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1. Introduction

One of the subjects of studies in mathematical biology is to analyze behavior of solu-
tions to chemotaxis systems. Here chemotaxis is the property such that a species reacts
on some chemical substance and moves towards or away from this substance. Chemotaxis
systems describing such phenomena were proposed by Keller-Segel [3]. After that, many
types of chemotaxis systems have been studied (e.g. Tello-Winkler [5], Winkler [6, 7]).
In particular, the chemotaxis system for tumor angiogenesis,

ur = Au— V- (uVv) + xV - (uVw),
vy =Av+ V- (vVw) —v+u,
0=Aw—w+ u,

where x > 0 is a constant, was investigated. In this system the functions u, v, w repre-
sent the density of endothelial cells, the concentration of an enzyme, the density of an
extracellular matrix, respectively. Also, the term —V - («Vv) means that blood vessels
grow towards an enzyme (see Figure 1 (a)), the term +V - (uVw) idealizes that blood
vessels move away from an extracellular matrix (see Figure 1 (b)), the term +V - (vVw)
represents that an enzyme moves away from an extracellular matrix (see Figure 1 (c)).

(a) (b) (c)

Figure 1: The meanings of terms appearing in the above system

From a mathematical point of view, Tao-Winkler [4] gave a pioneering study of the
parabolic—parabolic—elliptic system and established boundedness under largeness condi-
tion for y. However, there is still scope for study on a fully parabolic i.e. parabolic—
parabolic—parabolic system including sensitivity functions. The purpose of this talk is to
derive boundedness in a fully parabolic system including sensitivity functions.
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In this talk we consider the fully parabolic chemotaxis system with signal-dependent
sensitivities,

(1, = Au— V- (ux1 (0) V) + V - (uxz(w)Vw), xeQ, t>0,
v =Av+ V- (v€{(w)Vw) + au — pu, r e t>0,

(1.1) S wy = Aw + yu — dw, ref, t>0,
Vu-v=Vv-v=Vw-v=0, r €I, t>0,
L u(,0) = up(z), v(z,0) =vo(x), w(z,0) =wp(x), €L,

where Q C RY (N < 3) is a bounded domain with smooth boundary 0Q; v is the outward
normal vector to 0€2; ug, vg, wg are initial data fulfilling

(1.2) ug € CO(Q)\ {0}, v, wo € WH(Q) and g, vo, we > 0 in Q.
Also, x1, X2, & are positive known functions satisfying
(1.3) Xi, € € CM([0,00)) (0< IV < 1), x;,6>0 (i€{1,2}),
(1.4) sup syi(s) < oo (i € {1,2}),

5>0
(1.5) JK; >0; Xi(s)+ Kilxi(s)? <0 foralls >0 (i€ {1,2})
(1.6) 3 > 0;  &(s) < &oxa(s) forall s >0,
(1.7) K3 >0; &(s) <Kz forall s>0.
The example of 1, x2, & are as follows:

ay a2 as
_ — _ = _ f >0
() = G ) = Gt €)= Gy fora>

with a; > 0, b; > 0, k; > 1. In this example the constants K; in (1.5) are given by b;i
Therefore some largeness conditions for K, Ky imply that aq, as are small.

The main result reads as follows.
Theorem 1.1. Assume that x1, x2 satisfy (1.3)—(1.5) with Ky, Ky fulfilling
220+ 1)(3A+4 D
1> iy G O
where J := (KQ —4 — \/m, Ky —4+ \/m) and where
Dy =4A[2 (K —4) + 3XA+ 8] [A (K — 4) +4X* + 120 + 7).

Then there exists a constant & > 0 such that for all § satisfying (1.3), (1.6) with some
& € (0,&5) as well as (1.7), and all (ug, vy, wo) fulfilling (1.2) there exists a unique triplet
(u,v,w) of nonnegative functions

u € C'Q x [0,00)) NC*HQ x (0,00)),

v,w € [ C°([0,00); WH(0)) N C*'(Q x (0,00)),

q>n

Ky >4+ V2,

which solves (1.1) in the classical sense. Also, the solution is bounded in the sense that
luCs Dllpo) < €
for all t > 0 with some C' > 0.



2. Strategy for the proof

The strategy in the proof of Theorem 1.1 is to obtain L?-boundedness of « and L"-
boundedness of Vv with some r > n. The former can be shown by constructing the
differential inequality

d

< a0 f (e, tydr)
i ), u(x, x,t)dx

w?(z,t) f(x,t) do < cl/

Q

u?(z,t) f(x,t) do — cg</

Q
for some constants cq,co,6 > 0 and some test function f; this method is based on a
testing argument which was recently developed in the papers [1, 2]. Once we obtain L>-
boundedness of u, the next step is to prove L"-boundedness of Vv with some r > n. An
L"-estimate for Vv can be shown by semigroup estimates in the case that & = 0; however,
in the case that £ # 0 this method breaks down due to the term V - (v€{(w)Vw). On the
other hand, the method for the case that £ is a constant in [4] does not work, because
new complicated terms appear. In order to overcome this difficulty we first observe L*-
boundedness of Vv by an energy estimate. We next upgrade L2-boundedness of Vv to
L"-boundedness of Vv with some r > n. Finally, in light of L"-boundedness of Vv, we
can obtain L*°-boundedness of u, which yields global existence and boundedness.
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