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Introduction.

Let #: X — C™ be a finite analytic covering space and M a projective algebraic
manifold. Let fi,---, fi be dominant meromorphic mappings from X into M. Suppose
that they have the same inverse images of given divisors on M. In this talk, we give
conditions under which f;,---, f; are algebraically related. Roughly our result says
that if these mappings satisfy the same algebraic relation at all points of the set of the
inverse images of divisors and if the given divisors are sufficiently ample, then they must
satisfy this relationship identically. We first give criteria for algebraic dependence under a
condition on the existence of meromorphic mappings separating the fibers of 7 : X — C™.
Next, we give applications of these criteria. In particular, we give some conditions under
which two holomorphic mappings are related by endomorphism of elliptic curves.

§1 Criteria for propagation of algebraic dependence.

We first give a definition of algebraic dependence of meromorphic mappings. We set
M'= M x---x M (l-times). For meromorphic mappings fi, -, fi: X — M, we define
a meromorphic mapping f; x --- x f;: X — M' by

(A x F)2) = (A(2), -, fi(2), z€X—(I(f)U---UI(F)),

where I(f;) are the indeterminacy loci of f;. A proper algebraic subset ¥ of M’ is
said to be decomposable if, for some positive integer s not grater than [, there exist
positive integers [;,---,l, with [ =1[;+.--+ [, and algebraic subsets X; C M such
that ¥ = ¥; x --- x ¥,. We denote by B the ramofication divisor of 7 : X — C.

Definition 1. Let S bean analytic subset of X. Nonconstant meromorphic mappings

fi,oo- 5 fi: X — M are said to be algebraically dependent on S if there exists a proper
algebraic subset ¥ of M' such that (f;x---x f;{)(§) C X and ¥ is not decomposable.
In this case, we also say that fi,---,f; are Y¥-related on S.

Let L — M be an ample line bundle over M Let D;,---,D, be divisors in
|L| such that D; 4 ---+ D, has only simple normal crossings, where |L| is the
complete linear system defined by L. Let 5;,---,S5, be hypersurfaces in X such that
dim §;NS; < m—2 for any ¢ # j. We define a hypersurface S in X by S = 5,U---US,.
Let E be an effective divisor on X, and let k be a positive integer. If E = Ej v; E; for
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distinct irreducible hypersurfaces E; in X and for nonnegative integers v;, then we
define the support of E with order at most k by

Supp, E = U E;

0<y;<k

Assume that Suppkjngj coincides with §; for all j with 1 < 7 < ¢, where
k; is a fixed positive integer. Let J be the set of all dominant meromorphic mappings
f: X — M such that Suppkjf*Dj is equal to 5; for each j with 1 <7 <gq. Let

Fy,--- JF; be big line bundles over M. We define a line bundles F over M' by
F= mF @ @7k,

where 7; : M' — M are the natural projections on j-th factor. Let L bea big line
bundle over M. In the case of L # F, we assume that there exists a positive rational
number 5 such that 3F @ L' is big. If L = F, then we take ¥ = 1. Let R be the
set of all hypersurfaces ¥ in X such that ¥ = Supp D for some D € |L| and ¥ is
not decomposable. We denote by B the ramification divisor of 7= : X — C™.

Definition 2. Let Y be a compact complex manifold. We say that a meromorphic
mapping f : X — Y separates the fibers of 7w : X — C™, if there exists a point z in
C™ — (Supp mBUn(I(f))) such that f(z)# f(y) for any distinct points z, y € #(2).

Let so be the sheet number of 7 : X — C™. Assume that f:X — M separates the
fibers of #: X — M. Since L is ample, there exist a positive integer p and a pair of
sections 0,0y € H°(M, uL) such that a meromorphic function f*(oo/c1) separates
the fibers of # : X — C™ for all such mappings f. We denote by pg the least
positive integer among those u's. We assume that there exists a line bundle, say Fp, in
{Fi, -+ ,F} suchthat Fy® Fj_1 is either big or trivial for all j. Set ky = maxi<;j<qk;.
We define Ly € Pic(M) @ Q by

q ~
k; 31k
Lo= (Y -2 “NlLe(- ).
0 (j:l kj + 1 Ho(so )> ®< fo + 1 °>

Then we have our basic result, from which we see that, if Ly is sufficiently big, then the
algebraic dependence on S propagates to the whole space X.

Lemma 1. Let fi,---,fi be arbitrary mappings in F and X € R. Suppose that
fiso 5 fi are X-related on S. If Lo @ Ky is big, then f1,---,fi are X-related on X.

Now, let us consider a more general case. Let L;,---,L; be ample line bundles over
M. Let qi,---,q be positive integers and assume that D; = Dj; 4 -+ Dj,. € |g;L| has



only normal crossings, where D, € |L|. Let Z be a hypersurface in X. Let § bea
family of dominant meromorphic mappings f: X — M such that

Suppy, f*Dj =2

for some 1 < j </[. In the case where L; = L for all j, we define Gy € Pic(M)@Q by

R gk; | B Ak
o= (s g3} ot 0) 20 (390).

Then we have the following:

Lemma 2. Let fi,---,f; be arbitrary mappings in G and X € R. Suppose that
fi,o 5 fi are X-related on Z. If Gy @ Ky is big, then fi,---,fi are X-related on
X.

For F € Pic(M)® Q, we define [F/L] by
[F/L)=inf{y € Q; yL @ F~" is big} .
Set
nm=q — Ky /L] = 2p0(s0 —1)  and  ny =q; —[K3 /L] (2<j <)

We also set L
aik; _
p; = ﬁ — [K 3 /L] — 2p0(s0 — 1)
forall j with 1 <j <[ and ey = 2po(so—1)+ 1. Then we have the following criterion,
which is a corollary of Lemma 2:

Corollary. Let fi,---, fi be arbitrary mappings in G and X € R. Suppose that
fiyoo-  fi are X-related on Z. If all n; > 0 and of

- I -

Ylko ( Fleoko )

— F /L) + - 120 [F/L]) >0,
P ko_l_l[ 1/ L] Jz:; mp; nj(ko—l-l)[ J/ ]

then fi,---,f1 are X-related on X.

Remark. We give a remark on the assumptions in the above lemmas. In Lemma 1, we
assume that Dj,---,D, are linearly equivalent. We consider the case where D, and
D; are not linearly equivalent for some pair (¢, j) but all the Chern classes ¢;([D;]) are
identical. In this case, the conclusion of the Lemma 1 remains valid provided that the

line bundle
q -
k; Alkgy
—2 -1 D — F,
(ijl 1 2ele ))[ 1]®< ko + 1 °>




is ample. We next consider Lemma 2. In the case where L, and L; are not same for

some ¢ and j but all the Chern classes ¢;(L;) are identical, the conclusion of Lemma
2 is still valid if the line bundle

: gki | B _ Alko
(jmin, { 255}~ 2mtoo =1 20 (— 2550

is ample.

§2. Unicity theorems for meromorphic mappings.

In this section we give some unicity theorems as an application of criteria for dependence
by taking line bundles F; of special type. Let & : M — P,(C) be a meromorphic
mapping with rank® = dim M. We denote by H the hyperplane bundle over P,(C).
Now let [ =2 and take F; = Fy, = $*H. We also take L = F. Then we see

Lo = zq: by (so—1) | L@ _ ko gy
0= j:1kj_|_1 HolSo Ko+ 1 .

A set {D;}i_, of divisors is said to be generic with respect to fy and & provided that

R; := fo(X — I(fo)) N Supp D; N {w € M; rank d®(w) = dim M} # ()

for at least one 7 with 1 < j < g. We assume that {Dj}‘;.:l is generic with respect to
fo and &. Let JF; be the set of all mappings f € F such that f = f, on S. Then

we have the following unicity theorems by Lemma 1:

Theorem 1. Suppose that Lo @ Ky is big. Then the family F; contains just one
mapping fo.

We next consider the case dim M = 1. Assume that M is a compact Riemann
surface with genus g¢o. In the case gy = 0, we have the following unicity theorem for
meromorphic functions on X by Theorem 1 as follows:

Theorem 2. Let f;, fo : X — P1(C) be nonconstant holomorphic mappings. Let
a,--- ,aq be distinct points in P1(C). The following hold.

(1) Suppose that Suppfi*a; = Suppfa*a; for all 3. If d > 2s9+ 3, then fi and
fo are identical on X.

(2) Suppose that Supp,fi*a; = Supp,fa*a; forall j. If d > 4s9+ 3, then fi and
fo are identical on X.
§3. Holomorphic mappings into smooth elliptic curves.

Let E be a smooth elliptic curve and let f;, fo : X — E be nonconstant holo-
morphic mappings. We consider the problem to determine the condition which yields
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fa = ¢(f1) for an endomorphism ¢ of the abelian group E. We first note the following
fact: If f: X — E separates the fibers of 7 : X — C™, then we can take po = 2.

We denote by [p] the point bundle determined by p € E. Let F, = Fy = [p]. Let
¢ € End(E) and consider a curve

S={(z, y) € EXE; y=¢(z)}

in ExE. Let L be theline bundle [5] determined by S. In this section, ¥ denotes the
infimum of rational numbers such that yF @[]~ is ample. Then we have 7 = degp+1.
This result proved by T. Kastura. By making use of Theorem 1, we have the following
theorem:

Theorem 3. Let fi, fo and ¢ be as above. Let Dy = {ai, - ,aq} be a set of
d points and ¢ a endomorphism of E. Set Dy = ¢(D;). Assume that the number
of points in Dy 1is also d. Suppose that Supp, fiDi1 = Supp, fo'Ds for some k. If

d>2(degp + 1) +8(sg — 1)(1 + k1), then fo = o(f1).
In the case where D, < d, we have the following theorem by Corollary of Lemma 2:

Theorem 4. Let fi, fo : C™ — E be as above. Let D; = {ay, -+ ,aq} be a set
of d points and ¢ € End(FE). Set Dy = p(D1). Assume that the number of points in
Dy is d'. Suppose that Supp, fiDi = Supp, fiDs. If dd' > (d+ d')(degp + 1), then

fa = e(f).
The following unicity theorem is a direct conclusion of Theorem 3:

Theorem 5. Let aj,---,aq be distinct points in E. Let fi, fo : X — E be
nonconstant holomorphic mappings. Suppose that Supp, fra; = Supp, fya; for all j.
If d>16sqg— 12, then f; and fy are identical on X.
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