Solvability and singular optimal control problems for
quasi-variational evolution equations
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81 Introduction

This is a joint work with Nobuyuki KENMOCHI (Chiba University, Chiba, Japan) and Ken
SHIRAKAWA (Chiba University, Chiba, Japan).

In this talk, we consider the following double quasi-variational evolution equations governed
by time-dependent subdifferentials in the Banach space V*:

QP) { a*wt(it; u’(t.)) + 0,0 (ws u(t)) + g(t,u(t)) > f(t) in V* for a.a. t € (0,T),
u(0) =up in 'V,

where V' is a uniformly convex Banach space such that V is dense in a real Hilbert space H
and the injection from V into H is compact. We also suppose that the dual space V* of V
is uniformly convex, and H = H*. In addition, 0 < T < oo, v = du/dt in V, g(t,-) is a
single-valued Lipschitz operator in V*, f is a given V*-valued function, and uwg € V is a given
initial data. The time-dependent function ¢!(v; 2) is proper, lower semi-continuous (1.s.c.), and
convex in z € V. Also, ¢'(v;2) is a time-dependent, non-negative, continuous convex function
in z € V. Note that (¢,v) € [0,T] x C([0,T]; H) is a parameter that determines the convex
functions ¢!(v;-) and '(v;-) on V. In addition, the subdifferentials 9,1 (v; 2) of ¥!(v; 2) with
respect to z € V is a multivalued operator in V*, and 9.¢"(v; 2) of ©!(v; 2) with respect to z € V
is a single-valued linear operator in V*.

The main aim of this talk is to establish the solvability result for (QP). We also investigate
a singular optimal control problem formulated for non-well-posed state systems (QP).

82 Main Theorem
We suppose that the duality mapping F' : V — V* is strongly monotone. In addition, we
assume the following conditions (A4), (B) and (C).

(Assumption A)

Let 9 be a proper, Ls.c., and convex function on V for each ¢ € [0,T], and setting

T
Dy := {v € Wh2(0,T;V) ‘ / Yh('())dt < oo} ,
0
we define a functional ¢! : [0,7] x Dy x V — R such that v!(v; z) is proper, l.s.c., and convex
in z €V for any ¢t € [0,T] and any v € Dy, and
Yh(vr;2) = Yl (ve; 2), Yz €V, if v1 = vg on [0,1],
for v; € Dy, i =1,2. We assume the following;:

(A1) If {tp}nen € (0,77, t € [0, T, {vn}nen C Do, sup,en fOT i (v, (t))dt < 0o, v € Dy, t,, = t
and v, — v in C([0,T]; H) as n — oo, then ¥ (v,;-) — *(v;:) on V in the sense of
Mosco [2] as n — oc.

(A2) D('(v;-)) is a non-empty subset of D(¢§) for all v € Dy and t € [0, 7], and

V(s 2) > Pb(z), Vte[0,T], Yv € Dy, Yz € D' (v;-)).



Moreover, there exist positive constants C7 > 0 and C5 > 0 such that
Vo(2) > 1|z} — Co, Yt €[0,T), Yz € D(3).

(A3) 8.t (v;0) > 0 for all t € [0,7] and v € Dy, and there is a non-negative function
cy(+) € LY(0,T) such that ¢'(v;0) < ¢y (¢) for a.a. t € [0,T], Vv € Dy.

(Assumption B)

We define a functional ¢! : [0,7T] x Dy x V — R such that ¢!(v;2) is non-negative, finite,
continuous, and convex in z € V for any ¢ € [0,7] and any v € Dy, and

0" (v1;2) = @' (v; 2), Yz € V, if v1 = vz on [0, 1],
for v; € Dg, i = 1,2. We assume the following;:

(B1) The subdifferential d.¢!(v; 2) of (v; 2) with respect to z € V' is linear and bounded from
D8yt (v;-)) = V into V* for each t € [0,T] and v € Dy, and there is a positive constant
C3 such that
la*gat(v;zﬂv* < 03|Zh/, VzeV, Vt e [O,T], Yv € Dy.

(B2) If {vn}nen C Dy, sup,en fOT Yi(vl,(t))dt < oo, v € Dy and v, — v in C([0,T]; H) (as
n — 00), then Oyt (vy; 2) — Oupl(v;2) in V¥ V2 eV, Vt e [0,T] asn — .
(B3) ¢%(v;0) = 0 for all v € Dy. Moreover, there is a positive constant Cy such that
@ (v; 2) > Cylz|}, Yz eV, Vv e Dy.
(B4) There is a function o € W1(0,T) such that
|t (v 2) — ©*(v; 2)| < |a(t) — afs)|®(v;2), Vz €V, Vv e Dy, Vs, t €[0,T).

(Assumption C)

Let g be a single-valued operator from [0, 7] x V into V* such that g(t, z) is strongly mea-
surable in t € [0, T] for each z € V, and assume:

(C1) For each t € [0, T, the operator z — g(t, z) is continuous from V,, into V*, i.e., if z, — 2
weakly in V' as n — oo, then g(¢, z,) — g(t,2) in V* as n — oo.

(C2) g(t,) is uniformly Lipschitz from V into V*, i.e., there is a constant L, > 0 such that
\g(t, 2’1) — g(t, 22)|V* < Lg’21 — Zgh/, Vit € [O,T], Vz, €V (Z =1, 2).

Main Theorem. Suppose that Assumptions (A), (B), and (C) are satisfied. Let f be any
function in L2(0,7;V*), and ug be any element in V. Then, (QP;f,ug) admits at least one
solution w on [0, 7.
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