ON THE ASYMPTOTICS FOR CUBIC NONLINEAR
SCHRODINGER EQUATIONS
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We consider the Cauchy problem for the cubic nonlinear Schrédinger equation

Lu=N(u), zeR, t>1
(0.1) { ’U,(LJ?) =u (l‘), rz € R,

where £ = i0; + 302,
./\/(u) = /\1’LL3 + /\QﬂQ’U, + )\3@3,

Aj € C, j=1,2,3. For the coefficients \; we assume that there exists 8y > 0 such
that
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0.2 §R M 26 )\ 2ir 4+ = 417‘) > C > 07
(0.2) (\/ge iloe \/ge >
A i . —2ir A —4ir
(0.3) S (7%.92”" —idge 2" 4 7%6 4 ) r>Cr?,
for all |r| < 6y, and also we suppose that the initial data u; (z) are such that
(0.4) ‘argef%fm(g) <fo, it [i5 (€)] > Ce,

€ > 0 is a small constant depending on the size of the initial function in a suitable
norm defined later. Note that conditions (0.2) - (0.3) can be fulfilled, for example,

if we choose A\; = —1, A\ = A3 =0 and 6y = 7.
We let
(0.5) x(€) =R (ﬁ exp (201 (€)) — ido exp (~2irs () + 22 exp (~diry <e>>)
V3 V3
and
e (5)] s et fw (3)] < 2=

To state our result precisely we now give some notations. Denote the usual
Lebesgue space L? = {QS eS¢, < oo}, where the norm ||¢[[,, = ([g | (2)]? dz) Y

if 1 <p < ooand |, = esssup,cr |¢(x)| if p = co. For simplicity we write
Il = |||, - Weighted Sobolev space is

H™ = {6 €8 6], = [[()"0)" 6] < oo}, m.k € R, (z) = VI+ a2,
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We let K = FU (—t), where U (t) is the free Schrédinger group. The analytic
function space A is defined

A= {¢ €L’ dlla =) % Uzl + IKT"ll o) < 00} :

n=0

Our main result is

Theorem 0.1. We suppose that conditions (0.2) - (0.4) are valid with sufficiently
small € > 0. We assume that the initial data uw € Aq. Then there exists an
g0 > 0 such that if |luill5, <&, 0 <& < eq, then there exists a unique solution
u € C([1,00),L>®) of the Cauchy problem (0.1). Moreover there exist unique final
state Wi, ry € L™ and v > 0 such that the following asymptotics for t — oo

(0.6)

D WL (2) e 1 2 b
’U,(t,l‘): (lt) W+(t)62 - —|—O<t_§ <1+1Ogt—i—x2) )
V1+x (5 Wi (5)] log 7

t+ax?

is valid uniformly with respect to x € R,y > 0, where x (§) is given by (0.5).
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