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1. INTRODUCTION
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(1.1) Oru +yu + Ou + iﬁxzﬂ = f,

(1.2) u(x,0) = uo(z) € H*(T)
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Theorem 1.1. We assume s > —1/2. Then, there ezist the semigroup S(t) and maps
My and My such that S(t)ug is the unique solution of (1.1)—~(1.2) and

(13) S(t)uo = Ml(t)U() + Mg(t)uo,

(1.4) sup || My (t)uol|z2 < K,

t>T,
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and fort > T
(1.5) | Ma(t)uo|| s < K exp (—v(t —T1))

where the constant K depending only on || f||Lz and v and Ty depending only on || fl|rz2, v
and ||ug|| prs -

Corollary 1.2. Let s > —1/2. Then, equation (1.1)—~(1.2) possess a global attractor in
H¢#, that is a bounded subset of L?.

2. THE PROOF OF THEOREM 1.1

We define m : R — R be a smooth monotone R-valued function such that
1, €] <N
m(€) = Celels )
©) { N=lele, (€] > 2N

We define the operator [ as following

—

If(€) =m(€)f(©).

Here, we summarize the properties of I. For any function f and s < 0, we have
[ fllers < L fllze < N72 £l

Let g1 = and g3 = Then, we have

f }|§|>2N'
lgillze < 27°[[ L fll2,  llg2llas < N|Lf]|z2-
We apply “I-method” to (1.1)—(1.2). Then, we have the following a priori estimate.

]? } [€|<2N

Proposition 2.1. Let T > 0 be given and u be a solution of (1.1)~(1.2) on t € [0,T.
We assume s > —1/2, N3/ >~ NY5 > C,T and

1
(2.6) [ Tuol|72 + ;HIinz exp(29T) < N%/°Cy,
then we have

1
(2.7) | Fu(T) |22 exp(24T) < Cs (ruuouiz + gl exme)) .

We prove Theorem 1.1 by using Proposition 2.1.
Proof of Theorem 1.1. We choose T; > 0 so that

(2.8) exp(2yT1) > [luollzs

f|\23 max{7_105/3, (CITI)—l()S’

s s —10s s — — —5s/3
(Ca/ 2P/ g |1 C4, (2972C | 22 exp(29T1)) 7,

which may certainly be done because s > —1/2 and T} depends only on || f]|z2,7 and
|luol| 2. Put

N = maX{,.)/5/3’ (01T1)5, (02/2)—5/(6+105) "u0"51)11/£3+55),

(2205 112 exp(271) }.
Then, we have
N3/5 > 7, N1/5 > C\Th,
o3 < N2 luol[}. = NY/ON=CF100/5 1|2, < CLN®% /2,

,Y—QHIfHLQ eXp(nyTl) < 02N6/5/2.
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Therefore, from Proposition 2.1 we obtain
(2.9) lu(T) 7 < [Hu(T)|72 < Cs (N7 |luoll7s exp(=29T1) + 7?1 £11%) -
iFrom (2.8), we have

N=exp(—29T1) < |Juoll 73] |72

Therefore, we obtain

(2.10) lu(T) 17 < Cs(L+y72)fIIZ> < Ko

where K7 depends only on || f||zz and 7. We next fix 75 > 0 and solve (1.1)-(1.2) on
[T1, Ty + T3] with initial data u(7%). Let Ky > 0 be sufficiently large enough to satisfy
(2.11) Kyexp(27yt) > max{’y_los/?’, (Cyt)~10°

(€5 )" (G e exp(2n)

for any ¢t > 0, which may certainly be done because s > —1/2 and K, depends only
on ||f|lzz and v. Put N72* = Kjexp(2yT:). Then, from (2.11), the assumptions in
Proposition 2.1 are satisfied. Therefore, we obtain

(2.12) [Tu(Ty + T2) |72 < Cs (N~ [Ju(Th) ||37s exp(—27T2) + 7| fll72)
< Oy (K1Ka + 72| fII72) < K3

where K3 depends only on || f||zz and . For ¢t > T, we define maps M;(t) and Ms(t)
such that

(2.13) mo - m ’|§|<2N’ mo - m ’|§|>2N

where S(t)up = u(t) and N = (K exp(2y(t — Tl)))_l/QS. Then, for t > Ty, we have

(2.14) 1My (B)uol| 72 < [[Tu(t)]72 < K,

(2.15) [ Ma(t)uolFrs < N**|[Tu(t)]|7> < K5 ' Ksexp(—27y(t — T1)).

Let K = maX{KQI/Q,Kl_I/QKQI/Q}. Then, we have (1.4) and (1.5). O
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