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In this talk, I am going to talk about large time behavior of solutions
to the initial boundary value problem for the compressible Navier-Stokes
equation on the half space of R3. The results in this talk were obtained in a
joint work with Yoshiyuki KAGEI (Kyushu Univ.).

We consider the initial boundary value problem for the compressible
Navier-Stokes equation in R3

+ = {x = (x′, x3); x
′ ∈ R2, x3 > 0}:

(1)

ρt + div m = 0,

mt + div (m⊗m
ρ

) +∇P (ρ) = ν∆(m
ρ
) + (ν + ν̃)∇div (m

ρ
),

m|x3=0 = 0, ρ|t=0 = ρ0, m|t=0 = m0.

where ρ = ρ(t, x) is the density; m = (m1(t, x), m2(t, x),m3(t, x)) the mo-
mentum; and P = P (ρ) the pressure; ν and ν̃ are viscosity constants satis-
fying ν > 0 and 2

3
ν + ν̃ ≥ 0. (ρ0,m0) is the initial value, which is close to

a constant state (ρ∗, 0), where ρ∗ is a given positive constant. We will show
the following

Theorem 1. (i) Let u0 = (ρ0− ρ∗,m0) ∈ (H3(R3
+)×H3(R3

+))∩ (L1(R3
+)×

L1(R3
+)) and satisfy the compatibility condition:

m0|x3=0 = 0,

−div
(

m0⊗m0

ρ0

)
−∇P (ρ0) + ν∆

(
m0

ρ0

)
+ (ν + ν̃)∇div

(
m0

ρ0

)∣∣∣
x3=0

= 0.

Assume that ∂ρP (ρ∗) > 0 and that u0 is sufficiently small in H3 × H3.
Then there exists a unique global solution (ρ(t),m(t)) of problem (1) with
U(t) = (ρ(t)− ρ∗,m(t)) ∈ C([0,∞), H3 ×H3) ; and U(t) satisfies

‖U(t)‖L2×L2 = O(t−3/4) and ‖U(t)‖L∞×L∞ = O(t−3/2)

as t →∞. Also,
‖∂xU(t)‖L2×L2 = O(t−9/8)

1



as t →∞.
(ii) For u0 = (ρ0, m0) with ρ0 ∈ H1 and m0 = (m0,1,m0,2,m0,3) ∈ L2 let

U(t)u0(x) = (ρ(t, x),m(t, x)) denote the solution of the linearized problem at
(ρ∗, 0):

(2)

∂tρ + div m = 0

∂tm− ν̂∆m− (ν̂ + ̂̃ν)∇div m + p1∇ρ = 0,

m|x3=0 = 0, (ρ(0, x),m(0, x)) = u0(x),

where ν̂ = ν/ρ∗, ̂̃ν = ν̃/ρ∗, p1 = ∂ρP (ρ∗). Then, under the same assumptions
on (ρ0 − ρ∗,m0) in (i), we have

‖U(t)− U(t)u0‖L2×L2 = O(t−1)

as t →∞, where u0 = (ρ0 − ρ∗,m0).
(iii) In addition to the same assumption on u0 = (ρ0 − ρ∗,m0), if we

assume that
∫

R3
+

(ρ0(x)− ρ∗) dx 6= 0, then

‖U(t)u0‖L2×L2 ≥ Ct−3/4

as t →∞.

Theorem 1 is proved by combining the global existence results by Mat-
sumura and Nishida (1983) and the decay estimates for solutions to the
linearized problem at (ρ∗, 0).
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