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For a(z,&) € C(R2), we denote the Weyl quantization by:

a¥(x, Dp)p(e) = ﬁ // 6““‘”)5&(36 ; y,£) e(y)dydg

for ¢ € $(RY).

Definition 1. Let u € 8/(RY). (z0,&;) is not in the homogeneous wave front
set (HWF set) of u if there exists a(z,£) € C§°(R2?) such that a(zg,&) # 0
and

la® (hz, hD)u|| < CxhY (R — 0)

for any N, where ||-|| denotes the L?-norm. We denote (zo,&0) ¢ HW F(u). The
homogeneous wave front set HW F(u) is defined as the complement in R24\ {0}.

Remark. (1) HW F(u) is a conic set in R,
(2) The usual wave front set is defined as follows: (zg,&0) ¢ WF(u) if there
exists a(z, &) € C§°(R2) such that a(zg, &) # 0 and

|la® (z, hD)u|| < CxyhY (b = 0)

for any N. Thus HW F(u) is analogous to W F'(u) but homogeneous in (z,£).

We consider Schrodinger equation:

au(t’ x) = —iHu(t, l‘), (t € R)

for u(t, ) € L?(R9), where
d
H=Hy+V(z), Ho= > Djaje()Dy, Dj=—id/0x;.
g k=1

Assumption A. a;i(x) and V(z) are smooth, and (a;x(x)) is positive definite
for each 2. Moreover, there exist > 0 and v < 2 such that for any o € Z¢,

102 (ajn (@) — 6j1)] < Col)#71l,
0,V (2)] < Clfa) 1 (& € RY).
We denote

ho(z,§) = Z ajr ()5

d
7,k=1



be the symbol of Hy. For (z,€) € R?4 we write the solution to the Hamilton
equation:

G0 = SR, G0 = =5 w0, 000)

with the initial condition y(0) = z,n(0) = y by y(t, z,£) and n(t, z,£).

We say (z, &) is forward nontrapping with respect to the evolution if |y(t, =, &)| =
o0 as t — 400. Then 1t is well-known that there exists an asymptotic momen-
tum:

g-l-: lim U(t’l‘,f)

t—+o00

Theorem 1. Suppose (xg,&y) is forward nontrapping, and let &1 be the asymp-
totic momentum. Letty > 0 and letu(t) = e "y (0). If (toly,&4) & HWF (u(to)),
then (xo,&0) &€ WF(u(0)). In other words, if (xo,&0) € WF(u(0)), then (tof4,€4) €
HWF (u(to)).

Remark. This result is similar to results by Craig-Kappeler-Strauss [CKS]. Also,
it is related to works by Doi [Doi], Wunsch, Robbiano-Zuilly (analytic singular-
ity).

Corollary 2. Suppose (xg,&0) is forward nontrapping, and let &4 be the asymp-
totic momentum. Let s > 0. If u(t) decays rapidly in a conic neighborhood of
&y for some t > 0, then (xo,&0) &€ WF(u(0)).

Idea of Proof. We construct an operator F(t) with a symbol: ¢(h;t,2,€) so
that

(i) ¢(h;t, -, ) € C5°(R2%) for each t > 0, h > 0;
(i) @(h;0,2,8) = f(=, hE) with some f € C§° such that f(xg,&) > 0;
(iii)

(iv) The Heisenberg derivative of F(t) satisfies:

SF(t) = %F(t) +i[H, F(t)] > —Cyh™

for any N in the operator sense.

¥
@(h;ty, -, ) is supported in a small conic neighborhood of (204, &4 );

If we can find such F'(¢) = ¥ (h;t, 2, D;), then Theorem 8 is proved as follows:
Suppose (to€4,é4) ¢ HW F(u(ty)). Then by (4), we have

[ (to)u(to)|] = O(AY)  (¥N).
(In fact, we construct F'(¢) so that this holds.) By (5), we learn

%(u(t),F(t)u(t» = (u(t),6F(u(t)) > —Cxh™, (0<1< 1)

with any N. Combining them, we obtain

(u(0), F(0)u(0)) = (u(to), F(to)u(to)) —/0 D<u(t),5F(t)u(t)>dt
= O(h") + CxyhNto = O(R™)  (VN).

By (i), F(0) = f¥(x,hDy) with f(zo,&) # 0, and this implies (zg,&) ¢
WF(u(0)). O



Construction of the Symbol ¢(h;t,2,¢):
We construct ¢(t, #,£) so that the Lagrange derivative:

D s 2L B ooy
o P =t e T ar g 2 U

(0, g, &) > 0; and supported in a small neighborhood of (y(¢, g, &), n(t, zo, £o)).
Then we set

@0(hata$a€) = 1/)(h_1ta$ah€)'
For k > 1, we set
gpk(hata $a€) = ha(k_l)t Ck 1/)(h_1ta l’/Ak, hg/Ak)

wheree =2—v >0, 1 < Ay < Ay < --- < 2, and C are suitable constants. We
define

(o]
plhit,z, &) ~ > pi(hit,z,€)
7=0
in the sense of an asymptotic sum with respect to h, and set
F(t) = ¢ (hit,x, Dy).

Then we can show F(t) satisfies the required properties (i)—(iv). O
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