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Global Attractor for the Complex Ginzburg-Landau Equation
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Let Q be a “bounded” domain in RY (N € N) with C?-boundary 9€2. We consider the
existence of a global attractor for the Cj semigroup associated with the initial-boundary
value problem for the complex Ginzburg-Landau equation:

O (A i)+ (s 4 i)l — qu =0 i 0 x B,
(CGL) u(z,t) =0 on 00 x Ry,
u(z,0) = up(x) on 0f2,

where A\, k € R := (0,00), a, 3,7 € R, and ¢ > 2 are constants, and u is a complex-valued
unknown function. We consider (CGL) in X := L?*(f2), assuming that

2<qg<2+4/N.
Then for all ug € X there exists a unique strong solution u = u(t) to (CGL) such that
lu(t) — v(®)||x < 6K1t+K262”+t(||uo\\XVHUO\\X)Q||UO —wollx Vit>0,

where 74 := max{0,v} and K;, K, are constants. Setting U(t)ug := u(t), the family
{U(t);t > 0} forms a Cy semigroup on X (see [1]).

To state our result we need the notion of the definition of a global attractor.
Definition. A C X is a global attractor for {U(t)} if and only if

(a) A is a non-empty compact set;

(b) A is invariant under {U(¢)}: U(t)A = A,V t > 0;

(¢) d(U(t)B,A) := sup inf|lz—y||lx = 0ast— 400,V B C X (bounded).

zeU(t)B YEA

Our result is stated as follows:

Theorem. Let {U(t)} be a Cy semigroup on L*(Q) as stated above. Assume that either
2<q<2+4/N, or q=2 withy < x. Then {U(t)} has a global attractor in L*(Q).

To prove the theorem we use the abstract formulation in a complex Hilbert space X:

) L - ia)Su+ (4 i0)00 () —yu =0,

u(0) = wo,

where S is a nonnegative self-adjoint operator in X and 0vy is the subdifferential of a
lower semi-continuous convex function ¥ on X, with the same constants A\, x € R, and
a, € R as in (CGL). Under certain conditions, we can show that the Cj semigroup and
the global attractor of (ACP) also exist.
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