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Let A be the negative generator of a bounded analytic semigroup {e−tA} on a Banach space X

and Aγ be its fractional power. Then we consider the abstract Cauchy problem:

(P)

{
u′(t) + Au(t) = f(u(t)), t > 0,

u(0) = φ,

where f is a nonlinear operator in X. Assume that the following conditions are satisfied:

(A) there exist constants λ > 0 and M > 0 such that ‖e−tAv‖ ≤ Me−λt‖v‖ ∀ v ∈ X, ∀ t > 0;

(F1) f(0) = 0;

(F2) there exist constants C0 > 0, ν > 1, and 0 ≤ α < 1 such that

‖f(v) − f(w)‖ ≤ C0(‖Aαv‖ + ‖Aαw‖)ν−1‖Aαv − Aαw‖ ∀ v, ∀ w ∈ D(Aα);

(Φ) (initial condition) φ ∈ D(Aθ) for θ ∈ [0, α].

To solve (P) we consider the solvability of the corresponding integral equation:

(IE) u(t) = e−tAφ +

∫ t

0

e−(t−s)Af(u(s))ds.

The purpose of this talk is to give a detailed proof of the local and global solvability of (IE)

and (P). We slightly modify the presentation in [1].

Theorem. Under the assumption stated above with 1 − αν + θ(ν − 1) ≥ 0 and (α − θ)ν < 1

one has the following assertions:

1) (local existence) There exists T > 0 such that (IE) has a local solution u ∈ C([0, T ]; D(Aθ))

satisfying ‖Aαu(t)‖ ≤ C(α)t−(α−θ)e−λt‖Aθφ‖, t ∈ (0, T ], with some constant C(α) > 0.

Moreover, u is a strong solution of (P).

2) (global existence) There exists δ > 0 such that if ‖Aθφ‖ ≤ δ, then (IE) has a global

solution u ∈ C([0,∞); D(Aθ)) satisfying ‖Aαu(t)‖ ≤ C(α)t−(α−θ)e−λt‖Aθφ‖, t ∈ [0,∞),

with some constant C(α) > 0. Moreover, u is a strong solution of (P).

3) (uniqueness) In the case where 1 − αν + θ(ν − 1) > 0, a solution of (IE) is unique in the

class of u such that tα−θu ∈ BC((0, T ]; D(Aα)). In the case where 1−αν +θ(ν−1) = 0, it is

unique in the class of u such that tα−θu ∈ BC((0, T ]; D(Aα)) and limt→0 tα−θ‖Aαu(t)‖ = 0.
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