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Let  be an unbounded domain in R? with compact and smooth
boundary 9. We put O := R?\ €, which is called an obstacle. This
talk is concerned with the mixed problem for a system of nonlinear
wave equations in €2, with small initial data:

(1) (02 — Ay = Fi(u, 0u, V, 0u), (t,x) € (0,00) x £,
(2)  wu(t,z) =0, (t,x) € (0,00) x 09,
) w(0,z) =o(x), (Ou)0,z) =Y(x), z € Q,
fori = 1,..., N, where ¢; (1 < i < N) are given positive constants,

and v = (uq, .. uN) Here we have set 0y = 0, = 0/0t, 0; = 0/0x;
(1=1,2,3), A= Z] L 02, Vo u = (O1u, Dou, Dzu) and du = (dyu, Vy u).
We assume ¢, ¢ € C5°(€2; RY), namely they are smooth functions on
whose support is compact in . We suppose (1) is quasi-linear, namely

smooth function F' = (Fy, .. FN) has the form

F;(u, 0u, V,0u) = Zc w, Ou)dgu; + F(u, Ou)

Jj=1

with cf]q and F vanishing of first order and second order at the origin,
respectively. In the following we always assume that

(4) A (u, Ou) = & (u, Ou) and cZ- “(u, Ou) = Czy ¥ (u, Ou)

1] Je
hold for 1 < 4,7 < N, 1 < k¢ < 3 and 0 < a < 3, so that the
hyperbolicity of the system is assured.

We also suppose that (¢, 1, F) satisfies the compatibility condition
to infinite order for the mixed problem (1)-(3). Namely, (#/u)(0,z),
formally determined by (1) and (3), vanishes on 00 for any non-
negative integer j (notice that the values (9/u)(0,z) are determined
by (¢,1, F) successively; for example we have 0?u;(0,z) = c2Agp; +
Fi(¢, (¥, Va0), Vai(¥, V,0)), and so on).
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Let us recall the known results. For F; = F;(u,du, V,0u), we de-

note the quadratic part of F; by Fz-(z). More precisely, writing ¥ =
(Y1,...,Yi7n) = (u,0u, V,0u), we define

(5) F»(Q)(Y) = Z M}/a_

a!
|a|=2
If we suppose that all Fi(z) vanish and that O is non-trapping, then it
was shown in Shibata — Tsutsumi [11] that the mixed problem (1)—(3)
with N = 1 admits a unique global small amplitude solution. While,
if FZ@) is present, then we need a certain algebraic condition on it
in general, in order to get the global existence result. One of such
conditions is the null condition introduced by Klainerman [5] when
¢y = --- = cy. For the multiple speeds case where the propagation
speeds ¢; (1 <7 < N) do not necessarily coincide with each other, we
say that the nonlinearity F' satisfies the null condition associated with
the propagation speeds (cy,...,cy), if each Ffm depends only on Ou
and V,0u (namely F;(z) = FZ.(2) (Ou, V,0u)), and satisfies
(6) FOV (1, X),W (1, X)) =0
for any p, v € A; and X = (Xo, X1, Xo, X3) € R? satisfying X? =
c2(X?+ X3+ X3), where

Ai = {()\1,)\2, ce 7/\N) € RN;)\j =0if Cj 7é Ci}.

Here we put V(u, X) = (Xo o : a=0,1,2,3, k=1,...,N), W(r, X)
= (X;Xavr: j=1,2,3,a=0,1,2,3, k=1,...,N).

Under the null condition associated with the propagation speeds
(¢1,...,¢n), the global solvability for the mixed problem with small
initial data was shown by Metcalfe — Nakamura — Sogge [8, 9] for rather
general obstacle (see also Godin [1], Keel — Smith — Sogge [4], Metcalfe
[7], Metcalfe — Sogge [10]).

Our aim is to establish an alternative approach to these works along
the same line as [6]. We shall use weighted L>-L* estimates for the
mixed problem of the linear wave equation which will give us

1+ ¢t + |z|
T+ et —|z|| )’
8)  oui(t,z)] < Ce(L + [x) 7 (1 + [eit — J2[])~

(7) lui(t, z)| < Ce(1 +t+ |x]) "' log <1 +

for (t,x) € [0,00) x Q. These estimates are refinement of time decay
estimates obtained in the previous works. In this way, we do not need
the space-time L? estimates which have been adopted in the works
[4,7,8,9, 10].



3

We shall make use of stronger decay property of a tangential deriv-
ative to the light cone. This idea enables us to deal with the null form
without using neither the scaling operator t0; + x - V, nor Lorentz
boost fields t0; + x;0; (j = 1,2,3). In contrast, the scaling opera-
tor has been used in the previous works, and it makes the argument
rather complicated because it does not preserve the Dirichlet boundary
condition.

We also avoid the argument of a reduction to zero initial data, used
in [4, 7, 8,9, 10].

In order to state our result, we introduce a notion concerning the
obstacle. Consider the mixed problem for a single wave equation:

9) (8 =Aw= ], (t,z) € (0,T) x Q,
(10)  v(t,z) =0, (t,z) € (0,T) x 09,
(11)  v(0,2) = vo(z), (Ow)(0,2) = vi(x), zr €

with some propagation speed ¢ > 0. We may assume, without loss of
generality, that O C B; by the scaling. For R > 1, we set

Qr = QN Bpg,

where B = {z € R3; |z| < R} for R > 0.

We denote by X.(T') the set of all = = (vg, vy, f) satisfying vy =
(vo,v1) € C ([ R?), f € C([0,T) x 4 R), and supp f(t,-) C Qurr
for any t € [0,7) with some R > 0, as well as the compatibility con-
dition to infinite order for (9)-(11). In addition, for a > 1, X ,(7T)
denotes the set of all = = (v, v1, f) € X.(T') satisfying

supp vo U supp vy Usupp f(t,-) C Q, (t € [0,7)).

Now, we say that the obstacle O is admissible if there exists a non-
negative integer ¢ having the following property: Suppose that = =
(U0, f) € Xco(T) for some ¢ > 0 and @ > 1. Then for any v > 0,
b > 1 and any integer m > 1, there exists a positive constant C' =
C(v,a,b,c,m,Q) such that for ¢t € [0,T),

(12) > (7 [10%(t,): L2 (Sw)]|

la<m

< C(ImHm @)+ sup () 30 9% (s, ) LA,

<s<
Ossst |a|<m+£—1

where v is the solution to (9)—(11). Here (t) = v/1+1¢2 for t € R,
0% = 0y° 01" 05205 for a multi-index a = (ay, aq, g, a3), and H™(Q) =
H™(Q) x H™(S)). We often refer to (12) as local energy decay. We
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remark that non-trapping obstacles, and trapping obstacles treated in
Ikawa [2, 3] are admissible in our sense.

For non-negative integers m and s, we define H™*(Q2) = {¢; ||¢:
H™*(Q)|| < oo}, where

losHm @) = 3 / (1 + [22)7 0 () [2da

laj<m

for ¢ = ¢(x).

Our main result reads as follows.
Theorem 1. Let ¢, ¢ € C°(Q;RN). Suppose that O is admissible,
that (p,v, F) satisfies the compatibility condition to infinite order for
the problem (1)—~(3), and that F satisfies the null condition associated
with (c1,...,cn). Then there exist a positive constant €y and a large
integer s such that the mized problem (1)—(3) admits a unique solution
u € C%([0,00) x Q;RYN) satisfying (7) and (8), provided that ||¢ :
HH25( Q)| + [ ()] < eo.

(1]
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