Scattering theory and weak limit theorem
in quantum walks !

1 Definition of the model

We consider a one-dimensional discrete time quantum walk, whose state evo-
lution is described by

U(z) =Pz + 1)V q(x+ 1)+ Q(z — 1)V _y(z — 1) + R(x) V1 (x), (1)

where (z,t) € Z x N, U, is the state of a quantum walker at time t. The
state U is a normalized vector in the Hilbert space of states

H = 1*(Z;C?) = {\11 7 — C? | Z | (2)]|2 < oo} .
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In order to write the state evolution (1) using a unitary evolution operator,
we introduce a shift operator S and a coin operator C' on H as follows. For
all U € H, the action of S is given by

(SU)(z) = (gq‘ljigi)jg\{g% j(g) A 2)

We write vectors ¥ € H as U(z) = ( ) € C? at each position z € Z.

where p € R and ¢ € C satisfy p? + |[q|* = 1. Let {C(x)}eez C U(2)
be a family of 2x2 unitary matrices. The coin operator C' is defined as a
multiplication operator by C(x). Let U = SC. If we take

P<x>:q<a<0x> b&)>’ Q) =7 (c(§> d%x)>= R(x):p(ﬁ% —bc(l%)

and

then U, = U, (¢t € N) satisfy (1). Here, ¥y € H (||1o]| = 1) is the initial
state of the walker.
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2 Weak limit theorem

In quantum walks, the position X; of the walker described by a random
variable, which follows the probability distribution

P(X; =) = [[W(2)llce, w € Z.
We suppose that there exist unitary matrices Cy € U(2) such that
C(z) =Cy+0O(z|7179), z— Fo0

with some € > 0. Then, we have the following weak limit theorem.

Theorem 2.1 Let X; be as above. Then, X/t converges in law to a
random variable V.. Moreover, the following are equivalent:

(1) The quantum walker is localized at some x € 7.
(2) limy_o0 7 EtT:_Ol P(X; = z) at some x € Z.

(3) P(V =0) > 0.

(4) U has an eigenvalue.
s )

Here, we say that the quantum walker is localized at x if

limsup P(X; = z) > 0.
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3 Localization

By assumption, S is a unitary self adjoint operator. We assume that C'(x)
are unitary self-adjoint and dimker(C(z) — 1) = 1. Let

_ (xa() . Y[
da) = (20) ter() - 1, In@ller =1

We suppose that |p| # 10 x1(z)x2(z) # 0. Then, we have a sufficient condi-
tion for the quantum walker to be localized.

\
Theorem 3.1 If
+ 1)y X
lim sup w <1, limsup L@ <1,
votoo | qX1(2) a——oc0 | (P £ 1)X2(2)
then the quantum walker is localized at all x. )




