On the standing waves of negative Hartree equation
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In this talk, we consider the following nonlinear Schrédinger equation with nonlo-
cal nonlinearity which increases at the spatial infinity.

2iu; = —Au+ Nz Pu+n (|27 = [u*) u, (t,z) € R, (NH)

where, A\, € Rand |z|"*|u? := [, |z—y|”|u(y)|* dy. This equation can be considered
as a generalization of the Schrédinger-Poisson (or Schrodinger-Newton) system in low
dimensions. Indeed, if d =1 and v = 1, (NH) can be rewritten as
i0pu = —Au + Nz|*u + nPu,
) (SP)
AP = |ul.

In this talk, we consider the case v = 2.

The time global existence of (NH) was shown by Masaki [4].

Theorem 1 ([4], Theorem 2.1). Let v = 2. Then (NH) is globally well-posed in
C(R; H'1), where,

H"' :={pe H"| (z)p € L*}.
Remark 1. Actually, we can show the global well-posedness in
HY/21/2 . {¢€ /2 | <x>1/2¢€ LQ},

by modifying the definition of the solution.
A standing wave is a solution of (NH) with the form e~“*/2¢(z).

Definition 1. Let e=™/2¢(x) be the solution of (NH). We say e~ **/2¢(x) is stable
if for all € > 0, there exists 6 > 0 which satisfies the following. If ||ug — ¢||g11 < 0,
then

supinf ||e"*¢ — u(t)|| g1 <,
t>0 ¢

where u(t) is the solution of (NH) and satisfies u(0) = ug. If e”*2¢(x) is not
stable, then we say it is unstable.
To study the stability of standing waves, the theory of Grillakis-Shatah-Strauss

[1, 2] is useful. Let E be a C? functional and E satisfies E(e*u) = E(u) for all s € R.
We consider the following Hamiltonian PDE.

2iuy = B’ (u), (1)

This equation formally conserves L? norm and the energy E. Further, (1) is a gener-
alization of (NH). Let S, (u) = E(u) — $w||u[|2.. Then, we have S.,(¢.,) = 0 if and
only if e~ ™t/2¢, is a solution.



Theorem 2 ([1, 2]). Let n(S!(¢.)) be the number of negative eigenvalues (Morse
index) of S(¢,). Further, suppose the kernel of S!'(¢.) is spanned by id,. Set
d(w) := S, (pw). Then, we have the following.

(i) Ifn(S"(¢s)) = 0 or if n(S"(¢.,)) = 1 and d”(w) > 0, then e~ */2¢(x) is stable.
(ii) If d"(w) # 0 and n(S"(¢,,)) — max(d”(w)/|d"(w)],0) is odd, then e~**/2p(x) is

unstable.

If n(S”(¢,)) — max(d’(w)/|d"(w)|,0) > 2 and even, we cannot use the Grillakis-
Shatah-Strauss theorem. These cases are the case which the standing waves have
high Morse index (and high energy). So the standing waves are expected to be
unstable. However, in contrast to gradient system, notice that we cannot directly
obtain the instability of standing waves from the high Morse index condition. Indeed,
the instability problem of standing waves with high Morse index are widely open.

Here, we give a counter example to the vague conjecture that all standing waves
with high Morse index is unstable.

Theorem 3 (Maeda-Masaki [3]). (i) Letd =1, A =0 and n = 1. Then for all
m € N, there exists a stable standing wave e‘i‘”t/zqﬁwm with d"(w) < 0 and

n(S)(¢o)) = 2m.

(ii) Letd =1, A=2 andn = —1. Then for allm € N, there exists a stable standing
wave e~ 2¢,, . with d’(w) > 0 and n(S”(¢,)) = 2m + 1.

Remark 2. The standing waves in (i), (it) can be explicitly written as
3 1
exp (—2M1/2 (n + 2) t) 1\4%"'%QW(M1/43:)7

1 1
Qiin(t,z; M) = exp (— (n + 2) (111/2 — 2Mm_1/2> t) M%K%Qn(fil/‘lx).

Ql,n(t7 €T M)

Here, Kk =2 — M and S, satisfies the following.

1 1
3 (—A+z[?) Q, = <n+ 2) Qn, ||Q]]2 = 1.

The theorem can be shown by computing the solution formula given by Masaki
[4].

Theorem 4 ([4], Theorem 2.1). Let
X[u] ;:/ x|ul? de, P[u] :=Tm uvudxz/ | Ful? de.
R4 R4 R4

We also introduce energy
_ 1 2 A 2 n 2 2 2
Elu] = 2 Vulp. + 5 [lzullz. + 7 |z —y|"u(z)["|u(y)|"dedy.
2 2 4 ) Jra+a

Let M = ||ugl|3, a = Plug]/M, b = X[ug]/M, and k = X\ +nM. Note that mass
Mlu(t)] = Hu||iz and energy E[u(t)] are conserved. Then the solution is written as
u(t) = e " Gy(t,a,b)Uy(t)G,(0,a,b)  ug,

| 2
= €7lq}(t)g)\(t’a7 b)gm(taav ]3)711/{"@(25)1/“)7 ( )



where W(t) is given by

t
\I/(t):g/o [2e(5)Gx (0,2, b) ~ug I3 s,

U, is given by

un(t) = ei%(A_HIIP)a

and G, is given by

(Gu(t, a,b)g)(x) = e~ 29=(tabraitab)izg(tabl g g (1 a b)). (3)

Here, g.(t,a,b) is a solution of an ODE ¢! = —kgy, g..(0) = a, and ¢,(0) = b.
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