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In this talk, we consider a Dirichlet problem for the Laplacian in a domain with

a corner of conical type in R2. If that domain is a wedge, then some solutions of

that problem are constructed by Mellin transformation concretely, see [5].

We deal with that formula of solutions from the point of view of symbolic

calculus. We map that domain into R× [0, 1] by an appropriate coordinate trans-

formation and introduce a new symbol class and corresponding class of operators.

We can construct a global parametrix of that problem in R× [0, 1] for Sobolev class

by means of the symbolic calculus of that class in the form of Theorem 6.

We denote S = S(R), Hs = Hs(R), s ∈ R. Let K be a domain in R2. Then

for f ∈ C∞(R2 ×K) ∂
(α)
(β)f denotes ∂α1

x ∂α2
ξ ∂β1

µ0
∂β2

µ1
f(x, ξ, µ0, µ1), α = (α1, α2), β =

(β1, β2) ∈ N2
0. We set K1 = {(µ0, µ1); 0 ≤ µ1 ≤ µ0 ≤ 1} and K−1 = {(µ0, µ1); 0 ≤

µ0 ≤ µ1 ≤ 1}. For µ ∈ [0, 1] we set I
(µ)
1 = [0, µ] and I

(µ)
−1 = [µ, 1].

Definition 1 (Ueda [3]) Let m ∈ R, λ > 0, 0 ≤ δ ≤ ρ ≤ 1, δ < 1 and i = ±1.

We denote by Am,λ
ρ,δ,i the set of all a ∈ C∞(R2 × Ki) such that for every α =

(α1, α2), β ∈ N2
0 and 0 < ν < λ

sup
R2×Ki

∣∣∣∂(α)
(β)a(x, ξ, µ0, µ1)

∣∣∣〈ξ〉−m+ρα2−δα1−|β| exp (ν|µ1 − µ0|〈ξ〉)

is finite.

The next is a symbol class including the symbol class in Definition 1.

Definition 2 (Ueda [4]) Let m ∈ R, 0 ≤ δ ≤ ρ ≤ 1, δ < 1 and i = ±1. We

denote by Cm
ρ,δ,i the set of all c ∈ C∞(R2×Ki) such that for every α = (α1, α2), β ∈

N2
0

sup
R2×Ki

∣∣∣∂(α)
(β) c(x, ξ, µ0, µ1)

∣∣∣〈ξ〉−m+ρα2−δα1−|β|,

sup
R2×[0,1]

∫

I
(µ0)
i

∣∣∣∂(α)
(β) c(x, ξ, µ0, µ1)

∣∣∣ dµ1〈ξ〉−m+1+ρα2−δα1−|β|,
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sup
R2×[0,1]

∫

I
(µ1)
−i

∣∣∣∂(α)
(β) c(x, ξ, µ0, µ1)

∣∣∣ dµ0〈ξ〉−m+1+ρα2−δα1−|β|

are finite respectively.

An analogous result holds over C∞ρ,δ,i to Hörmander’s theorem about the asymp-

totic expansion in S∞ρ,δ.

Definition 3 A linear operator C on C0([0, 1];S) is said to belong to the class

Op Cm
ρ,δ, if there exists ci ∈ Cm

ρ,δ,i, i = ±1, such that

Cw(·, µ0) =
∑

i=±1

∫

I
(µ0)
i

ci(X, Dx, µ0, µ1)w(·, µ1) dµ1. (1)

We shall write C = OP(c1, c−1) for an operator C ∈ Op Cm
ρ,δ given in the form (1).

The following are our main results.

Theorem 4 The class
⋃

m∈ROp Cm
ρ,δ is an algebra in the following sense:

(i) If Cj ∈ Op Cmj

ρ,δ , j = 1, 2, then we have C1C2 ∈ Op Cm1+m2−1
ρ,δ .

(ii) If C ∈ Op Cm
ρ,δ, then we have C∗ ∈ Op Cm

ρ,δ.

The next is obtained by using Theorem 4 and multiple symbols of pseudo-

differential operators studied in [1].

Theorem 5 Every operator in Op Cm
ρ,δ is continuous from H l((0, 1); Hs) to

Hγ((0, 1); Hs−m+1−γ) for all m, s ∈ R, l ∈ N0 and γ = 0, . . . , l + 1.

Let L be a uniformly elliptic differential operator of second order with complex

valued B∞ coefficients in R × [0, 1] which have proper ellipticity at some point in

R× [0, 1] and ∂2
µ0

+ 2a1(x, µ0)∂x∂µ0 + a2(x, µ0)∂2
x be the principal part of L.

We set λ =
√

a2 − a2
1, σ = 2−1/2 infR×[0,1]

(
Re λ− | Im a1|

)
and set

t1(x, ξ, µ0, µ1) = exp
(√−1 (µ1 − µ0)a1(x, µ0)ξ

)
sinh (µ1λ(x, µ0)ξ)

× sinh ((µ0 − 1)λ(x, µ0)ξ)
sinh (λ(x, µ0)ξ)

(λ(x, µ0)ξ)
−1

,

t−1(x, ξ, µ0, µ1) = exp
(√−1 (µ1 − µ0)a1(x, µ0)ξ

)
sinh ((µ1 − 1)λ(x, µ0)ξ)

× sinh (µ0λ(x, µ0)ξ)
sinh (λ(x, µ0)ξ)

(λ(x, µ0)ξ)
−1

.

We have that σ is positive and ti ∈ A−1,σ
1,0,i , i = ±1, see [3]. We put T = OP(t1, t−1).

Then we obtain
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Theorem 6 One can find Fj ∈ Op C0
1,0, j = 1, 2, which satisfies the following:

(i) If w ∈ L2((0, 1); Hs), then we have

(
LT (I + F1)− I

)
w = K1w

where K1 ∈
⋂

m∈ROp Cm
1,0.

(ii) If w ∈ H2((0, 1); Hs) with w(·, 0) = w(·, 1) = 0, then we have

(
(I + F2)TL− I

)
w = K2w

where K2 ∈
⋂

m∈ROp Cm
1,0.

(iii) If w ∈ L2((0, 1); Hs), w0, w1 ∈ Hr+3/2 and f ∈ L2((0, 1); Hr) satisfy that

∫ 1

0

(w(·, µ0), L∗ϕ(·, µ0)) dµ0

=
∫ 1

0

(f(·, µ0), ϕ(·, µ0)) dµ0 +
1∑

j=0

(−1)j+1
(
wj , a2(·, j)∂µ0ϕ(·, j))

for all ϕ ∈ C2([0, 1];S) with ϕ(·, 0) = ϕ(·, 1) = 0, then we have ∂β
x ∂γ

µ0
w ∈

L2((0, 1); Hr+2−β−γ), β ∈ N0, γ = 0, 1, 2, and w(·, j) = wj, j = 0, 1.

(iii) of Theorem 6 is proved by using only Theorem 5, (i) and (ii) of Theorem

6 and Riesz’s Theorem.
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