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0.1. Setup of the problem. In this talk, we consider the Hartree equation in three-
dimensional space:

i~∂tγ~ =

[
−~2

2
∆x + w ∗ ρ~(γ~), γ~

]
, γ~ : R≥0 → Bsa(L

2(R3)), (NLH)

where w : R3 → R is a given function, Bsa(L
2(R3)) is the space of all bounded self-adjoint

operators on L2(R3), [A,B] = AB − BA is the commutator, and ~ ∈ (0, 1] is the reduced
Planck constant. We often write A(x, x′) for the integral kernel of the linear operator A on
L2(R3). We formally define the (semi-classically scaled) density function of A by ρ~(A)(x) =
(2π~)3A(x, x). It is well-known that the Hartree equation (NLH) appears in many-body
problems of quantum mechanics.

The global well-posedness of (NLH) is well-known. For long-time behavior of solutions, a
small-data scattering result was given in [3] for short-range interactions. In [3], the optimal
decay of the density function of the solution γ~(t)∥∥ρ~(γ~(t))

∥∥
L∞
x
.

1

〈t〉3
(0.1)

is given when ~ = 1 and the initial data is small, where 〈t〉 := (1 + |t|2)1/2. However, if we
directly apply the argument in [3] to general ~ ∈ (0, 1], then the smallness condition for initial
data gets stronger as ~ → 0. More precisely, for any ~ ∈ (0, 1], we can actually prove (0.1)
when the initial data γ~

0 is small. However, we immediately find that ‖γ~
0‖X~ → 0 as ~ → 0

for any acceptable family of initial data (γ~
0)~∈(0,1], where ‖ · ‖X~ is a natural norm in the

semi-classical regime.
The recent work by Smith [4] proved (0.1) for regular interaction around a certain class of

translation-invariant stationary solutions for all ~ ∈ (0, 1] when ‖γ~
0‖X~ ≤ ε0, where ε0 > 0

is a small but ~–independent constant. Moreover, Hong and the speaker obtained a similar
result in [1] near vacuum when w(x) = ±|x|−a for 1 < a < 5/3.

Although both [3] and [1, 4] dealt with short-range interaction w, a modified scattering
result for the Coulomb interaction was proved in [2], and the same optimal decay rate (0.1) is
given when ~ = 1. In this talk, we prove (0.1) for long-range interaction w when ‖γ~

0‖X~ ≤ ε0,
where ε0 > 0 is a small but ~–independent constant.

0.2. Main result. Before stating the main result, we prepare some notation. First of all,
if we write A . B, then it means A ≤ CB, where C > 0 is a ~-independent constant. Let
B = B(L2(R3)) be the space of all bounded linear operators. Define the Schatten–r norm by
‖A‖Sr = {Tr (|A|r)}1/r for r ∈ [1,∞) and ‖A‖Sr := ‖A‖B for r = ∞. Moreover, we define
the semi-classically scaled Schatten–r norm by ‖A‖Sr

~
:= (2π~)3/r‖A‖Sr . Throughout this
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talk, we use the following class of operators for initial data:

X σ
~ :=

{
A ∈ B(L2(R3)) | A is self-adjoint,

〈~∇〉σA〈~∇〉σ is compact, and ‖A‖Xσ
~
< ∞

}
,

where the norm ‖ · ‖Xσ
~

is defined by

‖A‖Xσ
~
:= ‖A‖S1

~
+

∑
j=0,1

‖〈Dj〉σA〈Dj〉σ‖B +
∑
j=0,1

‖DjA‖S1
~
+

∑
j=0,1

‖〈Dj〉σDj[A]〈Dj〉σ‖S2
~∩B

+
∑

j,k,`=0,1

‖〈Dj〉σDk[D`[A]]〈Dj〉σ‖B ,

(0.2)
where D0 = ~∇x, D1 := x and DjA := [Dj/~, A] for j = 0, 1.

Remark 0.1. The norm ‖ · ‖Xσ
~

defined in (0.2) is “natural” in the semi-classical regime.

For interaction w(x), we assume the following condition:

w ∈ C3(R3), and |∂αw(x)| . 1

〈x〉1+|α| for all |α| ≤ 3. (A)

Example 0.2. The Coulomb interaction w(x) = ±|x|−1 does not satisfy (A). However, the
Coulomb interaction regularized around the origin w(x) = ±〈x〉−1 satisfies (A).

Theorem 0.3. Let d = 3 and 3/2 < σ < 2. Assume that w(x) satisfies (A). Then,
there exists ε0 > 0 such that the following holds: If the family of self-adjoint initial data
(γ~

0)~∈(0,1] ⊂ X σ
~ satisfies sup~∈(0,1]

∥∥γ~
0

∥∥
Xσ

~
≤ ε0, then, there exists a unique global solution

γ~(t) ∈ C(R≥;S
1
~) to (NLH) such that

sup
~∈(0,1]

sup
t≥0

{∥∥ρ~(γ~(t))
∥∥
L1
x
+ 〈t〉3

∥∥ρ~(γ~(t))
∥∥
L∞
x

}
. 1.

Remark 0.4. The solution obtained in Theorem 0.3 exhibits modified scattering. Namely,
there exists γ~

+ ∈ S1
~ such that

lim
t→∞

∥∥eiΨ(t,−i~∇x)U~(t)∗γ~(t)U~(t)e−iΨ(t,−i~∇x) − γ~
+

∥∥
B = 0, (0.3)

where
Ψ(t, ξ) :=

1

~

∫ t

0

V (τ, τξ)dτ, V (t) := w ∗ ρ~(γ~(t)).

However, we could not remove the ~–dependence from the rate of convergence (0.3).
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