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1 Introduction

We consider the following resolvent and non-stationary Stokes equations with Dirichlet or Neu-
mann boundary conditions in the half space R? = R"™! x (0, 00).

Au—Au+Vr=f inRE, U —AU +VII=F inR" x (0,00),
divu=0 inRY, divU =0 in R} x (0,00),
(D) U,j:hj (j:]_,,n—l), U]:H] (]:1,,n—1),
Uy, =0, U,=0,

(N) —(8nu]+8]un):h] (]:1,,71—1), —(8nU]+a]Un):HJ (jzl,,n—]_),
—(20ntun — ) = hy, —(20,U,, — 1) = H,.

Notation : Let € € (0,7/2), 1 < p,q < 00, 70 > 0, s > 0 and
Y. ={AeC\ {0} | |arg\| <7 — ¢},
WD) := {1 € Lgioe(D) | Vr € Ly(D)},

LyorRX):={f:R—= X| eiVOtf(t) € L,(R,X), f(t) =0 for t <0},

W%,WO(R7X) = {f € LP,OKYO(R? X) | G_WOtagf@) S LP(R7X>7 ] - 17 e 7m}7

H;OWO(R,X) ={fR— X| ASf = E;l[])\FE[f]()\)](t) € L,o,(R, X) for any v > v},
where £ and E;l are two-sided Laplace transform; let A = v 4 i7 € C and

oo 1 oo
L[f](\) = / e MFt)dt = Fror (e f), L7 g](t) / eMg(N)dr = ' FrLug.

) 27 —00

2 Main theorems

Theorem 2.1 (resolvent L, estimate). Let 0 < e < 7/2 and 1 < ¢ < co. Then for any A € X,

W2(R") Dirichlet,
feL,RL), he ‘11( ;)
W, (R%}) Neumann,

there exists a unique solution (u,m) € WZ(R) x W;(R’_ﬁ) of resolvent Stokes equations with
the estimate

CH (fv )‘ha )‘1/2Vha v2h>||Lq(R1) (D)7
CII(f, A2h, V) ||y (N).

|(Au, Al/QVu,Vzu,Vﬂ)HLq(M) < {

Theorem 2.2 (Maximal L,-L, estimate). Let 1 < p,q < oo and o > 0. Then for any
W00 (R, Lg(R%)) N Ly, (R, W2(RY)) Dirichlet,

p707’YO

Hylw (R, Ly(R)) N Lyoqo (R, WE(R?)) Neumann,

P70,70

Fe Lnoﬁo(Ra LQ(Ri))v H e {



and Uy = 0, there exists a unique solution
U € Wp50 (R, Lg(RY)) N Ly (R, Wi (RY)),
IIe LP707’70 (R, qu (Rﬁ))
of non-stationary Stokes equations with the estimate; for any v > o,
Clle™(F, Hy, AY*V H,V2H)|| 1, (kL)) (D),

le™" (U, yU, AY2V U, V2U, VID)|| 1, k.1, 7)) <
AU, AL LD = Clle=t (B, AY?H, VH)|| 1,00, (N).

As the corollary of theorem 2.1, we have that the two kinds of Stokes operator generate bounded
analytic semi-groups on solenoidal vector spaces. In theorem 2.2, we can take general initial
data Uy from above semi-group theory.

3 Strategy of the proofs

At first, we remark that the theorems have already proved in [1](Dirichlet) and [3, 4](Neumann).
However, the main point is that we have shortened their proofs by using H*°-calculus methods
(c.f.[2]). (Here H* means holomorphic and bounded.) In particular we proved the following
new Fourier multiplier theorem for a suitable form which is used to the half space; Let us define
the operators T and T, by

Tlmlf(z) = / S Fa e 2+ ) o £ 9y,

T’Y[m)\]g(xa t) = Egl /0 [*Fg/lm)\<£la Tn + yn>fx’£g] (l’, yn)dym
= [ F L Tl Fior (e g, ).
Let &, := {z € C\ {0} | |arg 2| < n} U{z € C\ {0} | 7 —n < |arg 2|} for n € (0,7/2).

Theorem 3.1. (i) Let m satisfy the following two conditions:

(a) There exists n € (0,7/2) such that {m(-,x,),x, > 0} C Hoo(f]:;_l).

(b) There exist ) € (0,7/2) and C' > 0 such that supgegn-1 [m(£', 25)| < Cx, ! for all z,, > 0.
Then T|m] is a bounded linear operator on Ly(R?) for every 1 < q < oo.

(ii) Let vo > 0 and let my satisfy the following two conditions:

(c) There exists n € (0,7/2 — &) such that for each z, >0 and v > ~,

iz 3 (1,&) = my(,x,) eC
18 bounded and holomorphic. .
(d) There exist n € (0,7/2 —€) and C > 0 such that sup{|mr(&, z,)| | (1,¢') € ¥p} < Cx,t
for all v >~y and x, > 0. .
Then F; X, T[my\]Fi—r is a bounded linear operator on Ly(R, L,(R%)), i.e., T,[m,] satisfies
e Tygll Ly orry) < Clle™ gl Ly Lomn))
for every v > vy and 1 < p,q < 0.

By this theorem, it is enough to check the order of the symbols although the previous papers
need to decompose the symbols into some types.

We can show the resolvent L, estimate as follows.

Stepl. We show that divu = g =0 and f = 0 are enough by considering the problems in R"™.
Step2. We find the multiplier symbols by considering partial Fourier transform (h(z’,0) — u).
Step3. By fundamental theorem, we make an integral of z,,. (Integrands are h and 0,h.)
Step4. We decompose the symbols so that we can use the multiplier theorem.

The proof of maximal L,-L, is similar to the resolvent estimate through Laplace transform.



Remark 3.2. By a similar method, we are able to consider various boundary conditions (Robin,
two-phase problem, on layer domain, with surface tension).
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