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We shall consider the Cauchy problem in [0; T ]�R
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t u(0; x) = uj(x) (j = 0; 1; � � � ; m� 1);

where 0 � l � m� 1 and aj;k(t) 2 C0[0; T ] for j, k satisfying j + k � l.

Now we assume that the characteristic roots �1(t)�; �2(t)�; � � � ; �m(t)� of

the characteristic equation �m =
P

j+k=m; j<m aj;k(t)�
j�k are real valued and

satisfy the following conditions

�1(t); � � � ; �r(t) coincide at the same points such that for any 1 � i; p; q � r(i 6= p; q)(2)

j�i(t)� �p(t)j �
9Cj�i(t)� �q(t)j for t 2 [0; T ] and belong to C�[0; T ] (0 � � � 1);

�r+1(t); � � � ; �m(t) are di stinct and belong to C� [0; T ] (0 � � � 1);(3)

where 1 � r �m. In particular when r = 1, �1(t) also becomes a distinct root.

Therefore (2) and (3) imply that

(4) �1(t); �2(t); � � � ; �m(t) are distinct and belong to C� [0; T ] (0 � �(= �) � 1):

When m = 2, l = 1 and r = 2 (resp. r = 1), F. Colombini, E. Jannelli, S.

Spagnolo and E. De Giorgi assumed a1;1(t) � 0 and a0;2(t) 2 C
[0; T ] (
 � 0)

which means that the characteristic roots satisfy (2) with � = 


2
(resp. (4) with

� = 
), and showed that the Cauchy problem (1) is wellposed in Gs, provided

1 � s < 1 + �
�
resp. 1 � s < 1 + �

1��

�
(see [CDS] and [CJS]).

When m � 2, l = m � 1 and r � 2, Y. Ohya and S. Tarama assumed

aj;k(t) 2 C
 [0; T ] (0 � gamma � 2) for j, k satisfying j + k = m. In

their case we remark that the characteristic roots don't always multiply at the

same points. Rougly speaking their assumption means that the characteristic

roots satisfy (2) with � = 


r
and (3) with � = 
(= r�) from the properties of

hyperbolic polynomials(see [B]). Then they showed that the Cauchy problem (1)

is wellposed in Gs, provi ded 1 � s < 1+min
�



r
; 1

r�1

	
= 1+min

�
�; 1

r�1

	
(see

[OT]).
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Theorem. Let T0, 0 � l � m� 1 and 2 � r � m(res p. r = 1). Assume that

(2) and (3)(resp. (4)). Then for any uj(x) 2 Gs(R)(j = 0; 1; � � � ;m � 1), the

Cauchy problem (1) has a unique solution u 2 Cm
�
[0; T ];Gs(R1

x)
�
, provided

(5) 1 � s < 1 +min
n
�;

�

r � �
;

m� l

r � 1

o �
resp. 1 � s < 1 +

�

1� �

�
:

We shall give the typical example to apply our theorem. We consider the

Cauchy problem for the weakly hyperbolic equation of 4th order

(6)
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t u(0; x) = uj(x) (j = 0; 1; 2; 3);

where a(t) and b(t) belong to C2�[0; T ] and C� [0; T ] respectively and satisfy

a(t) � 0 and b(t) � a(t) � 9�0 wh ich imply that the multiplicity r = 2. Since

the coe�cients belong to C
 [0; T ] where 
 = minf2�; �g, according to [OT] the

Cauchy problem (6) is wellposed in Gs, provided

1 � s < 1 +



2
= 1 +min

n
�;

�

2

o
:

Noting that b(t) is strictly positive, we see that �1(t) � �
p
a(t) 2 C�[0; T ],

�2(t) �
p
a(t) 2 C�[0; T ], �3(t) � �

p
b(t) 2 C� [0; T ] and �4(t) �

p
b(t) 2

C� [0; T ]. Applying our theorem, we �nd that the Cauchy problem (7) is well-

posed in Gs, provided

1 � s < 1 +min
n
�;

�

2� �

o
:

NOTATIONS

Gs(R)(s � 1) is the space of Gevrey functions f(x) satisfying for any

compact set K � R, supx2K jD�f (x)j � CK��K�!s for 8� 2 N:
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