Standing waves for nonlinear Schrodinger equations
with linear potentials
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(HO) There exist real valued functions V;(z) and V3(z) such that V(z) = Vi(z) + Va(=).
(H1.0) Vi(e) € C*(R"), Vi(z) >0in R*, 0*Vi(z) € L*(R") for |a| > 2.

(H1.1) There exists C' > 0 such that |z - VVi(z)| < C(|z|* + Vi(z)) in R".

(H2.0) Vi(z) € L*(R™) + L>*(R") for some g9 > 1, go > n/2.

(H2.1) =z -VVy(z) € L2(R™) + L>*°(R") for some ¢; > 1, ¢ > n/2.

(H2.2) Z z;2,0;0,Va(z) € L% (R") + L*(R") for some ¢ > 1, g2 > n/2.

Jk=1

(H3) There exists v € R such that V(z) > v for all z € R".
(H4) V(=) is radially symmetric about =z = 0.

gbooooogoooobod.

X :={v € H'(R") : Vi(z)v(z)|* € L*(R™)},
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Proposition 0. Assume (HO0), (H1.0) and (H2.0). For any uo € X, there exist T =
T(||wol|x) > 0 and a unique solution u(t) € C([-T,T],X) N C*([-T,T],X") of (1) with
©(0) = ug. Moreover, we have

E(u(t)) = E(u), [u(t)llz = lluollz, te€[-T,T].

In addition, if we assume (H1.1), (H2.1) and that uy € X satisfies |z|ug € L*(R™), then

we have

d2

Zleu®)[} = 8P(u(t)), te[-T,T).

Definition 1. We say that a standing wave solution €@, (z) of (1) is stable if for any
€ > 0 there exists § > 0 with the following property: If uy € X satisfies

inf{||up — e’¢,|x : 6 € R} <4,
then the solution u(t) of (1) with «(0) = ug exists for all ¢ € R and satisfies

sup inf{||lu(t) — e?¢p,||x : 6 € R} <.
teR
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Otherwise, e**@,, () is said to be unstable.

Definition 2. We say that ¢, () is a ground state of (2) if ¢,(z) is a minimizer of
inf{S,(v): ve X\{0}, I,(v)=0}. (4)

In case of (H4), we say that ¢,(z) is a radial ground state of (2) if ¢, () is a minimizer

of
inf{S,(v): v € X,aa \ {0}, L,(v) =0}.

b ogobobobooon.

Theorem 1. Suppose that Vi(z) = 0 on R”, and assume (HO0), (H2), (H3) and
p>1+4/n. Let ¢,(z) be a ground state of (2). Then there exists w, = w,(n,p) € (0, 0)

such that the standing wave solution e**¢,(z) of (1) is unstable for any w € (w,, 00).

Theorem 2.  Suppose n > 2, p > 1+ 4/n and (HO0)-(H4). Let ¢,(z) be a radial
ground state of (2). Then there exists w, = w,(n,p) € (0,00) such that the standing wave

solution e™!@,(z) of (1) is unstable for any w € (w,, 00).
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Proposition 1.  Assume (H0)-(H3). Let ¢, (z) be a ground state of (2). If BiE(gﬁ;\,)‘/\:l
< 0, then the standing wave solution e“*@,, is unstable. Here, we put v*(z) := \*/2v(\z)

for A > 0.
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