Properties of a solution to a free boundary problem
with flux boundary conditions and its application to
two-scale models
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1. EA

AFHTE, RO 10T HBERME (P) = {(1.1) — (1.5)} K2V TE R %
ur — uy, = 0 for (¢,2) € (0,T) x (a, s(t)),
—u,(t,a) = B(b(t) — yu(t,a)) for t € (0,T),
—u,(t,s(t)) = u(t,s(t))s:(t) for t € (0,T),

s¢(t) = ag(u(t, s(t)) — (s(t))) for t € (0,T),
s(0) = so, u(0, z) = ug(z) for z € [a, so). (1.5

2T, RFBEEUIZ s =s(t) BEX P u = ult, 2) € (a,s(t)) Ta, ag, 7, $od&5F2 N7k
IEER, 01X(0,7) ED, ol 3FEBLED, uyldla,s) EO5 2 657 THZ. £/
%, B(r)=0forr <022 p(r)>0forr > 0%z 3 C' B TH 5.

A, ZLEBEAND 1 DOMLNTRE Z 2B#EHR 2RI BEETLTDH 5,
ZDETVZBWT, 120MfL%E 1 RITXH [0, +00) AL LTED, (1.1)137K7HH
B [a, s()] BT 2KD uDIEHERL TS, (1.2) RIFEEHESR 2 = a TEHKH D
KDL TNWE ZeZ2RL, ZBRHFDIKTODZFELTWS & ZIZHIFLNERC
MAVAL Z e 2R L TWD. T, (1.3) UIKDHEIMD Ik 2 = s(t) 2B 1T 2 HER
TR /o N 250, (1.4) RIKDHEBD IeimDRERERTHMD TEXTDH 5.
(1.4) XA 2 THIZ BB EIC K DK HEBOBEIHEINS Z e Z2EKLTWS

2. BEHIERBEOROEFTLHE

AHEHTIE, FIHE (P) IS T 2BOFE L BOEEIZOWTHE T 5. iRk
EB X CROERICOVTERENTHNT . T, v*130<b<b*on[0,T] &%
LIEEMTDH .

EE1(cf. [2,3]) ﬁtﬂmﬁi@% Y, EEOT > 01 LT, (P)IZ[0,T]) E—EfE (s, u)
ZEEH, REiflz3: ola) <u(t,z) <b* /v for (t,z) € [0,T] x (a,s(t)) DDs> s, >a
on [0,7]. Z Z’G, S, ai s« > a i’z T IEERTH 5.

FI2(cf. [3)) (5,u) % (P) D [0,00) LOBL T2, oL, BWHRRKEDD LU
DEB BB D TD:

) lim / B(b(T) — yu(r,a))dT = oo and lim s(t) = oo.
t~>oo t—o0
) li 5 dr < r d
tg& —yu(T,a))dr < 7(710 —r,) an
thUPS(t) <a+—=—(so—a+r,—ry).

t—o0 go(a) Y

VG, Ty ;= a + ’Y(b*)_1|u0|L1(a,so) VG\% }&7)0

Y
Y



3. Two-scale ETIILADIGH
IRCHHIESME (P) OHE LT, UTNOMEMP)ZEZX 5N TES:

by — Ab=—F(b—yu(t,z,a)) in Q(T) := (0,T) x €, 2.1
gz—OonS( ):=(0,7) x 09, 2.2

ur = uzz = 0 on Qu(T) := Q(T) x (a, s(t, x)),

—ux(t, z,a) = B0t x) — yult,z,a)) for (t,z) € Q(T),

—us(t, x5t x)) = ult,, 5(t,2)))si(t, ) for (¢, 2) € Q(T),

si(t,x) = ao(ult, z, 5(t, x)) — ¢(s(t, x))) for (t,2) € Q(T),

b(0,x) = by(x) in Q,

s(0,x) = so(x) in Q, w(0,x,z) = up(z, 2) for (z,2) € Qs, = Q X [a, so(z)],

22T, QBRDRDHRET 00 % b ORFEK, 11300 _EOIMAHALERRZ b
NTH % REBEEILD = b(t,2), s = s(t,2) BT u = u(t, r,2) € Uycperrenla s(t, ),
bo LT sl Q ED, ugldQ x [a,s0(x)] EDEZ LN TH 5.

HEL LTQUEREAEREER2EZRL, QONDOTXTOMILZFFHXH [a, +00) &
RELTWS: Thbb, w)ere QBT T 2L w) =|a,+00)TH5.
CORED N, bIFZAEBK Q2T N2 22T DOKIT, u = u(t,z,2) 35
w(x) B B9K7, [a,s(t, 2)]| 1FE w(z) BT 2KTHEBEZRL TWVW5.

AHEREIEZ QBT 2HE DAL w(z) DEE (s,u) DE(LEHAGDEZD DL
o TWb., T LR —IVDRL 3 20DFEEMAEOEZET ML Ttwo-scale
TN EXIENTED, A Friedman & [ ICX > TEAINIMRTH 5.

i (MP) I LT, alt, x,y) = u(t, z, (1—y)a+ys(t))(t € (0,T),z € Q,y € (0,1))
% FIWCHEEFEIR Q(T) x (0,1) ICE =4 2 7288 (MP) 1< X D @M 217 5. AR
1E (MP) 1S3 3 FEFIC OV THRN L. LR, oz, y) = uolz, (1 — y)a+yso) €
L>(0,1), X = H'(0,1), X* & H*(0,1) OHAZZEM (H'(0,1))* TH 5. sEMlRARE M
DERICDOVTIIFHNTHENT 2. FONLMRIIUATTH 5.

EE 3 HYREDD L, FEDT > 01X LT (MP) X [0,7) L—E# (b, s, 0)
Fo. 2518, (b, s,0) FA T 2723 0 < b < lae onQ(T), ¢(a) < @
b* /v a.e. on Q(T) x (0,1) and s > s, > a a.e. on Q(T).

%
<

Eim E 3 zmuﬂiﬁm‘% (b, s, %) % (MP) ® [0 oo) DRE L, z€ UL T
= 8 — ya(r,x,0))dr 22> M = [ [, 8( — (T, z,0))dedr £ B XK.
L®Z§ M?ﬁﬁbio

1
1]
(i) U(t) — G in X*, weakly in L*(0,1), s(t) — ss in R a.e. on Q as t — o0o.

(1) b(t) = beo := </ bo(x)dx — M) in L?(Q), weakly in H'(Q) as t — oo,

2T, (S00s lioe) (800 — @)iie = Y(s0 — ) [y Go(w, y)dy +m(x) ae. on Q&Hi7F



RFRE KR DO TEAE X, RERFTROIERIC X > RN S, RERFTEDFIEICD
WTIE, BELICHET 2/ 4~ URIRE{(2.1), (2.2), (2.7)} DR L Fi& (s,0) 1T 2 H
FHEE SRR {(2.3)-(2.6), (2.8)} DfEZ DR CESLZER L, HHEAMEDMRE (s,0) D
Q FITBT 2 A[HIMES X CEHRIFIEORER (cf. [4]) ZHRA L AT v A"OAREREH L
hRENS. FHCHEER LT (23) RE hEon 2 EEFFA

(s(t) — ) / a(y)dy = (s0 — a) / olw)dy+ [ B0 = im0 @D

E(A2) 2B 3 BOIFEMEMNELD, FRs OFEZRT ZEHTES. ZOMRUITK
DIRERFRZIER T2 2 e TE 5. £/, ME(MP)D|0,00) EOf#E (b, s, @) WZht
L CLAT @aHiispk b 320:

//B — (T, 0))dzdr < M, for t > 0,
(i7) |b‘v + |bt|L2 0.5L2(2)) T [Vo(t )|%2(Q) < M, for t >0,
(1ii) s <M3,/ﬁ —~a(r,0))dr < Mj for t > 0, a.e. on €,
(iv) |u|W1,2(07T);X*) + |u|v(t) + |st|L2(0,t) < M, for t > 0, a.e. on €.

ZT, Mi(1<i<4)3REIKEFELRVIEERTH 2. ZORRD, SIFHFICE S 2
@FEB@@Z( 05 So0; Uoo ) D3

Lémﬂx—zfm% @m—ﬂX[Em@My—@y—@Kf%@My&eonQ (3.2)

kBT (MP) DEFHFEEOME 22 2 2ms. B, (3.2) 23 EFHED MR
B—ETH2IeLEMAZRTIENTES.
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