR8rypmgbWDAaS+RFEc+p11/fD31uw9UKhaLO5gk1I3wULCQEQxa8szKAOgj+GEW5F52md9nZyz3zKpds2ewlolTkCoq0PLMr0EQkzSiAgjHSvUdOwE3wxIY4TQvD1JFE0zGeEj7mgocUeVms+Nz60QrgRXGUpcAa6b+nshwpNQk8nVnhGGkFr2p+J/XTyFsuBkTSQpUkPmiMOUWxNY0CStgkhLgE00wkUzfapERlpiAzqusQ3AWX14mnXrNOa/Vby+qzUYRRwkdoWN0ihx0hZroBrVQGxE0Qc/oFb0ZT8aL8W58zFtXjGKmgv7A+PwBP0GVHg==</latexit>

d⇤e
6

<latexit sha1_base64="hSp0j6oKouu/cKINUrSBmFdQ5mc=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5JU0R4LXjxWsB/QxrLZTtqlmw92J2IJ8a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5Xiy4Qtv+NlZW19Y3Ngtbxe2d3b198+CwpaJEMmiySESy41EFgofQRI4COrEEGngC2t74euq3H0AqHoV3OInBDegw5D5nFLXUN0s9hEf0/HSQ9dPL7D49g6xvlu2KPYO1TJyclEmORt/86g0ilgQQIhNUqa5jx+imVCJnArJiL1EQUzamQ+hqGtIAlJvOjs+sE60MLD+SukK0ZurviZQGSk0CT3cGFEdq0ZuK/3ndBP2am/IwThBCNl/kJ8LCyJomYQ24BIZiogllkutbLTaikjLUeRV1CM7iy8ukVa0455Xq7UW5XsvjKJAjckxOiUOuSJ3ckAZpEkYm5Jm8kjfjyXgx3o2PeeuKkc+UyB8Ynz85LZUa</latexit>

d⇤e
5

<latexit sha1_base64="xhvNHN6i6sd6zDzPwg9OgeG2LhY=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5JUxR4LXjxWsB/QxrLZTtqlmw92J2IJ8a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5Xiy4Qtv+NlZW19Y3Ngtbxe2d3b198+CwpaJEMmiySESy41EFgofQRI4COrEEGngC2t74euq3H0AqHoV3OInBDegw5D5nFLXUN0s9hEf0/HSQ9dPL7D49g6xvlu2KPYO1TJyclEmORt/86g0ilgQQIhNUqa5jx+imVCJnArJiL1EQUzamQ+hqGtIAlJvOjs+sE60MLD+SukK0ZurviZQGSk0CT3cGFEdq0ZuK/3ndBP2am/IwThBCNl/kJ8LCyJomYQ24BIZiogllkutbLTaikjLUeRV1CM7iy8ukVa0455Xq7UW5XsvjKJAjckxOiUOuSJ3ckAZpEkYm5Jm8kjfjyXgx3o2PeeuKkc+UyB8Ynz83o5UZ</latexit>

d⇤e
4

<latexit sha1_base64="AGysfjlINkmJs5ol39AtnxnmzeI=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5LUgj0WvHisYD+grWWznbRLNx/sTsQQ4l/x4kERr/4Qb/4bt20O2vpg4PHeDDPz3Ehwhbb9baytb2xubRd2irt7+weH5tFxW4WxZNBioQhl16UKBA+ghRwFdCMJ1HcFdNzp9czvPIBUPAzuMIlg4NNxwD3OKGppaJb6CI/oeukoG6a17D69gGxolu2KPYe1SpyclEmO5tD86o9CFvsQIBNUqZ5jRzhIqUTOBGTFfqwgomxKx9DTNKA+qEE6Pz6zzrQysrxQ6grQmqu/J1LqK5X4ru70KU7UsjcT//N6MXr1QcqDKEYI2GKRFwsLQ2uWhDXiEhiKRBPKJNe3WmxCJWWo8yrqEJzll1dJu1pxLivV21q5Uc/jKJATckrOiUOuSIPckCZpEUYS8kxeyZvxZLwY78bHonXNyGdK5A+Mzx82GZUY</latexit>

d⇤e
3

<latexit sha1_base64="7tckhEfVZABVqFN/4kOsvRYb8lA=">AAAB/HicbVBNS8NAEN34WetXtEcvwSKIh5K0gj0WvHisYD+grWWznbRLNx/sTsQQ4l/x4kERr/4Qb/4bt20O2vpg4PHeDDPz3Ehwhbb9baytb2xubRd2irt7+weH5tFxW4WxZNBioQhl16UKBA+ghRwFdCMJ1HcFdNzp9czvPIBUPAzuMIlg4NNxwD3OKGppaJb6CI/oeukoG6a17D69gGxolu2KPYe1SpyclEmO5tD86o9CFvsQIBNUqZ5jRzhIqUTOBGTFfqwgomxKx9DTNKA+qEE6Pz6zzrQysrxQ6grQmqu/J1LqK5X4ru70KU7UsjcT//N6MXr1QcqDKEYI2GKRFwsLQ2uWhDXiEhiKRBPKJNe3WmxCJWWo8yrqEJzll1dJu1pxapXq7WW5Uc/jKJATckrOiUOuSIPckCZpEUYS8kxeyZvxZLwY78bHonXNyGdK5A+Mzx80j5UX</latexit>

d⇤e
2

<latexit sha1_base64="FzRlO4Th2oIJOtthGCrmaW1TsPA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRZBPJSkCvZY8OKxgv2AtpbNdtIu3XywOxFDiH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMcyPBFdr2t1FYW9/Y3Cpul3Z29/YPzMOjtgpjyaDFQhHKrksVCB5ACzkK6EYSqO8K6LjT65nfeQCpeBjcYRLBwKfjgHucUdTS0Cz3ER7R9dJRNkxr2X16DtnQrNhVew5rlTg5qZAczaH51R+FLPYhQCaoUj3HjnCQUomcCchK/VhBRNmUjqGnaUB9UIN0fnxmnWplZHmh1BWgNVd/T6TUVyrxXd3pU5yoZW8m/uf1YvTqg5QHUYwQsMUiLxYWhtYsCWvEJTAUiSaUSa5vtdiESspQ51XSITjLL6+Sdq3qXFRrt5eVRj2Po0iOyQk5Iw65Ig1yQ5qkRRhJyDN5JW/Gk/FivBsfi9aCkc+UyR8Ynz8zBZUW</latexit>

d⇤e
1

<latexit sha1_base64="QWvHfbqd3nNDICWnQ9oxVf5Ee28=">AAAB/HicbVDJSgNBEO2JW4xbNEcvg0EQD2EmCuYY8OIxglkgGYeeTk3SpGehu0YchvFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebHgCi3r2yisrW9sbhW3Szu7e/sH5cOjjooSyaDNIhHJnkcVCB5CGzkK6MUSaOAJ6HqT66nffQCpeBTeYRqDE9BRyH3OKGrJLVcGCI/o+dkwdzM7v8/OIXfLVatmzWCuEntBqmSBllv+GgwjlgQQIhNUqb5txehkVCJnAvLSIFEQUzahI+hrGtIAlJPNjs/NU60MTT+SukI0Z+rviYwGSqWBpzsDimO17E3F/7x+gn7DyXgYJwghmy/yE2FiZE6TMIdcAkORakKZ5PpWk42ppAx1XiUdgr388irp1Gv2Ra1+e1ltNhZxFMkxOSFnxCZXpEluSIu0CSMpeSav5M14Ml6Md+Nj3lowFjMV8gfG5w8xe5UV</latexit>

Projection of d⇤
i (i = 1, 2, ..., 6)

<latexit sha1_base64="2tkgjNnG6ToIL2WIl+xpyRbN28Q=">AAACCXicbVDJSgNBEO2JW4zbqEcvjUGIEoaZKJqLEPDiMYJZIImhp9OTNOlZ6K4RwzBXL/6KFw+KePUPvPk3dpaDJj4oeLxXRVU9NxJcgW1/G5ml5ZXVtex6bmNza3vH3N2rqzCWlNVoKELZdIliggesBhwEa0aSEd8VrOEOr8Z+455JxcPgFkYR6/ikH3CPUwJa6pq4DewBXC/ppXfJSdpNeIoL/NIploqWZRXPj7tm3rbsCfAicWYkj2aods2vdi+ksc8CoIIo1XLsCDoJkcCpYGmuHSsWETokfdbSNCA+U51k8kmKj7TSw14odQWAJ+rviYT4So18V3f6BAZq3huL/3mtGLxyJ+FBFAML6HSRFwsMIR7HgntcMgpipAmhkutbMR0QSSjo8HI6BGf+5UVSL1nOqVW6OctXyrM4sugAHaICctAFqqBrVEU1RNEjekav6M14Ml6Md+Nj2poxZjP76A+Mzx9t85go</latexit>
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0

BBBBBB@

d1

d2

d3

d4

d5

d6

1

CCCCCCA
=

ap
⌧2 + 1

0

BBBBBB@

1 ⌧ 0 ⌧ �1 0
⌧ 0 1 �1 0 ⌧
⌧ 0 �1 �1 0 �⌧
0 1 �⌧ 0 ⌧ 1
�1 ⌧ 0 �⌧ �1 0
0 1 ⌧ 0 ⌧ �1

1

CCCCCCA

0

BBBBBB@

a1
a2
a3
a4
a5
a6

1

CCCCCCA

<latexit sha1_base64="vQ+T1uxrvYx1MGyqOK2R9+TaBbw="></latexit>

di =
6X

j=1

Qijaj
<latexit sha1_base64="ofFjZ2DfrVhwci7DvIPLlPr/tpc=">AAACGnicbVDLSsNAFJ3UV62vqks3wSK4KkkV7aZQcOOyBfuAJobJZNJOO3kwcyOWkO9w46+4caGIO3Hj3zh9CNp6YODMOecyc48bcybBML603Mrq2vpGfrOwtb2zu1fcP2jLKBGEtkjEI9F1saSchbQFDDjtxoLiwOW0446uJn7njgrJovAGxjG1A9wPmc8IBiU5RdMCeg+un3qZk7KsZskkuE0v1GVYM7Om0obZTwRP1MwployyMYW+TMw5KaE5Gk7xw/IikgQ0BMKxlD3TiMFOsQBGOM0KViJpjMkI92lP0RAHVNrpdLVMP1GKp/uRUCcEfar+nkhxIOU4cFUywDCQi95E/M/rJeBX7ZSFcQI0JLOH/ITrEOmTnnSPCUqAjxXBRDD1V50MsMAEVJsFVYK5uPIyaVfK5lm50jwv1avzOvLoCB2jU2SiS1RH16iBWoigB/SEXtCr9qg9a2/a+yya0+Yzh+gPtM9vE/iiuw==</latexit>

a =
1

2a⇤
<latexit sha1_base64="TC4y4J/h0qsNVTPcBLLkAJmw9Y4=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSCIh7AbBXMRAl48RjAPSNbQO5lNhsw+mJkNhCV/4sWDIl79E2/+jZNkD5pY0FBUddPd5SeCK+0439ba+sbm1nZhp7i7t39waB8dN1WcSsoaNBaxbPuomOARa2iuBWsnkmHoC9byR3czvzVmUvE4etSThHkhDiIecIraSD3bxttuIJFm7jSr4NPltGeXnLIzB1klbk5KkKPes7+6/ZimIYs0FahUx3US7WUoNaeCTYvdVLEE6QgHrGNohCFTXja/fErOjdInQSxNRZrM1d8TGYZKTULfdIaoh2rZm4n/eZ1UB1Uv41GSahbRxaIgFUTHZBYD6XPJqBYTQ5BKbm4ldIgmCG3CKpoQ3OWXV0mzUnavypWH61KtmsdRgFM4gwtw4QZqcA91aACFMTzDK7xZmfVivVsfi9Y1K585gT+wPn8Az42TFw==</latexit>

di(i = 1, 2, ..., 6)
<latexit sha1_base64="5sIfTBzKMPPcYZg0LGzVE9I0UB4=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoMQISy7UTQXIeDFYwTzgGQJs5PZZMjsg5leMSy5ePFXvHhQxKv/4M2/cZLsQRMLGoqqbrq7vFhwBbb9bSwtr6yurec28ptb2zu75t5+Q0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE1veD3xm/dMKh6FdzCKmRuQfsh9TgloqWsedYA9gOenvXE35WNc5FdOqVyyLKt0cdo1C7ZlT4EXiZORAspQ65pfnV5Ek4CFQAVRqu3YMbgpkcCpYON8J1EsJnRI+qytaUgCptx0+sUYn2ilh/1I6goBT9XfEykJlBoFnu4MCAzUvDcR//PaCfgVN+VhnAAL6WyRnwgMEZ5EgntcMgpipAmhkutbMR0QSSjo4PI6BGf+5UXSKFvOmVW+PS9UK1kcOXSIjlEROegSVdENqqE6ougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w9kiJaA</latexit>

d⇤
i (i = 1, 2, ..., 6)

<latexit sha1_base64="2tkgjNnG6ToIL2WIl+xpyRbN28Q=">AAACCXicbVDJSgNBEO2JW4zbqEcvjUGIEoaZKJqLEPDiMYJZIImhp9OTNOlZ6K4RwzBXL/6KFw+KePUPvPk3dpaDJj4oeLxXRVU9NxJcgW1/G5ml5ZXVtex6bmNza3vH3N2rqzCWlNVoKELZdIliggesBhwEa0aSEd8VrOEOr8Z+455JxcPgFkYR6/ikH3CPUwJa6pq4DewBXC/ppXfJSdpNeIoL/NIploqWZRXPj7tm3rbsCfAicWYkj2aods2vdi+ksc8CoIIo1XLsCDoJkcCpYGmuHSsWETokfdbSNCA+U51k8kmKj7TSw14odQWAJ+rviYT4So18V3f6BAZq3huL/3mtGLxyJ+FBFAML6HSRFwsMIR7HgntcMgpipAmhkutbMR0QSSjo8HI6BGf+5UVSL1nOqVW6OctXyrM4sugAHaICctAFqqBrVEU1RNEjekav6M14Ml6Md+Nj2poxZjP76A+Mzx9t85go</latexit>

Reciprocal lattice vectors Direct lattice vectors

d⇤
i =

6X

j=1

Mijaj
<latexit sha1_base64="co9BryORO2lNHUjw2HBJ6gXns10=">AAACHnicbVDLSgMxFM34rPU16tLNYBHERZmpr24KBTduhAr2AZ22ZDKZNm3mQXJHLMN8iRt/xY0LRQRX+jemD0FbDwROzjmX5B4n4kyCaX5pC4tLyyurmbXs+sbm1ra+s1uTYSwIrZKQh6LhYEk5C2gVGHDaiATFvsNp3Rlcjvz6HRWShcEtDCPa8nE3YB4jGJTU0c9soPfgeImbtpPjtJOwtGTL2G8n5+rSL1nptdL66U8Mj9S0o+fMvDmGMU+sKcmhKSod/cN2QxL7NADCsZRNy4yglWABjHCaZu1Y0giTAe7SpqIB9qlsJeP1UuNQKa7hhUKdAIyx+nsiwb6UQ99RSR9DT856I/E/rxmDV2wlLIhioAGZPOTF3IDQGHVluExQAnyoCCaCqb8apIcFJqAazaoSrNmV50mtkLdO8oWb01y5OK0jg/bRATpCFrpAZXSFKqiKCHpAT+gFvWqP2rP2pr1PogvadGYP/YH2+Q03L6Rf</latexit>

Q = M̃�1
<latexit sha1_base64="ixi/HIAsBLOyhSsSLqxfEyE92Lw=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4sSRVsBeh4MWL0IL9gDaWzWbTLt1swu6kUEL/iRcPinj1n3jz37htc9DWBwOP92aYmecngmtwnG9rbX1jc2u7sFPc3ds/OLSPjls6ThVlTRqLWHV8opngkjWBg2CdRDES+YK1/dHdzG+PmdI8lo8wSZgXkYHkIacEjNS37cZtD7gIWPYwfcou3WnfLjllZw68StyclFCOet/+6gUxTSMmgQqiddd1EvAyooBTwabFXqpZQuiIDFjXUEkipr1sfvkUnxslwGGsTEnAc/X3REYirSeRbzojAkO97M3E/7xuCmHVy7hMUmCSLhaFqcAQ41kMOOCKURATQwhV3NyK6ZAoQsGEVTQhuMsvr5JWpexelSuN61KtmsdRQKfoDF0gF92gGrpHddREFI3RM3pFb1ZmvVjv1seidc3KZ07QH1ifPwVXkzo=</latexit>

6D Lattice vectors

di · d⇤
j

<latexit sha1_base64="/ogsLCmEJQM3zoBL0JBlgLaXcko=">AAACDHicbVDLSsNAFJ3UV62vqks3g0UQFyWpgl0W3LisYB/QxDCZTNqxkwczN2IJ/QA3/oobF4q49QPc+TdO24DaemDgcM653LnHSwRXYJpfRmFpeWV1rbhe2tjc2t4p7+61VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vGGFxO/c8ek4nF0DaOEOSHpRzzglICW3HLFBnYPXpD5Y5djm/ox4B/pJjsZu7c6ZVbNKfAisXJSQTmabvnT9mOahiwCKohSPctMwMmIBE4FG5fsVLGE0CHps56mEQmZcrLpMWN8pBUfB7HULwI8VX9PZCRUahR6OhkSGKh5byL+5/VSCOpOxqMkBRbR2aIgFRhiPGkG+1wyCmKkCaGS679iOiCSUND9lXQJ1vzJi6Rdq1qn1drVWaVRz+soogN0iI6Rhc5RA12iJmohih7QE3pBr8aj8Wy8Ge+zaMHIZ/bRHxgf34rYm+Q=</latexit>

1(i = j)
<latexit sha1_base64="uxAOnJohymEMvSonJNZ5jyhPba4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBXMRAl48RjAPSJYwO5lNxszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfju5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG5nfuuJayNi9YDjhPsRHSgRCkbRSi2PlMXN43mvWHIr7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5udOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2JY9SdCJSlyxRaLwlQSjMnsd9IXmjOUY0so08LeStiQasrQJlSwIXjLL6+S5kXFu6xc3F+VatUsjjycwCmUwYNrqMEd1KEBDEbwDK/w5iTOi/PufCxac042cwx/4Hz+AKKVjmw=</latexit>

0(i 6= j)
<latexit sha1_base64="xJqGC1GBVnq5RIJOBN9cnGWSn3g=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexWwR4LXjxWsB+wXUo2nW1js8maZIWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjtpapotCikkvVDYkGzgS0DDMcuokCEoccOuH4ZuZ3nkBpJsW9mSQQxGQoWMQoMVbyXVxhPQGP+OGiXyq7VXcOvEq8nJRRjma/9NUbSJrGIAzlRGvfcxMTZEQZRjlMi71UQ0LomAzBt1SQGHSQzU+e4nOrDHAklS1h8Fz9PZGRWOtJHNrOmJiRXvZm4n+en5qoHmRMJKkBQReLopRjI/HsfzxgCqjhE0sIVczeiumIKEKNTaloQ/CWX14l7VrVu6zW7q7KjXoeRwGdojNUQR66Rg10i5qohSiS6Bm9ojfHOC/Ou/OxaF1z8pkT9AfO5w+KD5AW</latexit>

{=

Yamamoto, Akiji, "Crystallography of quasiperiodic crystals."Acta Cryst. A 52, 4, 509-560, (1996)

di(i = 1, 2, ..., 6)
<latexit sha1_base64="5sIfTBzKMPPcYZg0LGzVE9I0UB4=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoMQISy7UTQXIeDFYwTzgGQJs5PZZMjsg5leMSy5ePFXvHhQxKv/4M2/cZLsQRMLGoqqbrq7vFhwBbb9bSwtr6yurec28ptb2zu75t5+Q0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE1veD3xm/dMKh6FdzCKmRuQfsh9TgloqWsedYA9gOenvXE35WNc5FdOqVyyLKt0cdo1C7ZlT4EXiZORAspQ65pfnV5Ek4CFQAVRqu3YMbgpkcCpYON8J1EsJnRI+qytaUgCptx0+sUYn2ilh/1I6goBT9XfEykJlBoFnu4MCAzUvDcR//PaCfgVN+VhnAAL6WyRnwgMEZ5EgntcMgpipAmhkutbMR0QSSjo4PI6BGf+5UXSKFvOmVW+PS9UK1kcOXSIjlEROegSVdENqqE6ougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w9kiJaA</latexit>
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x x

y y

z z

a1 a2

a3

a4
a5

a6

de
1

<latexit sha1_base64="ZrNma3E5OD8qkfan3hLsOPu16m4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqYI8FLx4r2FZoY9hsJ+3SzQe7E2kJ+StePCji1T/izX/jts1BWx8MPN6bYWaenwiu0La/jdLG5tb2Tnm3srd/cHhkHle7Kk4lgw6LRSwffKpA8Ag6yFHAQyKBhr6Anj+5mfu9J5CKx9E9zhJwQzqKeMAZRS15ZnWAMEU/yIa5lzn5Ywa5Z9bsur2AtU6cgtRIgbZnfg2GMUtDiJAJqlTfsRN0MyqRMwF5ZZAqSCib0BH0NY1oCMrNFrfn1rlWhlYQS10RWgv190RGQ6Vmoa87Q4pjterNxf+8fopB0814lKQIEVsuClJhYWzNg7CGXAJDMdOEMsn1rRYbU0kZ6rgqOgRn9eV10m3Unct64+6q1moWcZTJKTkjF8Qh16RFbkmbdAgjU/JMXsmbkRsvxrvxsWwtGcXMCfkD4/MHxaWU4Q==</latexit>

de
2

<latexit sha1_base64="Y1HtCSoPNO8axW1EYAIUSo+76cA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mqYI8FLx4r2FZoY9hsJ+3SzQe7E2kJ+StePCji1T/izX/jts1BWx8MPN6bYWaenwiu0La/jdLG5tb2Tnm3srd/cHhkHle7Kk4lgw6LRSwffKpA8Ag6yFHAQyKBhr6Anj+5mfu9J5CKx9E9zhJwQzqKeMAZRS15ZnWAMEU/yIa5lzXyxwxyz6zZdXsBa504BamRAm3P/BoMY5aGECETVKm+YyfoZlQiZwLyyiBVkFA2oSPoaxrREJSbLW7PrXOtDK0glroitBbq74mMhkrNQl93hhTHatWbi/95/RSDppvxKEkRIrZcFKTCwtiaB2ENuQSGYqYJZZLrWy02ppIy1HFVdAjO6svrpNuoO5f1xt1VrdUs4iiTU3JGLohDrkmL3JI26RBGpuSZvJI3IzdejHfjY9laMoqZE/IHxucPxy6U4g==</latexit>

de
3

<latexit sha1_base64="ilorWNKnx3Bg5n2dRZEgKyrEvDU=">AAAB+3icbVDJSgNBEO2JW4zbGI9eBoPgKcwkgjkGvHiMYBZI4tDTU5M06VnorpGEYX7FiwdFvPoj3vwbO8tBEx8UPN6roqqelwiu0La/jcLW9s7uXnG/dHB4dHxinpY7Kk4lgzaLRSx7HlUgeARt5Cigl0igoSeg601u5373CaTicfSAswSGIR1FPOCMopZcszxAmKIXZH7uZvX8MYPcNSt21V7A2iTOilTICi3X/Br4MUtDiJAJqlTfsRMcZlQiZwLy0iBVkFA2oSPoaxrRENQwW9yeW5da8a0glroitBbq74mMhkrNQk93hhTHat2bi/95/RSDxjDjUZIiRGy5KEiFhbE1D8LyuQSGYqYJZZLrWy02ppIy1HGVdAjO+subpFOrOvVq7f660mys4iiSc3JBrohDbkiT3JEWaRNGpuSZvJI3IzdejHfjY9laMFYzZ+QPjM8fyLeU4w==</latexit> de
4

<latexit sha1_base64="YPXa7J0HSqdAPXB9+dEGQf712dQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lqwR4LXjxWsB/QxrLZTtqlmw92J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8w8LxZcoW1/G4Wt7Z3dveJ+6eDw6PjEPC13VJRIBm0WiUj2PKpA8BDayFFAL5ZAA09A15veLvzuE0jFo/AB5zG4AR2H3OeMopaGZnmAMEPPT0fZMK1njylkQ7NiV+0lrE3i5KRCcrSG5tdgFLEkgBCZoEr1HTtGN6USOROQlQaJgpiyKR1DX9OQBqDcdHl7Zl1qZWT5kdQVorVUf0+kNFBqHni6M6A4UeveQvzP6yfoN9yUh3GCELLVIj8RFkbWIghrxCUwFHNNKJNc32qxCZWUoY6rpENw1l/eJJ1a1bmu1u7rlWYjj6NIzskFuSIOuSFNckdapE0YmZFn8krejMx4Md6Nj1VrwchnzsgfGJ8/ykCU5A==</latexit>

de
5
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Similarity transformation

Choice of         is not unique for indexing the diffraction peaks.d⇤e
i
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Table 7. Characters of irreducible representations oJ 
the icosahedral group Y 

7- = ( I  + 5 J / 2 ) / 2 ,  (~ = C 5, l:t = C 3. \ is the charac te r  o f  the 
representa t ions  with respect  to the basis  vec tors  o f  the 6D icosahedral  
lattice. 

z 12o 12~ 2 20~;~ 15(~:4 

I R I I ! I 1 ! 
R~ 3 - - r  - I  7- 0 - - I  
R 3 3 7- _ 7 - - I  0 - 1  _ 
R~ 4 - 1  - !  1 0 

5 Rj  5 0 0 - i  1 
\ 6 I I 0 - 2  

This representation is reducible as is clear from the 
character in Table 7 and reduced to two 3D repre- 
sentations, R~ and R~, the basis vectors of which are 
(a], a 2, a3)  and (a4,  a 5, a6) .  The lattice spanned by d~ 
given above is called the primitive icosahedral lattice. 
This has the similarity transformation matrix 33 with 

I S = ~  I ll 1 1 1 1 1 1 1 1 - 1  - 1  1 
1 1 1 - 1  - 1  

- 1  1 1 1 - 1  
- 1  - 1  1 1 1 

1 - 1  - 1  1 1 

(26) 

The similarity ratio of S is 7- = (1 + 51/2)/2, so that the 
similarity ratio of the primitive lattice is 7-3 = 2 + 5 ~/2. 
There are two lattices with the similarity transformation 
matrix ~'. These are called the face-centered and body- 
centered icosahedral lattices. The former is seen in 
several icosahedral quasicrystals (Henley, 1988; Ishi- 
masa, Fukano & Tsuchimori, 1988; Ebalard & Spaepen, 
1989). Their reciprocal-lattice points are given by the 

(3 . • vectors h = ~-,i lhidi  with hi all even or all odd 
= " 6 h for the former and ~-~i=~ i even for the latter. The 

matrix S and its inverse matrix are the generators of 
the normalizer of the icosahedral point group for the 
face-centered and body-centered lattices and S 3 and its 
inverse are those for the primitive lattice (Elser, 1985; 
Levitov & Rhyner, 1988). 

The projection of all lattice points of 4D polygonal 
lattices or 6D icosahedral lattices covers densely the 2D 
or 3D external space. Therefore, there is always another 
lattice point in the close vicinity of any reflection. How- 
ever, the diffraction patterns of quasicrystals consist of 
discrete diffraction spots. This is because the diffraction 
intensities strongly depend on the internal components 
of their diffraction vectors (Elser, 1985) and a reflec- 
tion having a diffraction vector with a large internal 
component cannot be observed in practice. This will be 
shown later. Thus, we can index all the reflections of 
polygonal or icosahedral quasicrystals by using four or 
six vectors. In real polygonal quasicrystals, there exists 

a period perpendicular to the 2D plane in the external 
space considered above. Then the diffraction pattern in 
the 3D external space consists of several equidistant 
diffraction planes like those in Fig. 2 stacked repeatedly 
along the normal to the plane with the distance c* = 1/c, 
where c is the period (Fig. 25). Thus, we need five 
vectors d~ (i = 1, 2, 3, 4) and d~ = c*a 5, where a 5 is 
the unit vector in the external space that is perpendicular 
to a I and a 2. This means that the polygonal quasicrystals 
discussed above are described as crystals in 5D space. 

5. P o l y g o n a l  t i l ing  
The tiling was considered to be a key to understanding 
quasicrystal structures since the 3D Penrose tiling was 
shown to give a diffraction pattern similar to that of 
i-A1-Mn (Duneau & Katz, 1985). However, the point 
density of the 3D Penrose tiling that gives such a 
diffraction pattern is much smaller than that of i-AI-Mn 
(about 1/4). Therefore, several simple decorations of the 
3D Penrose tiling were considered (Ishihara & Shingu, 
1986). Such an approach was partially successful for 
i-AI-Cu-Li but for most cases the simple decorations do 
not explain the diffraction intensities. On the other hand, 
the high-resolution transmission-electron-microscope 
(HRTEM) images of decagonal quasicrystals clarified 
that the tiling gives the location of atom clusters (Hiraga, 
Lincoln & Sun, 1991; Hiraga, Sun, Lincoln & Matsuo, 
1993). This seems to be true for all quasicrystals. Thus, 
the tilings are still important to determine quasicrystal 
structures and may play the role of the average structure 
for modulated structures, which is first determined in 
the structure analysis. 

There are four methods to obtain a quasiperiodic 
tiling as mentioned previously. We treat three of them 
(DM, PM and SM) because these are shown to be 
equivalent for tiling problems. Another one (IDM) relies 
on the matching rules but there are many tilings without 
simple matching rules and this method cannot calculate 
the diffraction pattern, which is essential for structure 
determination by diffraction methods. The matching 
rules may however be important for the crystal growth of 
quasicrystals (Onoda, Steinhardt, DiVincenzo & Socolar, 
1988) and several tilings derived from the former meth- 
ods have simple matching rules. Some tilings given 
by the IDM have not been derived by other methods 
(Watanabe, Ito & Soma, 1987). The quasiperiodic tiling 
is space filling with primitive tiles. In contrast to periodic 
structures, it needs two or more tiles in order to obtain 
non-crystallographic symmetry. 

5.1. The dual method 
The dual method is applicable to polygonal tilings 

discussed in the previous section and more general 
polygonal tilings or icosahedral tilings. In this section, 
simple derivations of the octagonal Penrose, Penrose and 
Stampfli tilings in 2D space are described. For 2D tilings, 
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2D sections of 6D direct lattice

Fivefold Threefold Twofold

d2 + d3 + d4 + d5 + d6
<latexit sha1_base64="B12rsy6eyUjp5vcdeM7JoUiJ/ZU=">AAACM3icbVBLS8NAEN7UV62vqEcvwSIIQknaqj0WvIinCvYBbSmb7aZdutmE3YlYQv6TF/+IB0E8KOLV/+C2zaEPBxa+xwyz87khZwps+93IrK1vbG5lt3M7u3v7B+bhUUMFkSS0TgIeyJaLFeVM0Dow4LQVSop9l9OmO7qZ+M1HKhULxAOMQ9r18UAwjxEMWuqZdx2gT+B6cT/pxcXkYp6WFml5kV4u0qukZ+btgj0taxU4KcijtGo987XTD0jkUwGEY6Xajh1CN8YSGOE0yXUiRUNMRnhA2xoK7FPVjac3J9aZVvqWF0j9BFhTdX4ixr5SY9/VnT6GoVr2JuJ/XjsCr9KNmQgjoILMFnkRtyCwJgFafSYpAT7WABPJ9F8tMsQSE9Ax53QIzvLJq6BRLDilQvG+nK9W0jiy6ASdonPkoGtURbeohuqIoGf0hj7Rl/FifBjfxs+sNWOkM8dooYzfP5n5rUU=</latexit>

d1
<latexit sha1_base64="NnGMc3/F1IZjNbGZWUvi5vthBGs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDXjxGMA9IYpidnU2GzD6Y6VXDsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxlJotO1vq7C2vrG5Vdwu7ezu7R+UD4/aOkoU4y0WyUh1Xaq5FCFvoUDJu7HiNHAl77iT65nfeeBKiyi8w2nMBwEdhcIXjKKR7vvIn9D1Uy8bpk42LFfsqj0HWSVOTiqQozksf/W9iCUBD5FJqnXPsWMcpFShYJJnpX6ieUzZhI54z9CQBlwP0vnVGTkzikf8SJkKkczV3xMpDbSeBq7pDCiO9bI3E//zegn69UEqwjhBHrLFIj+RBCMyi4B4QnGGcmoIZUqYWwkbU0UZmqBKJgRn+eVV0q5VnYtq7fay0qjncRThBE7hHBy4ggbcQBNawEDBM7zCm/VovVjv1seitWDlM8fwB9bnDwBNks0=</latexit>

d2 � d4 + d6
<latexit sha1_base64="mKiJA/Txhdozeil3I4HW8/aVJIQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSIIaklq0S4LblxWsA9oQ5hMJu3QyYOZG7GE/IQbf8WNC0XcCu78G6dtFrX1wMC559zLnXvcmDMJpvmjFVZW19Y3ipulre2d3T19/6Ato0QQ2iIRj0TXxZJyFtIWMOC0GwuKA5fTjju6mfidByoki8J7GMfUDvAgZD4jGJTk6Od9oI/g+qmXOWk1u5gva9nZfHmVOXrZrJhTGMvEykkZ5Wg6+nffi0gS0BAIx1L2LDMGO8UCGOE0K/UTSWNMRnhAe4qGOKDSTqdXZcaJUjzDj4R6IRhTdX4ixYGU48BVnQGGoVz0JuJ/Xi8Bv26nLIwToCGZLfITbkBkTCIyPCYoAT5WBBPB1F8NMsQCE1BBllQI1uLJy6RdrViXlepdrdyo53EU0RE6RqfIQteogW5RE7UQQU/oBb2hd+1Ze9U+tM9Za0HLZw7RH2hfv1eRoCU=</latexit> d2 + d3

<latexit sha1_base64="WWRkbhNJ3nsdGwGvE3TuFGQRqYo=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkUQhJK0gl0W3LisYB/QhjCZTtqhk0mYuRFLyMqNv+LGhSJu/QZ3/o3TNovaeuDCmXPuZe49fsyZAtv+MQpr6xubW8Xt0s7u3v6BeXjUVlEiCW2RiEey62NFORO0BQw47caS4tDntOOPb6Z+54FKxSJxD5OYuiEeChYwgkFLnnnaB/oIfpAOMi+tZpeLz1rmmWW7Ys9grRInJ2WUo+mZ3/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs7IrHOtDKwgkroEWDN1cSLFoVKT0NedIYaRWvam4n9eL4Gg7qZMxAlQQeYfBQm3ILKmmVgDJikBPtEEE8n0rhYZYYkJ6ORKOgRn+eRV0q5WnFqlendVbtTzOIroBJ2hC+Sga9RAt6iJWoigJ/SC3tC78Wy8Gh/G57y1YOQzx+gPjK9fNhaZjw==</latexit>

d1 � d5
<latexit sha1_base64="dXl3MxLtRZG7gyL7I0U0pCcVrV8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwY0mqYpcFNy4r2Ae0IUymk3boZBJmbsQSsnLjr7hxoYhbv8Gdf+O0zaK2Hrhw5px7mXuPH3OmwLZ/jMLK6tr6RnGztLW9s7tn7h+0VJRIQpsk4pHs+FhRzgRtAgNOO7GkOPQ5bfujm4nffqBSsUjcwzimbogHggWMYNCSZx73gD6CH6T9zEud7Hz+eZV5Ztmu2FNYy8TJSRnlaHjmd68fkSSkAgjHSnUdOwY3xRIY4TQr9RJFY0xGeEC7mgocUuWm0zMy61QrfSuIpC4B1lSdn0hxqNQ49HVniGGoFr2J+J/XTSCouSkTcQJUkNlHQcItiKxJJlafSUqAjzXBRDK9q0WGWGICOrmSDsFZPHmZtKoV56JSvbss12t5HEV0hE7QGXLQNaqjW9RATUTQE3pBb+jdeDZejQ/jc9ZaMPKZQ/QHxtcvOrCZkg==</latexit>

5fe 3fe 2fe

5f i 3f i 2f i

d1 � d3 � d5
<latexit sha1_base64="fEW6byqHOrQ9pQITHjKtCzyNE6A=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK40JK0il0W3LisYB/QhjCZTNqhkwczN2IJ+Qk3/oobF4q4Fdz5N07bLPrwwMC559zLnXvcmDMJpvmrFdbWNza3itulnd29/QP98Kgto0QQ2iIRj0TXxZJyFtIWMOC0GwuKA5fTjju6nfidRyoki8IHGMfUDvAgZD4jGJTk6Bd9oE/g+qmXOamVXc6XtcXyOnP0slkxpzBWiZWTMsrRdPSfvheRJKAhEI6l7FlmDHaKBTDCaVbqJ5LGmIzwgPYUDXFApZ1Or8qMM6V4hh8J9UIwpur8RIoDKceBqzoDDEO57E3E/7xeAn7dTlkYJ0BDMlvkJ9yAyJhEZHhMUAJ8rAgmgqm/GmSIBSaggiypEKzlk1dJu1qxapXq/VW5Uc/jKKITdIrOkYVuUAPdoSZqIYKe0St6Rx/ai/amfWpfs9aCls8cowVo339V+aAk</latexit>

(0, 0, 0, 0, 0, 0)
<latexit sha1_base64="nIoGCv2KXUkCyb6dCJZObk4pH4I=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEqSJmpgl0W3LisYB/QDiWTZtrQJDMmmUIZ+h1uXCji1o9x59+YtoNo67lcOJxzL7k5QcyZNq775aytb2xubed28rt7+weHhaPjpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hbmt8ZUaRbJBzOJqS/wQLKQEWys5Jfcy5+66BWKbtmdA60SLyNFyFDvFT67/YgkgkpDONa647mx8VOsDCOcTvPdRNMYkxEe0I6lEguq/XR+9BSdW6WPwkjZlgbN1d8bKRZaT0RgJwU2Q73szcT/vE5iwqqfMhknhkqyeChMODIRmiWA+kxRYvjEEkwUs7ciMsQKE2NzytsQvOUvr5JmpexdlSv318VaNYsjB6dwBiXw4AZqcAd1aACBR3iCF3h1xs6z8+a8L0bXnGznBP7A+fgGdKCPQw==</latexit>

m3̄5̄
<latexit sha1_base64="hXlq2p4SyFpSUCp4WihBVXd03SE=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGomJJ9KCRo4kXjxiImACDdkuW9iwu212tybY9Jd48aAxXv0p3vw3LqUHBV8ymZf3ZrKzL4gZVdp1v63SxubW9k55t7K3f3BYtY+OeypKJCZdHLFIPgRIEUYF6WqqGXmIJUE8YKQfzG4Wfv+RSEUjca/nMfE5mggaUoy0kUZ2lQ8DJNNmlrerbGTX3Lqbw1knXkFqUKAzsr+G4wgnnAiNGVJq4Lmx9lMkNcWMZJVhokiM8AxNyMBQgThRfpofnjnnRhk7YSRNCe3k6u+NFHGl5jwwkxzpqVr1FuJ/3iDRYctPqYgTTQRePhQmzNGRs0jBGVNJsGZzQxCW1Nzq4CmSCGuTVcWE4K1+eZ30GnWvWW/cXdbarSKOMpzCGVyAB9fQhlvoQBcwJPAMr/BmPVkv1rv1sRwtWcXOCfyB9fkDx4+TIg==</latexit>V

m3̄5̄
<latexit sha1_base64="hXlq2p4SyFpSUCp4WihBVXd03SE=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGomJJ9KCRo4kXjxiImACDdkuW9iwu212tybY9Jd48aAxXv0p3vw3LqUHBV8ymZf3ZrKzL4gZVdp1v63SxubW9k55t7K3f3BYtY+OeypKJCZdHLFIPgRIEUYF6WqqGXmIJUE8YKQfzG4Wfv+RSEUjca/nMfE5mggaUoy0kUZ2lQ8DJNNmlrerbGTX3Lqbw1knXkFqUKAzsr+G4wgnnAiNGVJq4Lmx9lMkNcWMZJVhokiM8AxNyMBQgThRfpofnjnnRhk7YSRNCe3k6u+NFHGl5jwwkxzpqVr1FuJ/3iDRYctPqYgTTQRePhQmzNGRs0jBGVNJsGZzQxCW1Nzq4CmSCGuTVcWE4K1+eZ30GnWvWW/cXdbarSKOMpzCGVyAB9fQhlvoQBcwJPAMr/BmPVkv1rv1sRwtWcXOCfyB9fkDx4+TIg==</latexit>

( 12 ,
1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 )

<latexit sha1_base64="HRD1gQab/AX8ljpKMwEwIa5Y1cc=">AAACOHicpVDLSgMxFM3UV62vUZdugkWoIGWmCnZZcOPOCvYBbSmZNNOGZjJDckcow3yWGz/DnbhxoYhbv8C0nYW27jxw4eSce8m9x4sE1+A4z1ZuZXVtfSO/Wdja3tnds/cPmjqMFWUNGopQtT2imeCSNYCDYO1IMRJ4grW88dXUb90zpXko72ASsV5AhpL7nBIwUt++KXXBV4QmbppU0rP/Pk77dtEpOzPgZeJmpIgy1Pv2U3cQ0jhgEqggWndcJ4JeQhRwKlha6MaaRYSOyZB1DJUkYLqXzA5P8YlRBtgPlSkJeKb+nEhIoPUk8ExnQGCkF72p+JfXicGv9hIuoxiYpPOP/FhgCPE0RTzgilEQE0MIVdzsiumImBjAZF0wIbiLJy+TZqXsnpcrtxfFWjWLI4+O0DEqIRddohq6RnXUQBQ9oBf0ht6tR+vV+rA+5605K5s5RL9gfX0DfcCtYg==</latexit>

C

m5̄
<latexit sha1_base64="284uF1Bzj+MvOUBUDOBUOdrqFjM=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8ld2q2GPBi8cK9gPapWTTbBuaZNckK5Slf8KLB0W8+ne8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bJk41ZU0ai1h3QmKY4Io1LbeCdRLNiAwFa4fj25nffmLa8Fg92EnCAkmGikecEuukjuyFRGfX036p7FW8OfAq8XNShhyNfumrN4hpKpmyVBBjur6X2CAj2nIq2LTYSw1LCB2TIes6qohkJsjm907xuVMGOIq1K2XxXP09kRFpzESGrlMSOzLL3kz8z+umNqoFGVdJapmii0VRKrCN8ex5POCaUSsmjhCqubsV0xHRhFoXUdGF4C+/vEpa1Yp/WaneX5XrtTyOApzCGVyADzdQhztoQBMoCHiGV3hDj+gFvaOPResaymdO4A/Q5w8Jo4/v</latexit>

( 12 , 0, 0, 0, 0, 0)
<latexit sha1_base64="NbKtrXizsh1x3Ml+hEyN3N2gBDI=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqCBlpgp2WXDjsoJ9QDuUTJppQzOZIckIZagbf8WNC0Xc+hfu/BvTdgRtPZcLh3PuJbnHjzlT2nG+rNzK6tr6Rn6zsLW9s7tn7x80VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrqd+655KxSJxp8cx9UI8ECxgBGsj9eyjUlcHEpPUnaSVybnzU2c9u+iUnRnQMnEzUoQM9Z792e1HJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzi6YoFOj9FEQSdNCo5n6eyPFoVLj0DeTIdZDtehNxf+8TqKDqpcyESeaCjJ/KEg40hGaxoH6TFKi+dgQTCQzf0VkiE0g2oRWMCG4iycvk2al7F6UK7eXxVo1iyMPx3ACJXDhCmpwA3VoAIEHeIIXeLUerWfrzXqfj+asbOcQ/sD6+Aa8M5Rx</latexit>

...E

High symmetrical positions:

for Wyckoff positions of quasicrystal space groups

visit https://wcp2-ap.eng.hokudai.ac.jp/yamamoto/
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Phason Matrix

T i =

✓
Id U i

0 Id

◆

<latexit sha1_base64="fgLCpg8M1FBfwCgjdR+MdLyH424=">AAACJ3icbVDLSgMxFM34rOOr6tJNsCiuykwV7EYpuNFdhb6gU0smc9uGZjJDkhHL0L9x46+4EVREl/6J6QPR1gOBwzn33tx7/JgzpR3n01pYXFpeWc2s2esbm1vb2Z3dmooSSaFKIx7Jhk8UcCagqpnm0IglkNDnUPf7lyO/fgdSsUhU9CCGVki6gnUYJdpI7exF5TZlw3Pb86HLRBqHREt2P7Sv22kwxEe4OrI9z3YMH2u2ByL4qWtnc07eGQPPE3dKcmiKcjv74gURTUIQmnKiVNN1Yt1KidSMcjDTEwUxoX3ShaahgoSgWun4ziE+NEqAO5E0T2g8Vn93pCRUahD6ptLs11Oz3kj8z2smulNspUzEiQZBJx91Eo51hEeh4YBJoJoPDCFUMrMrpj0iCdUmWtuE4M6ePE9qhbx7ki/cnOZKxWkcGbSPDtAxctEZKqErVEZVRNEDekKv6M16tJ6td+tjUrpgTXv20B9YX9/TtaVH</latexit>

U i
<latexit sha1_base64="W0mAZrrOC1uC5J2+Rhfa7/nmaLc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkdu63n1BpHssHM00wiOhI8iFn1FjJ9x8zPuuXK27VXYCsEy8nFcjR7Je/eoOYpRFKwwTVuuu5iQkyqgxnAmelXqoxoWxCR9i1VNIIdZAtjp2RC6sMyDBWtqQhC/X3REYjradRaDsjasZ61ZuL/3nd1AzrQcZlkhqUbLlomApiYjL/nAy4QmbE1BLKFLe3EjamijJj8ynZELzVl9dJq1b1rqq1++tKo57HUYQzOIdL8OAGGnAHTfCBAYdneIU3RzovzrvzsWwtOPnMKfyB8/kD7IuOug==</latexit>

Linier Phason Matrix

d0
i =

mX

i=1

Qija
0
j =

mX

i=1

(QT i)ijaj
<latexit sha1_base64="nhlqjQ9os8nUymtyfHdLR4gN5qQ="></latexit>

In the case of 1/1 approximant、internal component of 
d1'+d2'+d3'-d5' becomes zero.

Twofold

d2 + d3
<latexit sha1_base64="WWRkbhNJ3nsdGwGvE3TuFGQRqYo=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkUQhJK0gl0W3LisYB/QhjCZTtqhk0mYuRFLyMqNv+LGhSJu/QZ3/o3TNovaeuDCmXPuZe49fsyZAtv+MQpr6xubW8Xt0s7u3v6BeXjUVlEiCW2RiEey62NFORO0BQw47caS4tDntOOPb6Z+54FKxSJxD5OYuiEeChYwgkFLnnnaB/oIfpAOMi+tZpeLz1rmmWW7Ys9grRInJ2WUo+mZ3/1BRJKQCiAcK9Vz7BjcFEtghNOs1E8UjTEZ4yHtaSpwSJWbzs7IrHOtDKwgkroEWDN1cSLFoVKT0NedIYaRWvam4n9eL4Gg7qZMxAlQQeYfBQm3ILKmmVgDJikBPtEEE8n0rhYZYYkJ6ORKOgRn+eRV0q5WnFqlendVbtTzOIroBJ2hC+Sga9RAt6iJWoigJ/SC3tC78Wy8Gh/G57y1YOQzx+gPjK9fNhaZjw==</latexit>

d1 � d5
<latexit sha1_base64="dXl3MxLtRZG7gyL7I0U0pCcVrV8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVwY0mqYpcFNy4r2Ae0IUymk3boZBJmbsQSsnLjr7hxoYhbv8Gdf+O0zaK2Hrhw5px7mXuPH3OmwLZ/jMLK6tr6RnGztLW9s7tn7h+0VJRIQpsk4pHs+FhRzgRtAgNOO7GkOPQ5bfujm4nffqBSsUjcwzimbogHggWMYNCSZx73gD6CH6T9zEud7Hz+eZV5Ztmu2FNYy8TJSRnlaHjmd68fkSSkAgjHSnUdOwY3xRIY4TQr9RJFY0xGeEC7mgocUuWm0zMy61QrfSuIpC4B1lSdn0hxqNQ49HVniGGoFr2J+J/XTSCouSkTcQJUkNlHQcItiKxJJlafSUqAjzXBRDK9q0WGWGICOrmSDsFZPHmZtKoV56JSvbss12t5HEV0hE7QGXLQNaqjW9RATUTQE3pBb+jdeDZejQ/jc9ZaMPKZQ/QHxtcvOrCZkg==</latexit>

2fe

2f i

（3×3）

Determine the phason matrix for 1/1 cubic approximant.Q3

6D Structure under Phason Strain


