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1 Abstract result

Set I := [0,7]. Let {A(t);t € I} be a family of closed linear operators in a complex
Hilbert space X. Then we consider existence and uniqueness of (classical) solutions to
nonlocal Cauchy problems for nonlinear evolution equations of the form

{(d/dt)u(t) +A(tu(t) = f() + T(t K(Ou)g(t), tel,

() u(0) = up + Mu.

By [2, Theorem 1.2], introducing an auxiliary family of operators {S(t);t € I}, we
can show that A(t) has a unique evolution operator {U(t, s); (t,s) € I x I}. Thus we also
introduce the following assumptions:

Assumption on {S(¢)}. The family {S(t);t € I} satisfies the following conditions:
(S1) For every t € I, S(t) is positive selfadjoint in X and

(u, S(t)u) > |jul|* for u € D(S(t)).
Let Y; := D(S(t)"/?) be the Hilbert space with (u,v)y, = (S(t)"?u, S(t)?v), ||lully;, =
(u, u)%2 for t € I and u,v € Y;. In particular, we set Y := Y.

(S2) Fort € I, Y, =Y, and S(:)"/? € C,(I; L(Y, X)).
(S3) Jo € LY(I); for (t,s) € Ay :={(t,5);0 < s <t < T},

exp(— /:a(r) dr) 15(s) 20| < [IS(£)20] < exp(/:a(r) dr) 1S(s)20)), veY.

Assumption on {A(t)}. The family {A(¢)} satisfies the following four conditions:
(A1) Ja > 0; |Re (A(t)v,v)| < aflv||?, v e D(A(t)), t 1.

(A2) Y C D(A(t)), t e I.

(A3) 38 > a; |Re (A(t)u, S{t)u)| < B||S#)V?ul|?, uwe D(S(t)) CY, t el

(A4) A(-) € C(I; L(Y, X)).

Assumption on I'y {K(t)} and M. T' € C(I x C), K(-) € C.(I; L(C(];Y),C)),
g() e C(L;X)NLYNL;Y), M € L(C(I;Y);Y) and

(M) [[M ]| (o)) + liminf %HQHLl(I;Y) < e T2l where

ko :=sup [|K(t)||icv),c),  Cn:=max{|['(t,h)|;t € I,|h| < nko} forn e N.
tel
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Definition 1 (Nonlocal (classical) solution to (P)). A vector-valued function u : I — X
is said to be a nonlocal solution to (P) if u € C*(I; X) N C(I;Y) and satisfies (P).

Theorem 1 ([1]). Suppose that Assumptions on {A(t)}, {S(¢)}, I', {K(t)} and M are
satisfied. Then for ug € Y and f(-) € C(I; X) N L*(I;Y), Problem (P) has a nonlocal
(classical) solution

u(-) € CHL; X)NC(L;Y).

In particular, if we add the condition;

. C, P
(TM) | M| oeryyeyy + limsup =2 ||g|| g1 vy < e 77210,
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(Llp) L > O, |F(t, hl) — F(t, h2)| < L|h1 — hg‘ (t € [, hl, hg € B(O, R)) and

||M||L(C(I,Y)7Y) + LkOHQHLl(I;Y) < e_ﬂT_QHUHLI(I)’

where R > 0 given by ('M)’. Then u(-) is a unique solution.

2 Application to Schrodinger equation

Theorem 1 can be applied to the nonlocal Cauchy problem for the nonlinear Schrodinger
equation:

/

i%u(m,t) — Au(z,t) + V(z, t)u(z,t) = f(z,t)
1 t
(NLS) wo(tg [ ([ atrduts) dy)is)ate). (o, €O x,
u(x,0) = up(x) +/O b(s)u(x, s) ds, r € R3.

Define Y2(R3) := {u € H*(R?); (1 + |z|?)u € L?*(R3)}. Then we obtain the following
Theorem 2 ([1]). Let V € WH(I; (L? + (x)2L>°)(R3;R)), where
(@)’ L¥(R%) i= {f € L (R%); (1 + |2*) 7' f € L= (R%)}.

Assume that g € C(I; L*(R?)) N LY(I; 32(R3)), a € C(I; L*(R?)), v € C(I xC), b € L'()
and there exists a constant L > 0 satisfying

|’}/(t,h1)—’}/(t,h2)| §L|h1—h2|, tEI, hl,hQEC,
1812y + Lllalleiz gl ey < e T2,

where 3 € R and o € L*(I) depend on only V. Then for every initial value uy € L*(R?)
and f € C(I; L*(R3)) N L*(I; 2*(R3)), Problem (NLS) has a unique (classical) solution

u(-) € CM(I; L*(R*)) N C(I; X*(R?)).
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