Brezis-Gallouet-Wainger type inequality and its application to the Navier-
Stokes equations

Yasushi TANIUCHI (Shinshu University)

This is a joint work with Kohei Nakao (Shinshu University). Let @ be R", R%, a
bounded domain, or an exterior domain with 92 € C'*°. The motion of a viscous incom-
pressible fluid in €2 is governed by the Navier-Stokes equations:

(N_S){ﬁtu—Au—i-u-Vu—i-VW:O, divu=20 te (0, 7), ze€q,

ulpo =0,  uli=o = a,
where u = (u'(z,t),u?(x,t), - ,u™(x,t)) and 7 = 7(z,t) denote the velocity vector and
the pressure, respectively, of the fluid at the point (z,t) € Q x (0,7) and a is a given
initial velocity. In this talk, we consider Serrin type regularity criteria of solutions to the
3-D Navier-Stokes equations. Let p > 3. It is known that if strong LP-solutions u of the
Navier-Stokes equations on (0,7") satisfies

T
(5) / el ey < oo,

then u can be continued to the strong LP-solution on (0,7”) for some 7" > T'. In this talk,
we shall slightly relax the condition (S).
For this purpose, we use the Brezis-Gallouet-Wainger type inequality:

(BGW)s  Nulles < C(L+Ifllx log"(e + [ flIv).

Brezis-Gallouet-Wainger [2, 3] proved (BGW ) in the case 8 = 1—1/p, X = W"/PP(R"),
Y = Wr/ateq(RY)(C C*) (o > 0). Engler [5] proved the same inequality for general
domains 2 if n/p is an integer. Ozawa [16] also proved it for general domains 2 without
any condition on n/p. When Q = R”, in [9], (BGW)g was proved for 0 < g < 1,
X =B 0 3R") and Y = C*(R"). By using the method given in [16], when Q is a
bounded domain, in [15], (BGW)z was proved for 3 =1, X = bmo(Q) and Y = C*(Q).
We note that in [1, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 20] several inequalities
of Brezis-Gallouet-Wainger type were established in the case Y = C® or Y ¢ C* . On
the other hand, there are several choice of X. Then, we have one question.

What is the largest normed space X that satisfies (BGW); with Y = C*(Q)?.

In this talk, we also consider this problem.

We introduce Banach spaces of Morrey type and Besov type which are wider than L.
DEFINITION. (1) (Morrey type space)

loc

o Mg(Q) :={f € Lj,.(); || fllas, < oo} is introduced by the norm

1
f Q) = sup / F)ldy.
1/ 125000 e, 0<t<1 | B(z,t)|log” (e + %) Ba,t)nQ o)

o M;3(Q) is defined by

|l

M;3(Q) := BC(Q) :

(2) (Modified Vishik’s space). Let ¢ be a smooth function on R" with () =1 in
B(0,1/2) and ¥ (&) = 0 in B(0,1)¢. Then,



o V3(R") ={f € S"(R"); || f[lv; < oo} is introduced by the norm

* 00 n
I fllv, == sup —HwN /| . where Yy (z):= 2"V (2Vx).
Nolh.. NP

e Vs is defined by
Vs := BUC®RY)™s.

Remark. (a) We have Mg(€2) D L>(2) and V3(R") D Msz(R") D L=(R").
(b) V3(R™) and Mgz(Q2) satisfy (BGW)g. That is, if @ € (0,1) and 8 > 0, then there
are constants C4,Cy > 0 such that

|l < {1+ 1l 087 (¢ + 11 llenqey) | for all £ € C2(52) N ME5(92) and

HfHLoo(Rn) § Cl{l + HfHVB(R") IOgﬁ (8 —+ Hf“C"‘(R”))} fOI' all f < Ca(Rn) N Vﬁ(Rn)
Now our results read as follows:

Theorem 1. Let B > 0 and X be a normed space. Assume that X satisfies the following
conditions (A): B )
( (1) BC(Q) — X(Q) C L, () and BC(Q) is dense in X,

(2) || -|lx has a translation invariant property in the following sense
1FC+ Dol xion < Ifllx for ally € R™ and all f € Cy(9Q),
A) X(©) g
B3) [fllx <llglx i f,9 € BC() and |f(x)| < |g(z)]| a.e. z €,
(4)  there exist constants o € (0,1) and C > 0 such that
\ 1l < C{L+ Ifllx 0 (¢ + 1| fll ) | for all f € Co(Q) N X,
Then X is continuously embedded in Mz(S2).
Remarks. (i) Since f(-) = f(- +y —y), (A-2) implies that || f||x) = [/ (- + ¥)| x>
if both of f and f(- + y) belong to Cy(€2).

(ii) Since Mj satisfies (A), Theorem 1 implies that M is the largest normed space
that satisfies conditions (A).

If Q@ = R"™, without the condition (A-3), we have a similar result as follows.

Theorem 2. Let § > 0 and X be a normed space. Assume that X satisfies the following
conditions (B):
( (1) BUC(R") — X < S'(R") and BUC is dense in X,

(2) || -|lx has a translation invariant proprty, i.e.,

(B) 1FC=y)llx = [[fllx for all y € R™,
(3)  there exist constants o € (0,1) and C > 0 such that

|l < C{1+ Ifllx 0 (e + flewguny) | for all £ € BC<(R).
Then X is continuously embedded in ‘75.

Remark. Since V3(R") satisfies (B), Theorem 2 implies that V3(R™) is the largest
normed space that satisfies conditions (B).

Theorem 3. Letn =3, p >3, a € LE(2)N WOIUQ(Q) and u be a solution to (N-S) on
(0,T) in the class

Sp(0,T) := C([0,T); L) N CH((0,T); LE) N C((0, T); W>P(Q2) N Wy ().

Assume that

T
(A)/ ||u(r)||?wl/2(md7' < oo for somes e (0,T).

Then, u can be continued to the solution in the class S,(0,T") for some T" > T.



Remark. (i) When Q = R?, Condition (A) can be replaced by fST HU(T)H%/I/Q(Rg)dT <

oo for some s € (0,7).
(ii) We can also establish Beale-Kato-Majda type criteria.
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