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We consider the Cauchy problem for the critical derivative fractional nonlinear
Schrödinger equation

(1)

{
i∂tu− 1

α |∂x|α u = i∂x

(
|u|2 u

)
, t > 0,x ∈ R,

u (0, x) = u0 (x) , x ∈ R,

where α ∈ (1, 2) and |∂x|α = (−∂2
x)

α/2. Equation (1) with α = 2 is the derivative
nonlinear Schrödinger equation which was studied extensively, see, e.g., [1], [2]. The
exceptional point α = 1 corresponds to the so-called derivative half-wave equation.

Notation and Function Spaces. Lp = {ϕ ∈ S′; ∥ϕ∥Lp < ∞} is the usual Lebesgue

space with norm ∥ϕ∥Lp =
(∫

R |ϕ (x)|p dx
) 1

p for 1 ≤ p < ∞ and
∥ϕ∥L∞ = ess.supx∈R |ϕ (x)| for p = ∞. The weighted Sobolev space is

Hm,s
p =

{
φ ∈ S′; ∥ϕ∥Hm,s

p
= ∥⟨x⟩s ⟨i∂x⟩m ϕ∥Lp < ∞

}
,

m, s ∈ R, 1 ≤ p ≤ ∞, ⟨x⟩ =
√
1 + x2, ⟨i∂x⟩ =

√
1− ∂2

x. We also use the notations
Hm,s = Hm,s

2 , Hm = Hm,0 for simplicity. Let C(I;Y) be the space of continuous
functions from the time interval I to a Banach space Y.

The main result of this talk is the following.

Theorem 1. Let α ∈ (1, 2). Suppose that the initial data u0 ∈ H3,1 ∩ H4 and
x∂xu0 ∈ H1,1 ∩H2 are such that ∥u0∥H3,1∩H4 + ∥x∂xu0∥H1,1∩H2 ≤ ε. Then there
exists an ε > 0 such that the Cauchy problem (1) has a unique global in time
solution u ∈ C

(
[0,∞) ;H2

)
satisfying ∥u∥X∞

≤ Cε, where

∥u∥X∞
= sup

t∈[0,∞)

∥∥∥⟨ξ⟩ 3
2 φ̂
∥∥∥
L∞

+ sup
t∈[0,∞)

⟨t⟩−γ
(∥∥∥⟨ξ⟩2 φ̂∥∥∥

L2
+
∥∥∥⟨ξ⟩ P̂φ̂

∥∥∥
L2

+∥∥∥⟨ξ⟩2 ∂ξφ̂∥∥∥
L2

+
∥∥∥⟨ξ⟩ ∂ξP̂φ̂

∥∥∥
L2

)
,

φ̂ = FU (−t)u (t), P̂ = αt∂t − ξ∂ξ and γ > 0 is small depending on the size of
the data. Moreover for any u0 such that ∥u0∥H3,1∩H4 + ∥x∂xu0∥H1,1∩H2 ≤ ε, there
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exists a unique modified final state W+ ∈ L∞ and δ > 0 such that the asymptotics

u (t, x) =
1√
t
e−it( 1

α−1)| xt |
α

α−1
W+

(
t−

1
α−1

x

|x|
α−2
α−1

)

× exp

it−
1

α−1
x

|x|
α−2
α−1

∣∣∣∣∣W+

(
x

|x|
α−2
α−1

)∣∣∣∣∣
2

log t


+O

(
εt−

1
2−δ
)

is valid for t → ∞ uniformly with respect to x ∈ R.
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