
Uniqueness of ground states
for nonlinear Schrödinger equations

with attractive inverse power potential
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− ∆φ− γ

|x|αφ+ ωφ− |φ|p−1φ = 0, x ∈ RN . (1)

͜͜Ͱ, φ : RN → C͸ະ஌ؔ਺Ͱ͋Γ, N , γ, α, ω, p͸࣍Λຬͨ͢ͱ͢Δ.

N ≥ 2, γ > 0, 0 < α < 2, ω > ω0, 1 < p <

⎧
⎨

⎩
∞ if N = 2,

1 + 4
N − 2 if N ≥ 3.

(2)

͜͜Ͱ, −ω0 < 0͸ Schrödinger࡞༻ૉ−∆ − γ|x|−αͷ࠷খݻ༗஋ͱ͢Δ. ൚ؔ਺༺࡞
Sω : H1(RN) → RΛ

Sω(v) = 1
2∥∇v∥2

L2 − γ

2

∫

RN

|v(x)|2
|x|α dx + ω

2 ∥v∥2
L2 − 1

p + 1∥v∥p+1
Lp+1

ͰఆΊΔͱ (1)͸ S ′
ω(φ) = 0ͱॻ͚Δ.

ຊߨԋͰ͸ (1)ͷجఈঢ়ଶղͷҰҙੑʹ͍ͭͯ͑ߟΔ. (1)ͷجఈঢ়ଶղͱ͸ (1)ͷඇ
ࣗ໌ղͷதͰ࡞༻ SωΛ࠷খʹ͢Δ΋ͷΛ͏ݴ. ํఔࣜ (1)͸࣍ͷඇઢܗ Schrödingerํ
ఔࣜͷఆࡏ೾ղ u(t, x) = eiωtφ(x)͕ຬͨ͢ఆৗ໰୊ͱͯ͠ݱΕΔ.

i∂tu = −∆u − γ

|x|α u − |u|p−1u, (t, x) ∈ R × RN . (3)

(3)ͷجఈঢ়ଶఆࡏ೾ղͷ҆ఆੑͱෆ҆ఆੑʹ͍ͭͯ͸ [1, 2, 3, 4]౳Ͱ͞ڀݚΕ͍ͯΔ.
.ຊత͔ͭॏཁͳ໰୊Ͱ͋ΔجͷҰҙੑ͸͍͓ͦͯʹڀݚ೾ղͷ҆ఆੑͷࡏఈঢ়ଶఆج

GωΛجఈঢ়ଶղશମͷू߹ͱ͢Δ:

Gω =
{
φ ∈ H1(RN)

∣∣∣∣∣
φ ≠ 0, S ′

ω(φ) = 0
Sω(φ) = inf{Sω(ψ) | ψ ≠ 0, S ′

ω(ψ) = 0}

}
.
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Ծఆ (2)ͷԼͰ͸, Gω͸ۭͰͳ͍͜ͱ͕஌ΒΕ͍ͯΔ. φ ∈ H1(RN)͕ (1)ͷղͰ͋Δͳ
Β͹ପԁํܕఔࣜͷਖ਼ଇੑͷٞ࿦ʹΑΓ φ ∈ C(RN) ∩ C2(RN \ {0})Ͱ͋Δ͜ͱ͕Θ͔
Δ. ·ͨ φͱ∇φ͸ۭؒԕํͰࢦ਺ݮਰ͢Δ͜ͱ΋Θ͔Δ. ͞Βʹ͕࣍੒Γཱͭ.

໋୊ 1. φ ∈ GωͳΒ͹, ͋Δ θ ∈ R͕͋ͬͯ eiθφ͸ਖ਼஋ٿରশͱͳΔ.

໋୊ 1͸جఈঢ়ଶղͷม෼తಛ௃෇͚, Schrödinger࡞༻ૉͷਖ਼஋ݻ༗ؔ਺ͷҰҙੑٴ
ͼٿରশ࠶഑ྻͷٞ࿦Λ༻͍ͯূ໌͞ΕΔ. ਖ਼஋ٿରশͳجఈঢ়ଶղ φ ∈ GωΛಈ޲ํܘ
ͷؔ਺ φ(r)ͱΈͳͤ͹͜Ε͸࣍ͷৗඍ෼ํఔࣜͷਖ਼஋ղͰ͋Δ.

⎧
⎨

⎩
φ′′ + N − 1

r
φ′ −

(
ω − γ

rα

)
φ+ φp = 0, r > 0,

φ(0) > 0.
(4)

.ओ݁ՌͰ͋Δ͕࣍

ఆཧ 2. ۭؒԕํͰݮਰ͢Δ (4)ͷਖ਼஋ղ͸ҰҙͰ͋Δ.

໋୊ 1ͱఆཧ 2ͷ݁ؼͱͯ࣍͠ͷجఈঢ়ଶղͷҰҙੑΛಘΔ.

ܥ 3. φω ∈ H1(RN)Λਖ਼஋ٿରশͳ (1)ͷղͱ͢Δͱ

Gω = {eiθφω | θ ∈ R}.

ఆཧ 2ͷূ໌ʹ͸ Shioji–Watanabe [5, 6]ʹΑΔҰൠԽ Pohožaev౳ࣜͷٞ࿦Λ༻͍
Δ. Shioji–Watanabe [5, 6]͸ৗඍ෼ํఔࣜ

φ′′ + f(r)
f(r)φ

′ − g(r)φ+ h(r)φp = 0, r > 0 (5)

ͷԕํͰݮਰ͢Δਖ਼஋ղͷҰҙੑΛ f , g, hʹର͢ΔҰൠతͳԾఆͷԼͰ͍ࣔͯ͠Δ. ͠
Δ͍ͯ͑ߟࠓ͔͠ f(r) = rN−1, g(r) = ω− γr−α, h(r) = 1ͷ৔߹͸ݪ఺Ͱͷಛҟੑ͕͋
Δఔ౓͍ͨڧΊ, α, pʹΑͬͯ͸ [5, 6]ͷԾఆΛຬͨ͞ͳ͍͜ͱ͕͋Δ. ͦͷͨΊ, [5, 6]
ͷఆཧΛ௚઀ద༻͢Δ͜ͱ͸Ͱ͖ͳ͍͕, φ′(r)ͷݪ఺ͰͷΦʔμʔΛΑΓৄࡉʹௐ΂,
ٞ࿦Λमਖ਼͢Δ͜ͱʹΑΓఆཧ 2͕ূ໌Ͱ͖Δ.
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