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In this paper we consider some embedding properties for Weighted Sobolev spaces in
RY with N > 1. We are concerned with these functional spaces which have exponentially
growing functions as weight functions.

Let O(z) € C'(R"Y) and p > 1. Set || - ||,.» semi-norm as following;

/p
o= ([ e lutopac)
RN

Corresponding to the above semi-norm, we define L?(0, RY) := {u € L}, .(R");||ull,0 <
+o00} as a functional space with weight function e?’. Throughout this paper, we will
focus on the case that §(z) is bounded below in RY. In such a situation we can choose
() as a non-negative function without less of generality. If there exists ¢; > 0 satisfying
0(x) > —c, for all z € RV, then we can easily see that 0(z) := 0(z) + ¢; > 0 satisfies
ull,s = e*|lullpp for all w € LP(O,RY). Thus we can show that these norms [ - ||,
and || - ||, 5 are equivalent to each other and this is the reason why we can choose 0 as
a non-negative function. Due to the positivity of this weight function, it is obvious that
L?(0,RY) is a subspace of LP(R™). Moreover it is easily seen that || - ||, is a norm
corresponding to LP(6, R").

We also define D'*(9, R") and W'?(0, R") are completions of Cj(R") with respect
to the norms [[v|| := [[Vvl|,g and [Jw]1 0 == (|lw|/) , + [[Vw]|[ 5)'/7, respectively. We can
also show that D'?(9, RY) and W1?(0, R") are both Banach spaces because of § > 0.

In the case p = 2, Escobedo-Kavian [?] have shown some embedding properties for
Wh2(0,RY) c L0, RN) with 2 < ¢ < 2N/(N —2). They have shown the continuity and
compactness of the above embeddings under some conditions on the non-negative func-
tion f(x) € C?(RY). They claimed that if (0)(z) := Af(z) + |VO(x)|? tends to infinity
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as |x| — oo, then the embedding W2(6, RN) C L?(0,RY) is compact for N > 3. They
have also studied the continuity and compactness of the embeddings from W12(0, RY)
into L9(6, R") under some suitable conditions on 7(f). These functional spaces have an
important role to show the existence of decaying solutions for some semilinear elliptic prob-
lems which arise in the analysis of semilinear heat equations. We also refer Kawashima
[?] and Muramoto-Naito-Yoshida [?]. They also discuss such kind of functional spaces
with special case 0(x) = |z|%. In such a situation, a simple calculation yields that n(0)(z)
tends to infinity as |z| — oo.

On the basis of their results, we will focus on the embeddings D'?(9, R") c Li(9, R")
and WP(9, RY) c LY, RY) with p,q > 1 and ¢ < p* := Np/(N — p). In [?], we have
studied the embedding continuity and compactness under some conditions on 6(x) €
C?*(RY). Our strategy is to find the sufficient conditions on #(z) € C'(R") and relax
them in showing some suitable properties of the above embeddings. We will generalize
their arguments for these kind of embeddings.

Before stating our results, we will introduce an auxiliary function which corresponds
to O(z). Choose 8(z) € C*(RN) and fixed. For every i € (CYRN))N and k > 0, we
define

G(h, k)(z) == pVO - h(z) + divh(z) — (p — D)k Y| h(2)[P/PV  for all z € RY

It is easily seen from the above definition that function G(h,k)(z) is continuous with
respect to € RY. We also note that if k4 > ko

G(h, k)(z) > G(h, ko)(z) for all z € RN

for every h € (C*(RM)).
We assume the following two conditions on 6(z); there exist hy € (CH(RM))Y and

ko > 0 such that
(0.1)¢, G(hy, ko)(z) — Cy as |z| = oo,
G(ho, ko) () > Co|VO(z)|P for all 2 € RN
where C} and Cy are positive constants. We simply write (6.1), if we consider the case

C1 = +00.

From these assumptions, we can obtain the following theorems.

Theorem 1. Let p > 1 and 0(x) € C'(RY). Assume (0.1)¢, and (0.2) with C; < +o0.
Then the embedding D*(6, RN) C LP(6,RYN) is continuous.

Theorem 2. Let p > 1 and 0(z) € C'Y(RY). Assume (0.1)s and (0.2). Then the
embedding D' (0, RN) C LP(0,RN) is continuous and compact.



Furthermore, we can also obtain the similar embedding properties with LP# (6, RY) as
PP (9, RN) = {u € LZIOC(RN)‘ / P! @ (1 4 |VO(z)|P)P|u(z) |Pde < +oo} ,
RN

where (3 is a real number. Corresponding to the above space, we define

1/p
(allnoi= ([ 0+ [90PYluic)
RN
as a semi-norm. We note that |[-]|, 3, is a norm if § is non-negative.

Theorem 3. Let p > 1 and 0(x) € C'(RY). Assume (0.1)¢, and (0.2) with C, < +o0.
Then the embedding DV (6, RN) C LPF(0,RYN) is continuous for any 3 < 1.

Theorem 4. Let p > 1 and 0(z) € C'Y(RY). Assume (0.1)s and (0.2). Then the
embedding D (6, RN) C LPP(0,RYN) is continuous for any 3 < 1 . Furthermore, the

above embedding is also compact for any 5 < 1.

We can easily verify that G(V6,1)(z) = Af(z) + |VO(x)|* = n()(x) for every 0(z) €
C?*(RY) if p = 2. So Theorem 1.2 assures that W12(9,RY) c L%, R") is compact
under the assumptions given in [?]. Consequently one can see that these theorems are

generalization of their arguments.
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