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We consider the following nonlinear Schrödinger equation:

i∂tu = −∆u− |u|p−1u, (t, x, y) ∈ R× R× TL, (1)

where p > 1 and u = u(t, x, y) is an unknown complex-valued function for t ∈ R, x ∈ R and
y ∈ TL. Here, TL = R/2πLZ and L > 0. Takaoka-Tzvetkov [6] showed by the Strichartz estimate
that the Cauchy problem of (1) is locally well-posed in H1. In this talk, we consider the stability
for standing waves of (1).

By a standing wave, we mean a non-trivial solution of (1) with the form u(t, x, y) = eiωtϕ(x, y),
where ω > 0 and ϕ ∈ H1(R× TL) is a solution of

−∆ϕ+ ωϕ− |ϕ|p−1ϕ = 0, (x, y) ∈ R× TL. (2)

Next, we define the (orbital) stability for standing waves of (1).

Definition 1. We say that the standing wave eiωtϕ is stable in H1 if for any ε > 0 there exists
δ > 0 such that for all u0 ∈ H1

sym(R×TL) with ‖u0 − ϕ‖H1 < δ, the solution u(t) of (1) with the
initial data u(0) = u0 exists globally in time and satisfies

sup
t>0

inf
θ∈R

∥∥∥u(t)− eiθϕ
∥∥∥
H1

< ε,

Where

Hs
sym(R× TL) := {u ∈ Hs(R× TL) : u(x, y) = u(x,−y) = u(−x, y), (x, y) ∈ R× [−πL, πL]}.

Otherwise, we say the standing wave eiωtϕ is unstable in H1.

Let the function ϕω be the positive symmetric solution of

−∂2
xϕ+ ωϕ− |ϕ|p−1ϕ = 0, x ∈ R.

Then, eiωtϕω is a standing wave of the nonlinear Schrödinger equation on R:

i∂tu = −∆u− |u|p−1u, (t, x) ∈ R× R.

We define
eiωtϕ̃(x, y) := eiωtϕ(x), (t, x, y) ∈ R× R× TL.

Then, eiωtϕω is a standing wave of (1) and we call eiωtϕ̃ω a line standing wave.
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In [1], Cazenave and Lions showed that the standing wave eiωtϕω of the nonlinear Schrödinger
equation on R is stable for 1 < p < 5. However, in some case a line standing wave eiωtϕ̃ω is
unstable for 1 < p < 5. The following transverse instability results for the line standing wave
was proved in Rousset-Tzvetkov [5] for p = 3 and Y. [7] for 1 < p < 5. Let

Lω,p =
2√

(p− 1)(p+ 3)ω
. (3)

Theorem 1. Let ω > 0 and 1 < p < 5.

(i) If 0 < L < Lω,p, then the line standing wave eiωtϕ̃ω is stable.

(ii) If L > Lω,p, then the line standing wave eiωtϕ̃ω is unstable.

Then, we farther consider the stability for the line standing wave in the case L = Lω,p. We
can show (i) of Theorem 1 by the Lyapunov functional method in Grillakis-Shatah-Strauss [2].
Moreover, to prove (ii) of Theorem 1, they used the linear instability for the linearized equation
around the standing wave eiωtϕ̃ω. In the case L = Lω,p, since the linearized operator around
eiωtϕ̃ω is degenerate, we can not apply the method by [2] or the argument for the proof of
Theorem 1.

In this talk, we show the following stability result by applying the bifurcation result and the
stability argument in Maeda [3] and Ohta [4].

Theorem 2. Let ω > 0 and L = Lω,p. There exist 2 ≤ p1 < p2 < 3 with the following properties.

(i) If 2 < p < p1, then the standing wave eiωtϕ̃ω is stable.

(ii) If p > p2, then the standing wave eiωtϕ̃ω is unstable.
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