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In this talk we consider the Gel’fand problem,
—Au=2Xe" inQ, w=0 ondQ, (1)

where @ ¢ R? is a bounded domain with smooth boundary 92 and A > 0 is a real parameter. Let
{An}nen be a sequence of positive values such that A\, — 0 as n — oo and let u,, = u,(x) be a sequence
of solutions of (1) for A = A,,. In [NS90], the authors studied solutions {u,} which blow-up at m-points,
that is, there is a set S = {k1, -+ ,km} C Q of m distinct points such that ||u,|/z~) = O(1) for any
w € N\ S and u,|s — 400 as n — oo, see [EGP05] or [DKMO05] for some sufficient conditions which
ensure the existence of this type of solutions. In this talk we consider solutions u,, to (1) with m blow-up
points and investigate the eigenvalue problem

—AvF = pE etk in Q) wF =0 on 99, ||vF|e = maxovf =1, (2)
Q

which admits a sequence of eigenvalues pl < p2 < u3 < ..., where v¥ is the k-th eigenfunction of (2)
corresponding to the eigenvalue k.

One of the main results concerns pointwise estimates of the eigenfunction. In particular, we are
interested in the number of peaks of v for k = 1,..,m. In our previous work [GGOS12], we have that

P =0 inC! (Q\ UL, Br (k;))
for some fixed 0 < R << 1. This means that v¥ can concentrate only at ki, j = 1,..,m. This leads to
the following definition,
Definition 1. We say that an eigenfunction vk
that

concentrates at k; € Q if there exists K, — K; such

[0k (Kjn)| = C >0 forn large. (3)
A problem that arises naturally is the following:

Question 1. Let us suppose that u, blows-up at the points {ki,..,km}. Is the same true for the eigen-
function v¥, k =,1..,m associated to a simple eigenvalue ut of (2)?

Obviously if the eigenvalue ¥ is multiple, in general it makes no sense to speak about the number of
point of concentration, since this depends on the linear combination of the eigenfunctions.

A first partial answer related to this question was given in [GGOS12], where the following result was
proved.

Theorem 2. For each k € {1,...,m} there exists a vector
F=(ck. . E)e[-1,1mc R, F#£0 (4)
such that for each j € {1,...,m}, there exists a subsequence satisfying
vk s —
%%SFZC?G(-,H]‘) in Ch~ (Q\A{K1,- - Em})- (5)
n =
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Here G(z,y) denotes the Green function of —A in Q with Dirichlet boundary condition, K (x,y) =
G(z,y) — 5= log|z — y|~! the regular part of G(z,y), and R(z) = K (z,z) the Robin function. A conse-
quence of Theorem 2 is that

k

Un,

concentrates at x; if and only if C? #0. (6)

We characterize the values c? in term of the Green function and this will allow us to determine whether

¢k is equal to 0 or not.

Theorem 3. For each k € {1,...,m}, we have that ¢* = (c¥,... k) e [-1,1]™ c R™\{0} is the k-th
eigenvector of the matriz (h;;) given by

R(ki) + 2> 1<hem G(kn, ki) ifi =3,
i = h#i
j —G(Kiy Kj) if i % 7.

From Theorem 3 we can deduce the answer to the Question 1,

(7)

Corollary 4. Let ¢ = (cf,...ck)) be the k-th eigenvector of the matriz (hij). Then if u¥ is simple and

Y Em

if c;? # 0 we have that vF concentrates at kj.

Our next aim is to understand better when c? # 0. The following proposition gives some information
in this direction.

Theorem 5. Let k € {1,...,m}, uk a simple eigenvalue and v* the corresponding eigenfunction. Then
we have that,
i) any v,ll concentrates at m points Ki, .., Km,

1) any 117’3 concentrates at least at two points k;, k; with i,j € {1,..,m}.

The previous results are a consequence of the following theorem, which is a refinement up the second
order of some estimates proved of [GGOS12].

Theorem 6. For each k € {1,...,m}, it holds that

1 1 3log2 — 1) 1 1
k k
H 2 log A\ ( 2 (log \,)? ((1Og/\n)2> )

as n — 400, where A* is the k-th eigenvalue of the m x m matriz (h;;) defined in (7) assuming A1 <
<A™,

So the effect of the domain {2 on the eigenvalues ;¥ appears in the second order term of the expansion
of uk.
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