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1. INTRDUCTION

In this talk, we consider the existence and the uniqueness of solutions
to the Benjamin-Ono equation,

Ou+HO2u+ 30,(u?) =0, in RxR,
u(0,2) = 6(z), in R,

where H is the Hilbert transform which is defined by

+00
7= pt [y - i isgn(e) 7.
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and F denotes the Fourier transform with respect to x.

Definition 1. Let si, so, by and by be real numbers. We define a
function space X;'}* as follows;

(2) Xy =
{1 € S®) Il = €€l + ) (7 — ) ()12, < +o0}

Here (-} = (14 |- [%)Y2 and f(r, &) is the Fourier transform of f(t,z)
with respect to space and time variables.
We shall find a solution to the associate integral equation of (1),

3) ¢+/Ut—s u(s)ds,

instead of the intial value problem (1) directly. Here U(t)¢ = exp (—tHH?)¢
= F~texp (—it&|€|)F¢. Let ¢ be a function in C§°(R) with 0 < < 1,
Y(t) =1 for [t| < 1 and ¥(t) = 0 for [t| > 2. We consider the following
integral equation,

(4) u(t,z) = (t)U(t)p + () /0 U(t — s)u(s)0,u(s)ds

Date: 2004 % 4 A 24 H.



2

Definition 2. Let s; and sy be real numbers. Function space H*152(R) =
H*v%2 is defined by
) | A

H*2(R) = {g(x) € S'(R); [|gll o1z = [[{€)"E]*9(E) ]| > < +o00} .

Our main theorem is the following.

Theorem 1. Let 1/2 < b < 3/4. Suppose that ¢ € H*V/2(R) and

0|l gr2v,-1/2 < 1. Then there exists a unique solution u(t,x) to the
/

: . - 0,-1/2
integral equation (4) in X, '". Moreover, we have

”ul(tv l’) - Ug(t, x)HXt?’bfl/Q < C||¢1 - ¢2||H2”‘*1/27
where w; is a solution to the equation (4) with initial data ¢; for j =
1,2.

J. Bourgain[2] has shown L? local wellposedness for the Korteweg-de
Vries equation. Kenig-Ponce-Vega[5] has extended this result to H*
local wellposedness with s > —3/4. For the Benjamin-Ono equation,
L. Abdelouhab, J. L. Bona, M. Felland and J. C. Saut[1] and Iorio
Jr.[3] has shown global wellposedness for s > 3/2. Ponce[7] has shown
global wellposedness for s = 3/2. Recently Koch and Tvetkov([6] has
shown local wellposedness for s > 5/4. Very recently, C. E. Kenig and
K. D. Koenig[4] has shown local wellposedness for s > 9/8. T. Tao[§]
has shown local and global wellposedness for s = 1.

We prove this theorem by combining the following lemmas.

Lemma 1. For s1,s9,b € R and ¢ € S(R), we have
[P@OU @)l xgye2 < Clll grorsonse,

Where |6 sn.-0 = €] 7€) (€)1 12
Lemma 2. Fors;,so € R, 1/2<b>1 and f(t,z) € S(R?), we have

b=1b

t
9(0) [ Ute=s)(s.2)dslxgyen < Oy + Ol gy

Lemma 3. For 1/2 < b < 3/4, the following inequalities hold for
f.9 € S(R?):

170esll 02 < O lLxaypolala,
170e8ll o < Ol g vl

Remark 1. H?~12 ~ H?=1/2 in high frequency region.

Remark 2.
X € o )
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