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Let Ut ⊂ Rn be a bounded open set and have a smooth boundary Mt for t ∈ [0, T ). The
family of hypersurfaces {Mt}t∈[0,T ) in Rn is called the volume preserving mean curvature
flow if the velocity v of Mt is given by

v = h− ⟨h⟩ on Mt, (1)

where h is the mean curvature of Mt and ⟨h⟩ is the mean value of h, that is,

⟨h⟩ := 1

Hn−1(Mt)

∫
Mt

h dHn−1.

Here Hn−1 is the (n− 1)-dimensional Hausdorff measure. By (1), we have

d

dt
Ln(Ut) =

∫
Mt

v dHn−1 = 0 (volume preserving property). (2)

Next we mention the approximation of the volume preserving mean curvature flow via
the phase field method. Let ε ∈ (0, 1) and Ω = Tn = (R/Z)n. Rubinstein and Sternberg [4]
considered the following Allen-Cahn equation with non-local term:{

φε
t = ∆φε − W (φε)

ε2
+ λεrs, (x, t) ∈ Ω× (0,∞),

φε(x, 0) = φε
0(x), x ∈ Ω,

(3)

where W (s) = (1− s2)2/2 and λεrs = λεrs(t) := |Ω|−1
∫
Ω
W ′(φε)/ε2 dx. Note that (3) has the

volume preserving property, that is

d

dt

∫
Ω

φε dx =

∫
Ω

φε
t dx = 0. (4)

But it is difficult to prove the existence of the global solution of the volume preserving mean
curvature flow via (3) due to the Lagrange multiplier λεrs.

In this talk, we consider the following Allen-Cahn equation with non-local term: φε
t = ∆φε − W (φε)

ε2
+ λε

√
2W (φε)

ε
, (x, t) ∈ Ω× (0,∞),

φε(x, 0) = φε
0(x), x ∈ Ω,

(5)

where

λε = λε(t) =
−
∫
Ω

√
2W (φε)

(
∆φε − W ′(φε)

ε

)
dx

2
∫
Ω

W (φε)
ε

dx
=

−2
∫
Ω
φε

(
ε|∇φε|2

2
+ W (φε)

ε

)
dx∫

Ω
W (φε) dx

. (6)

Golovaty [2] studied the singular limit of the radially symmetric solutions for (5). Define

h(s) = s− 1
3
s3. Note that h′(s) =

√
2W (s). (5) has the property similar to (4), that is,

d

dt

∫
Ω

h(φε) dx =

∫
Ω

√
2W (φε)φε

t dx = 0. (7)

The following definition is similar to Brakke’s solution [1]:
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Definition 1 (L2-flow [3]). Let {µt}t∈(0,T ) be a family of Radon measures on Rn. Set
dµ = dµtdt. We call {µt}t∈(0,T ) L

2-flow if the following hold:

(1) µt is (n− 1)-rectifiable and has a generalized mean curvature vector H ∈ L2(µt) a.e.
t ∈ (0, T ),

(2) and there exists C > 0 and a vector field V ∈ L2(µ,Rn) such that

V (x, t) ⊥ Txµt for µ-a.e. (x, t) ∈ Rn × (0, T ) (8)

and ∣∣∣ ∫ T

0

∫
Ω

(ηt +∇η · V ) dµtdt
∣∣∣ ≤ C∥η∥C0(Rn×(0,T )) (9)

for any η ∈ C1
c (Rn × (0, T )). Here Txµt is the approximate tangent plane of µt at x.

Moreover V ∈ L2(µ,Rn) with (8) and (9) is called a generalized velocity vector.

Definition 2. Let φε be a solution for (5). We define a Radon measure µε
t and µ

ε by

µε
t(ϕ) :=

1

σ

∫
Rn

ϕ
(ε|∇φε|2

2
+
W (φε)

ε

)
dx, µε(ψ) :=

1

σ

∫ ∞

0

∫
Rn

ψ
(ε|∇φε|2

2
+
W (φε)

ε

)
dxdt,

(10)

for any ϕ ∈ Cc(Rn) and ψ ∈ Cc(Rn × [0,∞)). Here σ =
∫ 1

−1

√
2W (s) ds.

Theorem 3. Let n = 2, 3 and U0 ⊂ Rn be a bounded open set with C1 boundaryM0. Then
the following hold:

(1) There exist a family of solutions {φεi}∞i=1 for (5) and a family of Radon measures
{µt}t∈[0,∞) on Rn such that
(a) µε

0 → Hn−1⌊M0 as Radon measures.
(b) µε

t → µt as Radon measures for a.e. t ∈ [0,∞).
(c) µε → µ as Radon measures on Ω× [0,∞), where dµ = dµtdt.

(2) There exist λ ∈ L2
loc(0,∞) and ν ∈ L∞(µ) such that

(a) supε∈(0,1) ∥λε∥L2(0,T ) <∞ and λε ⇀ λ in L2(0, T ) for any T > 0.
(b)

lim
ε→0

∫
Ω×(0,T )

Φ · νε dµε =

∫
Ω×(0,T )

Φ · ν dµ (11)

for any Φ ∈ Cc(Rn × (0, T );Rn) for any T > 0.
(c) {µt}t∈(0,∞) is a L

2-flow with a generalized velocity vector V = H − λν.
(d) ∫ t2

t1

∫
Ω

V · ν d∥∇φ(·, t)∥dt = 0 (12)

for any 0 ≤ t1 < t2 <∞.
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