Some variational inequality in L" and its application to the
Helmholtz-Weyl decomposition in 3-D bounded domains.

Hideo Kozono Taku Yanagisawa
Mathematical Institute Department of Mathematics
Tohoku University Nara Women’s University

Sendai 980-8578 Japan Nara 630-8506 Japan

Let us first impose the following assumption on the domain €:
Assumption. ) is a bounded domain in R? with the C**#-boundary 92, where p > 0.

We denote by C§% () the set of all C*-vector functions ¢ = (¢',¢?,¢?) with compact
support in €2, such that div ¢ = 0. L7 (£2) is the closure of Cg% (€2) with respect to the L"-norm
|- Ilr; (-,-) denotes the duality pairing between L"(2) and L™ (), where 1/r + 1/ = 1. L"(Q)
stands for the usual (vector-valued) L"-space over €2, 1 < r < co. Let us define the space V" (2)
by
(0.1) V"(Q)={ue L"(Q);divue L"(2),rot u e L"(Q),u X v|go =0}, 1<7r < 0.

It is easy to see that if u € L"(Q) with rot u € L"(Q), then it holds u x v € W'=Y/ (9Q)*.
Equipped with the norm |||y~

[ullyr = [ldiv ull, + [frot ull, + [|ul,

we may regard V7 (f)) as a closed subset of W17 (Q). Indeed, we have that V"(Q) C Wb ()
with
(0.2) [Vull, < Clluljyr for all u € V"(£),

where C' = C(r) is a constant depending only on r. Furthermore, we define V] (€2) by
Vi) ={ueV"(Q);divu=0 in Q}.

Finally, we denote by H(2) the space of harmonic vector fileds on

(0.3) H(Q) = {h € C®°(Q) N C?3(Q);div h =0,rot h=0in Q, h-v|sg = 0}.

It is well-known that the dimension of H(f2) is finite. For more precise characterization of H(2),
see Remark 1 (2) below.
Our main result now reads

Theorem 1 Let Q) be as in the Assumption. Suppose that 1 < r < oo. Then for every u €
L"), there are p € WLT(Q), w € VI(Q) and h € H(Q) such that u can be represented as

(0.4) u = h+rot w+ Vp.



Such a triplet {p,w, h} is subordinate to the estimate
(0.5) Vel + [lwlve + Al < Cllull

with the constant C' = C(r) independent of u. The above decompostion (0.4) is unique. In fact,
if 4 has another expression R
u=h+rot w+ Vp

for h € H(Q), @ € V7 (Q) and p € W(Q), then we have
(0.6) h=h, rotw=rotw, Vp=Vp.
An immediate consequence of the above theorem is

Corollary 1 Let Q2 be as in the Assumption. By the unique decomposition (0.4) we have
(0.7) L'(Q) =H(Q) ®rot VI(Q) @&V WH(Q), 1<r<oo. (direct sum)

Let Sy, R, and Q, be projection operators associated to (0.4) from L"(Q) onto H(Q2), rot V()
and ¥V WHT(Q), respectively, i.e.,

(0.8) Syu=h, Ryu=rotw, Q,u=Vp.

Then we have
(0.9) |Srully < Cllully,  [[Ryully < Cllully,  1Qrullr < Cllullr

for all u € L"(Q2), where C = C(r) is the constant depending only on 1 < r < co. Moreover,
there holds

$2=5, S =5,
(0.10) R?=R,, R'=R.

Qr=Qr, Qr=Qp,

where S, R} and Q) denote the adjoint operators on L’”/(Q) of Sr, R, and Q,, respectively.

Remark 1. (1) It is known that
(0.11) L) =LI(Q)aVWh(Q), 1<r<oo, (directsum).

See Fujiwara-Morimoto [4], Solonnikov [11] and Simader-Sohr [9]. Our decomposition (0.7) gives
a more precise direct sum of L7 () such as

(0.12) L7(2) =H(Q)drot V] (), 1<r<oo. (direct sum)
(2) Suppose that the boundary dQ has L + 1 connected components I'g,I'y,---, ' of C2-

surfaces such that I'y,---,I' lie inside of I'g with I'; NI'; = ¢ for ¢ # j, and scuh that

L
(0.13) o0 =T,
j=0



Moreover, we assume that there are N C?-surfaces %1, --, Xy such that 3; N Y, = ¢ fori#j,
and such that

N
(0.14) Q=0\%,2= U Y; is simply connected.
j=1
Then Foias-Temam [3] showed that
(0.15) dim. H(Q2) = N.

They [3] also gave an orthogonal decompostion of L2 () such as
L2(Q) = H(Q) @ H1(Q) (orthogonal sum in L?(Q)),

where

H(Q)={ue LE(Q),/ w-vdS=0, j=1,---,N}.

X

Yoshida-Giga [13] investigated the operator rot with its domain D(rot) = {u € H1(Q);rot u €
H1(2)} and showed that Hi(Q) = rot V2(Q2). Futhermore, they [13] gave another type of
orthognal L2-decomposition of vector fileds u € D(rot). From our decomposition (0.12) with
r = 2, it follows also that Hi(Q) = rot V2(1).

(3) In the case when (2 is a star-shaped domain, Griesinger [5] gave a simlar decomposition
in L"(§2) for 1 < r < oo. In her case, it holds N = 0. Since she took the smaller space Wol’r(Q)
than our space V" (), it seems to be an open question whether, in the same way as in (0.7),
the anihilator rot W, (Q)* of rot W, () in L™ (Q) coinsides with V W' (Q).

As an application of our decomposition, we have the following gradeint estimates of vector
fields via div and rot .

Corollary 2 Assume that 1 < r < oo.
(1) Let w € L"(?) with divu € L"(R?), rot u € L"() and u - v|gg = 0. Then we have
u € WHT(Q) with the estimate

(0.16) Vull, < C(ldiv ull, + [[rot ull, + [lul1),

where C' = C(r) is the constant independent of u.
(2) Let w € W*T(Q) for s > 1+ 3/r with u-v|gg = 0. Then we have Vu € L™ with the
estimate

(0.17) Vulloo < C{L+ Jully + (|div wllomo + [[rot llomo) log(e + [[uflwsr)}

where C'= C(r) is the constant independent of u. For definition of the bmo-norm, see Remark
2 below.

Remark 2. (1) Let us recall the bmo-norm in Q. For f € L} (R?), we define I fllbmoms) by

1 1
fllomomsy = sup  5—— F(y) = fBrx)|dy + sup —— f(y)|dy
1 llomotzs) veR3,0< k<1 | BR(T)| BR(z)‘ W) = J3n veR3 |B1(7)] Bl(@’ )l



1
with fBh) = 57— f(y)dy, where Bgr(x) denotes the ball in R? centered at z with

|Br(z)| JBj(2)
radius R and |Bg(z)| is its volume. For g € L}, .(Q) we say g € bmo(Q) if there is an extension
f € bmo(R3) such that g = f on Q. The bmo-norm ||g||pme of g on 2 is defined by

||gHbmo = inf{|f“bmo(R3); IS me(R3)7f =g on Q}

(2) von Wahl [12] proved that (0.16) without |lu|; on the right hand side holds if and only
if N =0, ie., Q is simply connected. He also showed the same estimate for u € W17 () with
u X v =0 on JQ if and only if L = 0. Our variational inequality makes it possible to prove
(0.16) also for u € W1T(Q) with u x v = 0 on 9). von Wahl’s estimate [12] may be regarded as
a special case of ours sicnce we can treat the general case such as (0.13) and (0.14). His method
is based on the representation formula for v € W17 (Q) via div u and rot u which is different
from ours.

(3) In R3, by means of the Biot-Savard law, Beale-Kato-Majda [1] and Kozono-Taniuchi [6]
obtained a similar estimate to (0.17) for v € W*"(R3) with s > 1+ 3/r. More generalized
version in the homogeneou Besov space Bgom is found in Kozono-Ogawa-Taniuch [7]. In the
case of simply connected bounded domains € in R3, Ferrari showed (0.17) for div u = 0 with
u - v|gn = 0. More general case such as (0.13) and (0.14) was treated by Shirota-Yanagisawa
[10] and Ogawa-Taniuchi [8].
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